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PREFACE. 


The  present  work  is  an  extension  of  my  small  book 
which,  published  in  ]  884,  has  long  been  out  of  print. 
When  the  question  of  the  issue  of  a  second  edition 

4  arose  about  three  years  ago,  it  was  thought  desirable 

to  extend  the  plan  of  the  former  book  so  as  to  make 
the  new  work  a  fairly  complete  treatise  on  the  absolute 
measurement  of  electric  and  magnetic  (quantities.  It 
has  not  been  my  aim  to  produce  a  work  dealing  witL 

*  mere  manipulative  processes  or  a  collection  of  practical 

rules,  but  one  in  which  should  be  welded  together,  in 
some  degree  at  least,  the  practice  of  absolute  measure- 
ments and  the  mathematical  theory  of  electric  and 
magnetic  phenomena. 

Thus  it  was  no  part  of  my  plan  to  deal  with  the 
more  recondite  and  abstract  parts  of  electrical  theory ; 
but  I  trust  the  work  now  published  may  prove  of  some 
help  to  students  who  may  wish  to  proceed  to  those 
subjects.  I  have,  notably  in  Chapter  I.  of  the  pre- 
sent volume,  included  here  and  there  for  the  sake 
of  illustration  particular  theoretical  cases  which  have 
no  direct  bearing  on  experimental  processes.    Most  oi 


the  purely  theoretical  work  in  electrostatics  will  liow-j 
ever  be  of  direct  service  in  the  sketch  of  magDetiaJ 
tlieory  to  be  given  ill  Volume  II.  I  have  attemptedfl 
throughout  to  arrange  tlie  work  so  as  to  avoid  toa| 
sharp  a  distinction  anywhere  between  what  is  thee 
retical  and  what  is  practical,  such  as  might  hava  beeaj 
produced  by  giving  all  the  theory  in  one  part,  andiV 
all  the  practical  rules  and  processes  in  another,  A^f 
the  same  time  I  have  found  it  necessary  for 
preservation  of  logical  order,  and  to  prevent  continual  1 
digres^ons  on  theory  in  the  midst  of  descriptio 
instruments  and  processes  of  measurement,  to  provi<le 
in  each  principal  division  of  the  subject  a  separate  _ 
chapter  containing  the  more  general  parts  of  the* 
theory,  leaving  the  more  directly  related  theoretical! 
questions  to  be  treated,  as  I  think  they  ought  to  he,| 
where  they  arise. 

In  order  to  save  space,  the  more  mathematical  parts 
of  Volume  I.  have  been  printed  in  a  somewhat  smollen 
type  than  that  adopted  for  the  body  of  the  work. 
for  the  same  reason  the  "solidus"  notation  haa  beeaJ 
generally  used  in  formulro  occurring  in  the  midst  ( 
ordinary  matter.  Here  and  there  this  latter  practioQ 
has  been  inadvertently  debated  from. 

The  scope  of  Volume  I.  will  be  seen  in  detail  from 
the  Table  of  Contents  below;  briefly,  it  consists  of  i 
sketch  of  the  theory  of  electrostatics  and  flow  ■ 
electricity,  chapters  on  units,  general  physical  t 
meute,  electrometers,  comparison  of  resistances, 
parison  of  capacities,  and  measurement  of  specitii 
inductive  capacities,  and  concludes  witJi  tables  of  i 
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vedstances,  and  useful  constants.  The  chapter  on  the 
comparison  of  resistances  contains  full  details  of  the 
various  methods  of  comparing  high  and  low  resistances, 
calibration  of  wires,  &c. ;  the  chapter  on  capacities 
discusses  methods  generally,  and  contains  an  account, 
as  fiill  as  possible,  of  the  principal  determinations  of 
specific  inductive  capacity  made  up  to  the  present 
time.  Determinations  of  dielectric  strength,  and  other 
investigations  regarding  dielectrics,  have  on  account  of 
want  of  space  been  reluctantly  omitted. 

Volume  II.  will  contain  an  account  of  magnetic 
theory,  units,  and  measurements;  electro-magnetic 
theory  and  absolute  measurement  of  currents,  poten- 
tials, and  electric  energy;  the  definitions  and  realisa- 
tion of  the  ohm  and  other  practical  units;  the 
relations  of  electro-magnetic  and  electrostatic  units 
and  the  deteimination  of  v ;  practical  applications  of 
electricity,  and  specially  related  points  of  theory  and 
measurement.  In  Volume  II.,  on  account  of  the 
great  mass  of  matter  included  in  the  subjects  here 
enumerated,  the  plan  of  smaller  type  will  have  to  be 
adopted  for  descriptive  and  other  details,  as  well  as 
for  mathematical  theory. 

For  the  use  of  blocks  of  woodcuts  I  am  under 
obligations  in  the  present  volume  to  Sir  William 
Thomson;  Professor  Ayrton,  and  the  publishers  of 
his  Practical  Electricity,  Messrs.  Cassell  ;  the  late  Pro- 
fessor Balfour  Stewart  and  Mr.  Gee;  Dr.  S.  P. 
Thompson  ;  the  editor  and  publishers  of  the  Electrical 
Journal ;  Messrs.  Elliott  and  Co. ;  and  my  publishers, 
Messrs.  Macmillan  and  Co.     I  have  received  great 
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assistance  from  my  brother,  Professor  T.  Gray,  of  the 
Rose  Polytechnic  Institute,  Terre  Haute,  Ind.,  who 
allowed  me  to  use  his  papers  on  "  Electrical  Testing," 
published  in  the  Electriccd  Journal  and  elsewhere,  and, 
besides  reading  nearly  all  the  proofs,  made  many  valuable 
suggestions.  I  have  to  acknowledge  suggestions  also 
from  my  colleagues.  Professor  G.  B.  Mathews,  M.A., 
Fellow  of  St.  John's  College,  Cambridge,  and  Mr.  D.  M. 
Lewis,  MA.,  who  have  very  kindly  read  proofs  of 
various  parts. 

I  have  of  course  received  continual  help  from  the 
works  of  Sir  W.  Thomson  and  Clerk  -  Maxwell. 
Messrs.  Mascart  and  Joubert's  recent  valuable 
work,  and  Professor  G.  Wiedemann's  encycIopaBdic 
treatise  with  its  wealth  of  references  have  been  of 
much  assistance.  In  all  cases  however  in  which 
it  was  possible  recourse  has  been  had  to  original 
papers,  and  in  this  connection  I  have  to  thank 
Dr.  HOPKINSON,  who  favoured  me  with  copies  of 
papers  on  "  Specific  Inductive  Capacity,"  and  Professor 
Ayrton,  who  lent  me  copies  of  papers  to  which 
otherwise  I  should  not  easily  have  obtained  access. 

A  few  errata  noticed  in  the  preparation  of  the 
Table  of  Contents  are  given  on  page  xxiv.  I  shall  feel 
obliged  if  any  reader  who  may  find  further  errors  will 
kindly  communicate  them  either  to  my  publishers  or 
to  myself. 

A.  GRAY. 

University  Ck)LLEGE  of  North  Wales, 
September,  1888. 
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memoirs,^   or  failing  these  to  some  good  treatise,  for 
the  details  of  the  investigations. 

*  Faraday's  Experimental  Researches,  Cavendish's  Electrical  Ite^ 
searches,  and  Coulomb's  Memoirs  (in  French),  have  been  collected  and 
reprinted. 
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ABSOLUTE  MEASUREMENTS 


IN 


ELECTRICITY  AND  MAGNETISM, 


CHAPTER  I. 
ELECTROSTATIC  THEORr, 

Section  I. 

ELECTRIC  ATTRACTION  AND  REPULSION.     ELECTRIC 

POTENTIAL. 

We  suppose  the  reader  to  be  familiar  with  the 
elementary  phenomena  of  electricity,  and  that  he  has 
acquired  a  clear  understanding  of  what  is  meant  by 
qaantity  of  electricUy,  and  of  the  nature  of  the  evidence 
for  the  truth  of  the  fundamental  law  of  attraction  and 
repulsion.  Some  account  of  the  theoretical  bearing  of 
the  experimental  results  of  Coulomb,  Cavendish  and 
Faraday,  in  statical  electricity  is  given  below,  but 
recourse  must  be  had,  if  possible,  to  the  original 
memoirs,^  or  failing  these  to  some  good  treatise,  for 
the  details  of  the  investigations. 

*  Faraday's  Experimental  Researches,  Cavendish's  Electrical  Re- 
searches, and  Coulomb's  Memoirs  (in  French),  have  been  collected  and 
nprinted. 
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2  ELECTROSTATIC  THEORY. 

liAw  of        The  law  of  electric  attraction  and  repulsion  may  be 
Attrition  Stated  as  foUows :  The  force  between  two  quantities 
"><^.      of  electricity  (supposed  each  concentrated  at  a  point) 
*  *  is  directly  proportional  to  the  product  of  the  charges, 

and  inversely  proportional  to  the  second  power  of  the 
distance  between  them.  If  the  charges  are  unlike 
the  mutual  force  is  an  attraction,  if  of  the  same  kind 
a  repulsion.  In  symbols,  if  q,  q'  be  the  charges,  r  the 
distance  between  the  points  at  which  they  are  concen- 
trated, and  F  the  mutual  force  between  them,  we  have 

^=*5-' (1) 

where  A:  is  a  multiplier  which  does  not  vary  with  the 
other  quantities,  and  depends  on  the  units  adopted, 
and   on   the   medium   surrounding  the  charges.      We 
shall  take  the  force  F  as  positive  when  repulsive,  and 
therefore  A;  as  a  positive  quantity.  We  shall  suppose,  un- 
less it  is  otherwise  stated,  that  the  phenomena  take 
place  in  a  perfect  vacuum.^ 
Coulomb's      This  law  was  experimentally  established  with  ap- 
me^Uu'    proximate  accuracy  by  Coulomb  by  means  of  his  torsion 
balance,   in   which   he   measured   against   the    elastic 
reaction  of  a  twisted  silver  wire  the  mutual  attraction 
or  repulsion  between  small  charged  conductors  placed 
at  a  measured  distance  apart.     He  found  that  when  the 
charges  remained  the  same  and  the  distance  was  doubled 
the   force   between    the   conductors  was  reduced   ap- 
proximately to  I  of  its  former  amount ;  and  in  general, 
that  the  force  for  the  same  charges  varied  inversely  as 
the  square  of  the  distance. 

^  That  is  a  space  containing  dher  only. 
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Having  measured  in  his  balance  the  force  between  CouIomVs 
two   small    spherical    conductors.    Coulomb   withdrew    mStTJ^ 
one  of  them  and  brou^jht  it  into  contact  with  another   Qiiantity 
conducting  sphere  of  the  same  diameter,  then  replaced     tricity. 
it,  and  brought  the  balls  to  the  same  relative  position 
as  before.     The  force  between  the  two  spheres  was  now 
one-half  of  its  former  amount.     Now  by  the  contact 
the  two  balls  must  by  symmetry  have  received  equal 
charges,  and  Coulomb  with  propriety  assumed  that  the 
charge  on  the  ball  was  one-half  of  the  initial  charge* 
He  thus  obtained  the  result  that  the  mutual  attraction 
or  repulsion  of  two  conductors  of  linear  dimensions 
small  in  comparison  with  the  distance  between  them 
is  directly  proportional  to  the  product  of  their  charges 
when  the  distance  is  maintained  the  same.     This  con- 
nection between  force  and  amount  of  charge  lies  at  the 
foundation  of  our  system  of  measuring  quantities  of 
electricity. 

In  the  electrostatic  system  of  units,  which  we  shall 
find   it  convenient  to   use  in  the  present  chapter,  k 
in   equation    (1)   is   taken   equal   to   1,  so  that  when 
q,  q\   r  are   each   1,   F  is  also   1.     Now   unit  force    Kinetic 
is  defined   according   to   what  is  called   the   absolute  j^^^^^^ 
system  of  measurement  of  forces  founded  on  Newton  s    Unit  of 
Second  Law  of  Motion,  as  that  force  which  acting  for 
unit  of  time  on  unit  of  muss  udll  give   to   that  mass 
unit  velocity.     Hence   unit  quantity   of  electricity  is 
that  quantity  which  concentrated  at  a  point  at  unit 
distance   from   an   equal   quantity  of  the   same   kind 
is  repelled   with  unit  force.    Unit  quantity  of  elec- 
tricity, therefore,  depends  on  the  three  fundamental 

B  2 
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4  ELECTROSTATIC  THEORY. 

Unit  units  of  length,  mass,  and  time.  According  to  the 
of^Elec^  i-ecommendations  of  the  British  Association  Com- 
tricity.  mittee  on  £lectrical  Standards,  and  the  resolutions  of 
C.G.S.  the  Paris  Congress  of  Electricians  held  in  1882,  it  has 
*^5nite.^  been  resolved  to  adopt  generally  the  three  units  already 
in  very  extended  use  for  the  expression  of  dynamical, 
electric  and  magnetic  quantities;  namely,  the  Centi- 
metre as  the  unit  of  length,  the  Gramme  as  the  unit  of 
mass,  and  the  Second  as  the  unit  of  time,  and  these 
units  are  designated  by  the  letters  C.G.S.  With  these 
units  therefore  unit  force  is  that  force,  which,  acting  for 
one  second  on  a  gramme  of  matter,  generates  a  velocity 
of  one  centimetre  per  second.  This  unit  of  force  has 
been  called  a  Dyne.  Unit  quantity  of  electricity  in  the 
C.G.S.  system  of  units  is,  accordingly,  that  quantity 
which  placed  at  a  distance  of  1  centimetre  from  an 
equal  quantity  is  repelled  with  a  force  of  1  dyne. 

The  following  example,  which  is  easily  realised,  is 
instructive  as  an  illustration  of  this  definition  and  of 
the  idea  of  quantity  of  electricity. 

Two  small  equal  pith  balls  are  hung  by  very  fine  silk 
fibres  from  a  fixed  point  so  as  to  form  two  similar  pith 
ball  pendulums  hung  side  by  side.  The  balls  are 
charged  simultaneously  by  contact  with  the  same  con- 
ductor and  the  pendulums  then  diverge.  It  is  required 
to  find  the  electric  charge  in  each  ball,  and  to 
work  out  numerically  for  the  case  of  each  ball  ^^^ 
gramme  in  mass,  length  of  fibre  80  centimetres, 
and  distance  of  the  centres  of  the  balls  apart  10 
centimetres. 

Let  I  be  the  length  of  each  fibre,  2,d  the  distance 
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between    the  centres  of  the  balls,  m  the  mass,  and  q  Unit 

the  charge  of  each  baU.  ^^"^^^^ 

Neglecting  the  inductive  eflfect  of  the  balls  on  one  tricity. 
another,  and  the  weight  and  any  electrification  of  the 


^  • 


\i  I 


y 


mg".       )mg 


filn-es,  we  have  for  the  mutual  force  between  the  balls 
^/4(P,  and  by  the  parallelogram  of  forces 

q^/M'  d  d 


mg 


J¥^^'       Wl  -  d^lP 


or 


2  ^  _Jd'mg 


Wl  -  d^lP 


In  the   example  given  we  have  m  =  :,V»   ^  =  80, 
d  =  5;  and  taking  g  as  981  we  get,  neglecting  d^/P 


m 


,      12-5  X  981 
«=         80 

J  =  +  12-38. 

Al*'-*      , 
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Electric 
Field. 


The  chaige  on  each  ball  is  therefore  approximately 
12'38  C.G.S.  units  of  positive  or  negative  electricity. 

The  Electric  Field  of  any  distribution  of  electricity 
is  the  whole  surrounding  space  through  which  the 
action  of  the  electrified  system  extends,  and  the 
electric  force  at  any  point  is  the  force  of  attraction 
or  repulsion  which  a  unit  of  positive  electricity 
would  experience  if  placed  at  the  point  without 
disturbing  the  electric  distribution  of  the  system. 
Intensity  The  Intensity  of  an  electric  field  at  any  point  is 
^^R^w!"*'  BQcasured  by  the  electric  force  at  that  point.  We 
may  imagine  the  electric  field  to  extend  to  an  infinite 
distance  from  any  part  of  the  electrified  system,  and 
for  infinitely  distant  points  the   electric  force  is  of 


course  zero. 


Let  the  electric  system  consist  of  a  quantity  q  of  electricity  at 
a  point  whose  coordinates  are  //j,  A|,  r^ ;  a  quantity  q^  at  a  point 
tfj,  ^2*  ^1  ^^-9 »  ^^^  ^6t  the  coordinates  at  any  point  P  in  the 
tieW  be  x,  y,  t.  The  distance  r,  of  x,  y,  r,  from  any  point  a,  A,  f, 
is  given  h}'  tlie  equation  r*  =  (jr  —  fl"^^  +  (y  —  ^)*  +  (*  ""  ^)*- 
The  electric  force  at  /*  has  tlien  for  its  three  components 

X   =   ^i  (-^   -   ^i)      .     ^2  (-^   -    ^^)   +   &c. 


or 


X  = 


Similarly     7=2 


Z  =  S 


2      pi 

9  (m  -  ^)  _ 


q{s  -  c)  _ 


r'dz 


. 


(2) 


where  S  lienotes  summation  for  all  values  Od  6i,  «{,  Hf,  6^,  e^  &c., 
of  a.  6,  e. 
Tlie  resultant  electric  force  F  is  given  by  the  equation 


J»  =  2:»  +  y»  +  Z«. 


(8) 


c 


ELECTRIC  DENSITY. 


A  line  drawn  in  the  electric  field,  the  tangent  to  Definition 
which  at  any  point  is  the  direction  of  the  resultant  ^^i™.^^ 
force  at  that  point,  is  called  a  Line  of  Force. 

If  dlr,  difj  dz^  be  the  projections  on  the  axes  of  jr,  y,  r  of  on      Differ- 

elemcDt  d<  of  »  line  of  force,  and  X\  F,  Z  be  the  components      cntial 

of  the  force  there  parallel  to  the  axes,  we  must  have  the  relation    Equation 

of  a  Line 

X       Y      Z  /o  t'\    ^^ Force. 

ax      ay      dz 

which  18  the  differential  equation  of  a  line  of  force.  We  shall 
show  below  in  treating  of  lines  of  magnetic  force  how  this 
equation  may  be  integrated  for  the  case  of  a  force  system 
symmetrical  round  an  axis. 

The  Electric  Surfdce  Density  at  any  point  of  a  surface    Suiface 
is  the  limit  towards  which  the  ratio  of  the  quantity  of  ^S?"*5[.°^ 
electricity  on  an  element  of  the  surface  including  the  Distribu- 
point  to  the  area  of  the  element  approaches  as  the 
element  is  taken  smaller  and  smaller. 


tion. 


Let  cr  be  the  surface  density  at  a  point  a,  b,  c  of  an  electrified 
surface  and  d*  the  area  of  an  element  including  the  point,  then 
iniftead  of  (2)  we  have 


—  f  f  ^^  "  ^)  ^^*  -_ 


// 


-f-"=^^;^--//?s 


ads  dr  ^ 
dx 


[  [  (v  —  b)  trda  _   f  [  <rd8  dr 


z  = 


where 


// 


-// 


{z  —  e)  (Tfh 


-II 


(rds  dr 

1^  ds] 


denotes  integration  over  the  surface. 


(4) 


The  Electric   Volume  Density  at  any  point  in  space    Volnmo 
is  the  limit  towards  which  the  ratio  of  the  quantity  Eiecteici^r 
of  electricity  contained  within  an  element  of  space 


on 
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Volpme    including  the  point  to  the  volume  of  the  element 
El^^iKity  &ppi'oaches  as  the  element  is  taken  smaller  and  smaller. 

Let  p  be  the  volume  density  at  a  point  a,  6^  e,  the  qnaiitity  of 
electricity  within  an  element  of  volume  da  d^  dc  is  p  da  db  de. 
Hence  we  have 

X  -  jjj(j^^^f^^  =  JJJP  ^ ^,,,,   .    (5) 

with  similar  formulas  for  Y  and  Z,  where  /  I  /  denotes  integrati 

throughout  the  space  or  spaces  occupied  by  the  electric  distri- 
bution. In  every  case  the  intensity  F  of  the  electric  field  at  any 
point  is  given  by  the  equation 

F*  ^  X^+Y^  +  ZK 

Electric  The  Potential  at  a  point  in  an  electric  field  is  the 
Potential,  -^q^j^  done  by  or  against  electric  forces  in  carrying  a 
unit  of  positive  electricity  from  the  point  in  question 
to  an  infinite  distance,  the  electric  distribution  being 
supposed  to  remain  unchanged.  Hence  if  a  quantity  q 
of  positive  electricity  be  concentrated  at  a  point  0,  and 
jP  be  a  point  at  distance  r  from  0,  the  potential  at  P 

due  to  7  is  -• 
^      r 

For  tlie  force  of  rcpulsiun  on  a  unit  of  positive  electricity  at  a 

distance  x  from  6/  is  -  ;  and  the  work  done  by  this  force  in 

increasing  the  distance  by  a  small  length  ds  is  ^  dx.  Hence  if 
^  bo  tlie  potential  at  F  we  have 

Difference       The  Difference  of  PoUntials  between  F  and  another 
Potentials,  point  P  oX  0.  distance  r'  from  0,  or  the  work  done  in 
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carrying  a  unit  of  positive  electricity  from  P*  to  P,  is  Difference 

of 

therefore  -  —  -,.     It  is  important  to  remark  that  this  i*otcntiala. 

T         T 

value  is  independent  of  the  path  pursued  between  P 
and  P.  It  depends  only  on  the  distances  of  the  points 
from  0. 

Further,  if  we  have  a  number  of  quantities  q^,  q^,  q^,  &c. 
of  electricity  at  distances  r^,  r^,  r^  &c.   from  P,  the 

potential  at  P  is  -  -F  -  +  &c.,  or,  as  it  is  usually  written, 

2  -,  where  S  denotes  summation  of  a  series  of  terms  of 
r 

the  form  -.    Hence  the  difference  of  potentials  between 

P  and  P*  is  in  this  case  2  -  —  %-r     The   value   of 

r  r 

2  -  —  2  ,  depends  only  on  the  positions  of  the  quan- 
tities q^  q^  &c. 

If  the  distribution  of  electricity  be  continuous  over  any 
surfacey  or  througbout  any  Hpuce,  the  sninmution  becomes 
integration  over  the  surface,  or  throughout  the  space.  In  tlie 
former  case  we  have  for  V  the  equation 

=  //^* (7) 

in  the  latter 


r  = 


y  _^   C  f  C  p  dft  dh  dc 


(8) 


and  if  the  distribution  be  of  both  kinds  we  have 

p  da  dlj  dc 


-//"•-/// 


....    (9) 


where   /  I ,    Mi   respectively  denote  as  before  integration 


over 
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Difference  the  surfiice  and  throughout  the  space  occupied  by  the  difltri- 

of        bution. 
PnfcnUals.      Since  r*  =  (*  -  ir)*  +  (y  -  *)'  +  (*  —  ^)*  we  see  from  equationB 
(2)  that 

that  is,  the  force-components  parallel  to  the  axes  at  any  point 
jr,  y,  z  are  equal  numerically  to  the  rates  of  variation  of  the 
potential  in  the  respective  directions. 

Further  if  we  calculate  the  force  variations  in  their  respective 
directions  by  differentiation  in  (2),  and  add,  we  obtain  the 
remarkable  relation 

?^  J.  ^^  ^.  f^  =  0 (11) 

dx  ^  d^   ^  dz  ^    ^ 

liftplace's  This  result  is  called  Lnplace's  Equation.  It  only  holds  when 
Equation,  there  is  no  electricity  at  the  point  :r,  y,  z.  We  shall  prove  n 
more  general  equation  given  by  Poisson  ;  but  first  we  shall 
establish  the  following  proposition,  from  which  can  be  deduced 
many  interesting  results  as  to  attractions  or  repulsions  in 
different  cases  : — 

Let  N  denote  the  outward  normal  component  of  the 
resultant  electrical  force  at  a  point  P  situated  on  a 
small  element  (of  area  d£)  of  a  closed  surface  in  an 
electric  field  :  the  sum  of  all  the  products  Nds  obtained 
by  dividing  the  surface  into  small  elements  and  multi- 
plying the  area  of  each  by  the  value  of  N  at  the 

element,  or  the  value  of  I  I  Nds  taken  over  the  surface, 

is  numerically  equal  to  the  whole  quantity  of  electricity 
contained  within  the  surface  multiplied  by  47r. 
Surface        The  product  Nds  has  been  called  by  Maxwell  the 

Integral  of  /•  /• 

Electric    EUdvic  Induction  over  the  ehment  ds,  and  I  I  Nds  the 

Induction.  J  J 

electric  induction  over  (he  surface.  The  algebraic  sum 
of  the  quantities  of  electricity  within  the  surface  is 
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therefore    equal  to  the  electric   induction    over    the 
surface  divided  by  4nr. 

Let  S  (fig.  2)  be  the  surface  and  first  consider  the  normal 
force  at  A  due  to  a  quantity  q  of  electricity  concentrated 
at  0.  Let  a  cone  of  small  vertical  angle  be  described  with 
its  apex  at  0  by  drawing  lines  all  passing  through  O,  and 
through  the  periphery  of  a  small  element  ds  of  the  surface 
at  A,  Let  e  be  the  angle  which  OA  makes  with  the  normal 
drawn   outwards  at  A   and  let  r  be  the  distance   OA,     We 

have,  if  M  be  the  resultant  force  at  A  due  to  9,  J?  «  -^ ;  and  if  N 


Surface 
Integral  of 

Electric 

Induction: 

a  Theorem 

of  Gjpeen. 


Fig.  2 


be  the  normal  force  at  ds 

Nds  =  R  cos  €d8  ^  %.  cos  c  ds. 

Now  if  doi  be  the  area  intercepted  by  the  cone  on  a  spherical 
surface  of  unit  radius  described  from  0  as  centre,  we  have 

dsQOSt  =  —  r-da>, 
and  therefore 

Nds  =s  —  qdfA. 

Now  considering  the  element  </»'  of  the  surface  intercepted  at 
B  by  the  cone  in  emerging  we  have 

N'ds'  =  R  cos  e'  ds'  =  qdoi. 

Hence  for  these  two  elements 

Nds  +  N'da'  =  0. 

If  as  shown  in  the  figure  the  cone  enter  and  emerge  more  than 
once,  this  equation  must  hold  for  each  pair  of  elements  corre- 
sponding to  an  entrance  and  emergence,  and  hence  for  all  the 
elements  intercepted  by  the  cone  we  have  ^Nds  =  0.    It  is 
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Surface    ovideot  that  by  drawiog  cones  in  this  way  we  could  divide  the 
Integral    wliule  surface  up  into  pairs  of  elements,  and  therefore  so  far  as  the 

of  Electric  quantity  q  of  electricity  external  to  the  surface  is  concerned 

Induction. 

jjNds^O       (12) 

Since  we  can  draw  cones  from  every  point,  this  must  hold 
for  any  external  distribution. 

Now  considering  a  quantity  q  of  electricity  at  a  point  P  within 
the  surface,  we  can  show  as  before  by  drawing  cones  that  for 
any  element 

Nds  =  +^^^®>  ^^^  emergence. 
—  5</a>,  for  entrance. 

But  as  the  cones  all  originate  within  the  surface,  and  therefore 
emerge  as  shown  once  oftener  than  they  enter,  qd»  is  the  value  of 

the  part  of  i  I  Nds  which  corresponds  to  each  case.     Therefore 

II  Nds  ^  q  II  dio. 

But   j  j  d<a  is  simply  the  area  of  the  spherical  surface  of  unit 
radius,  that  is  in ;  therefore 

Nds  =  Anq, 


II 


and  since  we  can  go  through  tlie  same  process  for  every  part  of 
the  internal  distribution 


// 


Nds  =  AttM (13) 


where  -W^is  the  whole  quantity  of  electricity  within,  the  surface. 

From  the  result  for  the  external  electrification  we  see  that  if  N 

be  the  normal  component  at  any  element  ds  due  to  the  electiifi- 

cation  both  internal  and  external,  we  have  the  proposition  stated 

abcve. 

Maximum       From  this  proposition  it  follows  that  there  cannot  be  a  point 

or         of  maximum  or  a  point  of  minimum  potential  in  space  void  of 

Minimum  electricity,  for  if  there   were  the  potential  would  in  one  case 

^^  .  -    diminish  and  in  the  other  increase  in  every  direction  from  the 

.   ^^~   point,  and  the  electric  induction  over  a  closed  surface  including 

SMce  Im-  *''®  point  would  not  be  zero. 

iMosible.        ^^  ^^®  closed  surface  be  a  small  rectangular  parallelepiped 
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of  sides  dx^  dy,  dz^  with  its  centre  at  0,  and  let  X^  be  the     Charac- 
noimal  component  at  the  side  dudz  to  the  left  of  the  origin,  and      teristic 

JT]  that  at  the  opposite  side.     The  part  of  the  surface  integral  Equation 
given  by  the  sides  is  (X,  -  -^i)  dy  dz,  of  the 

Adding  to  this  the  parts  due  to  tho  other  two  pairs  of  sides  Potential. 
we  find 

hjZ^  +  JlJzJIl  +  ^^i  ==,  4^p    .    .     (14) 
ax  ay  dz 

where  p  is  the  average  volume  density  of  the  distribution  within 
the  surface. 

It  is  easy  to  show  from  equations  (2)  above,  by  changing  to 
polar  coordinates,  that  the  values  of  JT,  F,  Z  Tary  continuously 
whether  or  not  the  points  be  in  any  part  of  the  electrification, 
provided  only  the  volume  density  of  the  distribution  does  not 
become  infinite.  We  may  write  therefore,  putting  JT,  /",  Z, 
for  the  component  forces  at  0, 

Xi  =  X  -  i  —  flTr,  Xj  =  -y  +  i  --  ^x, 
ax  ax 

and  similar  formulas  for  Fi,  Fj,  Z^y  Z^     Equation  (14)  becomes    Poisson'n 
therefore  EquatioD. 

or,  writing  -  dVjdx,  -  dVldy,  -  dV/dz,  instead  of  X,  F,  Z, 

dJ^  +  dy^  +  d?+'''f'-'  '    '   '    '    ^''^ 

This  equation  is  due  to  Poisson  and  is  called  sometimes  the 
characteristic  equation  of  the  potential.  When  p  =  0,  we  obtain 
Laplace*s  equation,  which  is  therefore  a  particular  case  of  (16). 

By  a  change  of  sign  in  a]\  forces  in  the  equations  the  theorems 
proved  above  and  others  which  follow,  can  be  made  applicable   ...       . 
to  gravitational  attraction.^     For  example  let  it  be  required  to  '^"^*c*^o'* 
find  the  attraction   of  a  uniform   sphere  or   spherical   shell   of  l?onTof  a 
attracting  matter  on  an  external  particle  F  of  unit  mass  at  a   Sphere  or 
distance  r  from  the  centre.      By  symmetry,  the   attraction   at  Shell  on  an 
every  point  of  the  spherical  surface  concentric  with  the  sphere    External 
or  shell  and  passing  through  P  is  the  same  as  at  P  and  normal    Particle. 

^  In  gravitational  attraction  the  potential  is  defined  an  2  (q/r),  and 
the  force  parallel  to  any  direction  x  taken  positive  in  the  direction 
of  z  incmsiiig,  is  then  d  V/dx, 
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Attraction 
(or  repul- 
sion) of  a 
Sphere  or 
Shell  on  an 
External 
Particle. 


Attraction 
of 

Spherical 
Shell  on 
Internal 
Particle. 


to  the  surface.     Hence  by  the  theorem  prov^  above,  if  ^  be  the 
force 

-  F  X  4irfa  =  4irif, 
or 

F  =  -Jf/f^  .......    (17) 

that  IB  the  attraction  is  the  same  as  if  the  whole  mass  of  the 
sphere  or  shell  were  collected  at  the  centre. 

By  equation  (6)  F  =  — ,  or  the  potential  is  also  the  same  as  if 

the  whole  ma^s  were  collected  at  the  centre. 

Again,  let  the  particle  P  be  within  a  hollow  shell  bounded  by 
two  concentric  spherical  surfaces ;  the  attraction  at  every  point 
of  a  spherical  surface  passing  through  F  and  concentric  with  the 
shell  must  be  the  same  and  normal  to  the  surface.  Calling  it  JP, 
and  the  area  of  the  surface  8,  we  get 


jPX/8f  =  0,    or    jP=0 


(18) 


Potential 
Constant 

within 

uniform 

Spherical 

Shell. 


that  is  the  force  is  zero  within  such  a  shell. 

Since    the    force         is  zero  the  potential  is  constant  within 

ar 

the  shell,  and  is  therefore  everywhere  what  it  is  at  the  centre. 

The  potential  of  a  uniform  spherical  shell  of  radius  r,  thickness  dx^ 

and  density  p,  is  Anpx^dxfx  =  Anpxdx,      Hence  the  potential  in 

the  interior  of  a  uniform  spherical  shell  of  internal  radius  a  and 

external  radius  r  is 


4jrp  I    xdx  =  2np  (r*  —  a^) 


(19) 


Potential 

and  Force 

at  any 

point 

within  a 

uniform 

Sphere. 


The  part  of  the  potential  at  a  point  in  a  homogeneous  sphere 
at  a  distance  a  from  the  centre  due  to  the  external  shell  i^ 
2irp  (r'  —  d^).  and  the  part  due  to  the  sphere  of  radius  a  on  the 
surface  of  which  the  point  is  situated  is  ^  irpa^.     Hence 


r=  27rp(r«  -  Jfl') 


(20) 


Imagine  a  concentric  spherical  surface  described  through  the 
point  The  force,  F,  at  the  surface  is  everywhere  normal  to  it, 
and  if  a  be  the  radius  we  have 


or 


-  F  X  4;rfl»  =  4fr  ^  a\ 
An 


"l^ 


(21) 
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that  is,  the  force  varies  as  the  distance  from  the  centre.    This 

dV 
coald  of  course  be  at  once  obtained  by  finding  -~,  in  equation 

da 

(20)  above. 

As   another  example  consider  an  electrified  circular  disc  of 

uniform  electric  density  <r  and  radius  r  acting  on  a  unit  of  positive 

electricity  placed  on  the  axis  of  the  disc  at  a  distance  h  from  its 

plane.    The  potential  of  a  concentric  ring  of  radius  x  and  breadth 

dx  is  2tt(rxdx/  •Jh^  +  ^-     For  the  whole  disc  therefore 

F  =  r  2»r<r:r^/  'Jh^  +  x» 


Force  at 

point  on, 

axis  of 

Electrified 

Disc. 


-L 


=  2»r<r  ( VAMr72  _  ^) (22) 

For  tlie  repulsion  on  the  particle  we  have  the  value 

-  dVIdh  =  27r<r(l   -  A/^hi~+~^)     .     .     .     (23) 

The  following  proposition  (due  to  Gauss)  is  interesting 
and  important :  The  average  potential  over  a  spherical 
surface  due  to  electricity  entirely  without  the  sphere  is 
equal  to  the  potential  at  the  centre. 

Suppose  the  electric  distribution  to  be  a  quantity  q  situated  at 
a  point  O.     The  potential  at  a  point  P  on  the  spherical  surface 

distant  r  from  O  is  ?.    The  average  potential  over  the  surface  is, 

if  J2  be  its  radius,  — -    I  I  ^  ds.    But  I  I  ?-  ds  is  the  potential 

AnB?  j  j  r  JJr 

at  0  due  to  a  uniform  distribution  of  surface  density  g  over  the 

4^722« 
spherical   surface   and  is  therefore  (p.  14)  — — ^,  if  I)  be  the 

distance  of   0  from   the   centre   of  the   sphere.     The   average 
potential  is  therefore  -?,  that  is,  the  potential  at  the  centre  of  the 

sphere  due  to  g  at  0.    The  same  result  can  be  obtained  for  every 
part  of  the  distribution,  and  die  proposition  is  established. 

From  this  theorem  follows  obviously  the  result  already 
proved  that  there  is  no  place  of  maximum  or  of  minimum 
potential  in  space  void  of  electricity. 


Avemge 

Potential 

over 

Sphere 

due  to 

Externa] 

Charge. 
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Avera^  Further  it  follows  if  throughout  any  space  S  in  which 

°ovcr"*  there  is  no  electricity  the  potential  be  constant,  the 

sphere  potential   must  have   the   same  value  throughout  all 

Kxtcnwl  space  that  can  be  reached  from  S  by  any  path  which 

Charge,  j^^jg  j^^^  p^^^g  tlirough  the  electrified  system.     For  if 

thronjjhout  any  space  S',  adjoining  S,   the   potential 

be  j^reator  or  less  than  in   S,  it  must  be  possible  to 

(k'srribe  a  sphere  so  small  that  its  centre  and  a  portion 

of  its  surface  may  be  in  S,  and  the  rest  of  its  surface  in 

S'.    The  mean  potential  over  the  surface  would  then  be 

either  groater  or  less  than  the  potential  at  the  centre, 

which   is  impossible.      Hence  S'  cannot  have  at  any 

point  a  greater  or  less  potential  than  that  of  S. 

Equi-         A   surface   every   point  of    w^liich   is  at   the   same 

jj<»t«MitiRl   potential  is  calloil  an  Equipotaitial  Surface,  or  some- 

timos  a  Level  Sur/aee.     buch  a  surface  can  evidently 

bo  drawn  for  ovory  point  of  the  electric  field. 

Surfaro        Any   ciiuipotoutial   surface   may   be   taken    as    the 

rotJu'iral  ^"^^'*^'^'  ^^*  ^•*'*'^^  potential,  and  the  potential  at  any 
jHiint  is  then  .^imply  the  ditrerence  of  potentials  between 
the  jHiiut  and  that  surface.  The  potential  of  the  earth 
is  generally  taken  as  zero  potential. 

Since  no  work  is  done  in  carr\  ing  a  unit  of  positive 
cKvtricity  from  one  point  of  an  equipotential  surface 
to  another,  linos  of  force  meet  such  surfaces  at  right 
angles;  in  other  wonls,  the  direction  of  the  resultant 
for^v  at  any  ixMut  of  such  a  surfoce  is  normal  to  the 
surface. 

The  ix^tontial  within  a  closeil  ei]uipotential  surface 
which  i\mtains  no  electricity  is  constant.  For  if  not 
there  must  be  an  a^ljacent  equi]X)tential  surface  within 
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at  a  higher  or  lower  potentical,  and  the  electric  induction  Surface 
over  every  element  of  that  surface  must  have  the  same  potential, 
sign.  But  the  integral  over  the  whole  surface  is  zero, 
hence  it  is  zero  over  every  element,  that  is,  the  electric 
force  at  every  element  is  zero.  There  is  therefore  no 
difference  of  potential  between  the  two  surfaces ;  and 
by  applying  the  theorem  of  Gauss  (p.  15  above),  or  by 
considering  successive  internal  surfaces  we  can  prove 
that  the  whole  internal  space  is  at  the  same  potential. 

It  is  necessary  for  electrical   equilibrium  that   the    P'>tential 
electric  force  at  every  point  of  the  substance  of  any     within 
conductor,   whether   contiuninff    within    it    electrified     HoUow 

11.  1  1.11  .1  Conductor. 

bodies  or  not,  be  zero,  that  is,  that  the  potential  at 
every  point  be  the  same.  Any  surface  therefore  de- 
scribed within  the  substance  of  a  conductor  is  an 
equipotential  surface,  and,  by  the  proposition  just 
proved,  the  potential  must  have  the  same  value  at 
every  point  within  a  hollow  conductor  containing  no 
electrified  bodies,  a».at  the  conductor  itself. 

Since  the  electric  force  is  everywhere  zero  there  is  no  Charge  of 
free  electricity  at  any  point  in  the  substance  of  the    only  o'n^ 
conductor,  for  no  lines  of  force  can  enter  or  leave  any    Surface. 
portion  of  space  there  situated.     Hence,  the  charge  of 
a  conductor,  can  be  found  only  on  the  external  surface, 
and  if  a  conductor  in  the  interior  be  brought  into  con- 
tact with  the  internal  surface  it  will,  if  electrified,  give 
up  its  whole  charge  to  the  external  conductor,  and  if 
iinelectrified  receive  no  charge. 

These  conclusions,  which  have  been  deduced  from  the  Expori- 
law  of  electric  attraction  and  repulsion  stated  above  Proofs. 
(p.  1),  are  in  accordance  with  the  results  of  experiment. 
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A  cliarge«l  conductor  introiluced  within  a  closed 
diictor  and  brought  into  contact  with  it  as  in  Fara 
ice-pail  experiment  (p.  22),  and  in  Biot's  well-k: 
experiment  in  which  two  insulated  hemispherical 
ductors  are  made  to  enclose  and  touch  a  highly  chi 
metallic  sphere,  is  found  to  be  completely  discha 
The  distribution  otherwise  than  on  the  external  su 
is  theretbre  not  one  of  equilibrium. 

Tlie  same  result  was  found  so  long  ago  as  171 
the  Hon.  Henry  Cavendish,  who  used  the  other  foi 
experiment.  A  conducting  sphere  was  insulated  w 
a  concentric  spherical  shell  made  of  two  homisph< 
conductors  mounted  on  insulating  supports  so  as 
easily  removable.  The  shell  after  having  been  h 
charged  was  brought  into  contact  for  an  instant  wit 
int(»rnal  spluTe,  The  hemispheres  were  then  ren 
and  dischar*aMl,  and  the  electrical  state  of  the  s' 
testi'd  by  means  of  a  delicate  electroscope.  No 
of  a  charge  could  be  dt*tected.^ 

The  tt\*;ts  of  such  a  char^a^  now  aflforded  b^ 
William  Thomson's  Quadrant  Electnmieter  (Cha; 
beh>w'i  exceeil  enormouslv  in  delicacv  any  which 
jjreviously  be  applied,  and  careful  repetitions  c 
experinient  made  with  the  help  of  that  instri 
have  shown  no  ina^Tunuv  in  Cavendish's  result.- 

This  result  is  o\'  the  utmost  importance,  for,  assi 
it  as  a  fact  expiTimmtally  proved,  we  can  reason 
from  it  to  the   law  of  the  inverse  square  for  el 

'  J 'jivfiuli>h*s  K''.!rix-i-   y,'Nifn7j,y,   or  M.ixwoll,  Elc-:t.  am 
v«>l.  i.  i».  77  v>»'»'.  t'il.\ 
-  Maxwell,  A'u^■^  .'Hi'  .V:'.;.  ,^00.  oJ.  vol.  i.  p.  7j?\ 
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attraction  and  repulsion,  which  Coulomb  airivcd  at  by 
the  immensely  more  uncertain  method  of  directly 
measuring,  in  the  torsion  balance,  the  attraction  and 
repulsion  between  electrically  charged  conductors. 
Cavendish's  experiment  is  therefore  properly  regarded 
as  the  crucial  test  of  the  law  of  the  inverse  S(iuare. 

We  shall  now  prove   briefly  that  if,  as   shown   by 

Cavendish's  experiment,  the  electric  distribution  on  a 

charged  spherical  conductor  is  entirely  on  the  external 

surface,  or,  which  is  tlie   same  thing,  if  there  be  zero 

force  everywhere  within  the  conductor,  the  law  of  the 

inverse  square  is  true.^     If  the  sphere  be  at  a  very  great 

distance  from  all  other  conductors  the  distribution  on  it 

must  from  symmetry  be  uniform,  and  we  have  seen 

(p.  14  above)  that  the  law  of  the  inverse  square  satisfies 

the  condition  of  zero  force  in  the  interior.     It  remains 

to  show  that  this  is  the  only  law  which  is  consistent 

^th  a  distribution  entirely  on  the  surface. 

l^iF{r)  denote  the  electric  force  at  a  distance  rfrom 

*  unit  of  positive  electricity  concentrated  at  a  point ; 
tlieni'(r)  fulfils  the  condition  stated.     In   the  case  of 

'/  the  law  of  the  inverse  square  r^  F  (;•)  is  a  constant,  for 
.  any  other  law  it  is  not.  If  r"  F  (v-)  is  not  constant,  it 
Jnnst  for  any  given  value  of  r  either  increase  or  diminish 
M  r  is  increased.  Let  r^  and  rg  be  any  two  values  of  r 
8nch  that  F(r)  contiguously  increases  as  r  increases 
from  fj  to  rj.    Let  ABGD  (Fig.  3)  be  a  great  circle  of 

*  spherical  conductor  of  diameter  r,  +  r.^  ar^d  surface 

*  The  proof  here  given  is  due  to  M.  Bertram],  Jottni,  de  Phys.  t.  IF, 
^  41  (1873).  For  other  proofs  see  Laplace,  Mieanique  Celeste,  i.  2 ; 
GtTendiih,  EUeL  Bea. ;  Maxwell,  loe.  cU, 
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Proof  of   density  cr,  P  a  point  such  that  CP  =  PZ>,  and  AB 

PreiniM  of  ^^  diameter  drawn  through  P.    Draw  a  double  cone 

Caven-    q{  small  vertical  ansle   rfa>   at  P  and   denote   by   0 

uisn  8 

Syllogism,  the  angle  which  the  axis  of  the  cone  makes  with 
tbe  radius  at  its  intersections  with  the  sphere.  The 
quantities  of  electricity  on  the  opposite  elements  of 
the  sphere  are,  if  r\,  r\  are  their  distances  from  P, 
a  rV  day /cos  0,  a  r'^  d(ofcos  0  respectively,  and  the 
components  of  their  attractions  along  the  jli^'Qieter 

a  da)  r^  F{r^  cos  ^/cos  0,    a  da  r^  F  (r^)  cos  ^/cos  0, 

where  ^  is  the  angle  between  the  axis  of  the  cone  and 
AB,    as  shown.     These   attractions  are  in    opposite 


Fie.3. 


directions,  and  since  r\  >  r\  the  second  is  greater  than 
the  first.  Now  the  whole  sphere  can  be  divided  up 
into  pairs  of  elements  so  that  one  of  each  (of  distance 
r'j),  lies  above  sre^  and  one  (of  distance  r  g),  beneath : 
lience  tbe  attraction  of  P  towards  A  must  be  greater 
than  that  towards  B,  that  is,  the  condition  that  there  is  no 
force  within  the  conductor  is  not  fulfilled.  Hence  the 
hypothesis  that  r*  P(0  increases  as  r  increases  from  r^ 
to  To  cannot  be  true ;  and  in  the  same  way  it  can  be 
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shown  that  r*  F{r)  does  not  diminish  as  r  increases 
between  any  limits  whatever.  It  follows  that  ?•*  F(r) 
is  a  constant  if  the  electric  distribution  is  wholly  on 
the  surface. 

Cavendish's  result  was  incidentally  confirmed  and 
strikingly  illustrated  by  Faraday  in  his  researches  on 
the  "  Absolute  Charge  of  Matter.'*  ^  Having  constructed 
a  cubical  framework  of  wood  (ten  feet  in  length  of  edge), 
covered  witll  a  network  of  copper  wire  and  bands 
of  tinfoil,  he  insulated  it  and  placed  within  it  a  very 
delicate  gold  leaf  electroscope.  He  then  powerfully 
electrified  the  cube,  and  found  that  the  electroscope 
showed  no  effect.  He  even  went  into  the  cube  and 
lived  in  it,  and  tried  without  eff*ect  all  the  tests  of 
electrification  he  could  apply,  although  all  the  time 
long  sparks  and  brush  discharges  were  passing  from  its 
outer  surface. 

We  can  now  prove  simply  the  important  result  that 
if  a  closed  conductor  contain  any  electrified  system 
having  a  total  charge  Q,  a  total  charge  of  electricity  —  Qis 
induced  on  the  inner  surface  of  the  conductoi^.  For 
suppose  a  surface  S  described  within  the  substance  of 
the  conductor  C  intermediate  between  its  inner  and 
outer  surfaces,  then  since  there  is  no  force  within  the 
substance  of  C  the  electric  induction  over  S  must  be 
zero.  Hence  the  total  quantity  of  electricity  within 
S  must  be  zero,  that  is,  the  proposition  stated  above 
must  be  true.  We  shall  see  below  that  the  density  of 
the  induced'  distribution  at  any  point  depends  on  the 
distribution  of  the  internal  inducing  system. 

^  EseperimejUal  Besearches,  vol.  i.  p.  366. 
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External  If  C  be  insulated  without  charge  it  follows  that  a 
Charire.  charge  equal  to  +  Q  is  found  on  the  external  surface. 
We  shall  see  below  (p.  26)  that  the  distribution  of  this 
charge  is  independent  of  that  of  the  internal  charges, 
and  is  the  same  as  that  of  a  free  charge  of  the  same 
amount  given  to  the  conductor. 

Faraday's  These  results  give  the  explanation  of  Faraday's  ice- 
Experi-  P*^^  experiment  alluded  to  above.  A  pewter  ice-pail 
ment.  ^^^  supported  by  silk  threads  and  connected  to  a 
delicate  gold  leaf  electroscope.  A  charged  conducting 
ball  was  then  lowered  into  the  ice-pail,  and  as  it 
descended  the  gold  leaves  gradually  separated  until  the 
ball  had  been  placed  well  down  in  the  pail,  when  the 
divergence  remained  nearly  constant  as  the  ball  was 
lowered  further,  brought  into  contact  with  the  pail,  and 
withdrawn.  The  ball  was  then  found  to  have  been 
totally  discharged. 

The  same  experiment  can  be  repeated  with  ex- 
ceedingly great  delicacy  by  means  of  the  quadrant 
electrometer,  and  if  the  pail  is  well  insulated  and  closed 
by  a  conducting  cover  to  which  the  ball  is  hung  by  an 
insulating  support  kept  free  from  electrification,  the  re- 
sult described  is  easily  obtained.  The  insulating  support 
if  electrified  may  be  discharged  by  being  passed  through 
a  flame,  or  by  being  placed  in  a  current  of  hot  air.  With 
a  quadrant  electrometer  in  its  ordinary  grade  of  sensibility 
it  is  necessary  to  charge  the  ball  very  slightly.  This 
can  be  done  without  sensibly  electrifying  the  insulating 
support  by  giving  a  small  spark  by  means  of  an  electro- 
phorus  to  a  second  ball  held  by  an  insulating  handle, 
then  touching  that  ball  with  a  third  also  insulated,  dis- 
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chargiDg  the  latter  and  again  bringing  it  into  contact  Faraday's 
with  the   second,  and  so  on  until  the  charge  of  the    i^j^. 
second  ball  is  so  much  diminished  that  the  experimental     ™*i"t- 
ball  brought  into  contact  takes  a  charge  just  sufficient 
to  give   a   convenient   deflection   of  the   electrometer 
needle.     The  constancy  of  the  electrometer  deflection 
after  the  contact  shows  that  the  potential  of  the  con- 
ductor is  not  altered,  and  it  follows  as  proved  below 
(p.  26)  that  the  distribution  on  the  exterior  surface 
of  the  conductor  is  not  changed.     The  total  discharire 
of    the   ball   proves    that   its   charge   was    equal   and 
opposite  to  the  induced  charge  on  the  interior  surface 
of  the  conductor. 

This  experiment  is  the  basis  of  many  useful  electrical  Method  of 
instruments,  notably  induction  machines  such  as  Thom-  piyinp 
sons  Replenisher,  and  the  machines  of  Holtz,  Voss,  KJectric 
and  others,  which  multiply  electric  charges ;  and  it 
gives  more  clearly  than  any  other  the  idea  of  quantity 
of  electricity.  For  example  it  gives  us  a  means  of 
charging  a  conductor  with  any  number  of  times  a  given 
electric  charge.  For  let  the  charge  be  given  on  tlie 
l»all  of  the  ice-pail  in  the  experiment  above.  The  ice- 
pail  is  insulat'Cd  within  the  conductor  to  be  charged,  and 
the  ball  placed  within  the  ice-puilbut  without  touching 
it.  The  ice-pail  and  the  exterior  conductor  are  then 
brought  into  contact  for  an  inst^nnt,and  the  ball  and  ice- 
pail  withdrawn.  Since  the  ice-pail  and  conductor. 
when  in  position  after  the  contact,  are  at  one  potential, 
there  is  no  electrification  between  the  inner  surface 
of  the  former  and  the  outer  surface  of  the  latt^i^r. 
HeYice  tlieie  is  then  a  charge  on  the  outer   surface 
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Method  of  of  the  conductor  equal  to,  and  of  the  same  sign  a^, 

plying  ^^^^  ^^  ^^®  ^^^^'  ^^  ^^^  ice-pail,  which  is  left  with 
Electric  a  charge  equal  and  opposite  to  that  on  the  ball,  be 
discharged,  and  the  process  above  described  repeated, 
another  charge  equal  to  that  on  the  ball  will  be  given 
to  the  conductor,  and*  so  on  until  the  required  multiple 
of  the  charge  has  been  given. 

By  slightly  modifying  this  process  a  second  conductor 
may  be  charged  with  an  equal  quantity  of  the  oppositir 
electricity.    For  it  is  only  necessary  to  discharge  the  ice- 
pail  each  time  by  placing  it  within  and  then  bringing 
into  contact  with  the  second  conductor.    If  the  opposite 
kind  of  electricity  only  is  required  it  is  sufficient  to 
connect  the  ice-pail  to  earth  each  time  the  ball  is  placed 
within  it. 
Relation  of      The  results  of  Faraday's  ice-pail  experiments  are  in 
tions  In-   Complete  accordance  with  theory,  and  are  direct  con- 
tenial  and  se(iuences  of  the  following  general  proposition  regarding 
toa('lo.sed  closod  conductors.     Whatever  be  the  electrification  of 
Conductor  ^j^^  dosed  conductor,  the  external  electric  distribution 
and  the  potential  at  every  external  point  is  the  same 
for  a  given  total  quantity  of  electricity  within  the  con- 
ductor without  regard  to  the  manner  of  its  distribution ; 
and   the  electric   distribution    on    bodies  within    the 
closed  conductor  is  independent  of  the  electrification 
both  of  the  external  surface  of  the  closed  conductor 
itself  and  of  external  bodies.     In  the  proof  of  this  pro- 
position, and  frequently  in  what  follows,  we  shall  use  the 
principle  of  surpcryosition  of  electric  disirUnUions,  which 
ought  therefore  to  be  first  explicitly  stated. 

According  to  the  theory  given  above   (p.   9),  the 
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potential  at  any  point  due  to  a  charge  of  electricity  PriDciple 
at  another  point  is  directly  proportional  to  the  charge,   position 
and  the  potential  at  any  one  point  produced  by  any    statwl- 
distribution  of  electricity  is  the  sum  of  the  potentials 
due  to  the  separate  parts  of  which  the  distribution  con- 
sists, or  of  the  separate  distributions  into  which  it  may 
be  supposed  divided. 

An  electric  system  in  fact  may  be  built  up  in  any  way 
whatever  of  separate  parts  or  made  up  of  separate  dis- 
tributions superimposed  ;  each  part  of  the  system  or  eiu5h 
separate  distribution  produces  its  potential  at  any  point 
as  if  the  remainder  did  not  exist ;  the  final  distribution 
is  the  sum  of  the  separate  distributions,  and  the  final 
potential  at  any  point  the  sum  of  their  separate 
potentials.  This  conclusion  is  capable  of  direct  veri- 
fication by  experiment  in  certain  cases,  and  further 
the  results  deduced  from  it  are  found  to  agree  with 
observed  phenomena. 

It  is  proved  below  (p.  69)  that  electricity  can  be  dis- 
tributed in  one  and  only  one  way  on  a  given  system  of 
conductors  so  as  to  produce  a  given  possible  system  of 
potentials.  Hence  if  by  the  supeq^osition  of  different 
states  of  the  same  conductors  we  can  produce  the  re- 
quired potentials  we  know  that  we  have  obtained  the 
only  solution  of  the  problem. 

(1)  Suppose  no  external  electrified  bodies  to  exist,  Relationof 
and  the  closed  conductor  to  be  at  zero  potential,  then,  Ji^^i^. 
since  the  potential  is  zero  also  at  a  very  great  dis-  temal  and 
tance,  there  can  be  no  potential  greater  or  less  than  to  a  Closed 
zero  in  intermediate  space,  otherwise  there  w^ould  be  a  Conductor. 
maximum  or  minimum  of  potential  in  space  unoccupied 
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Relation  of  by  electricity.    Hence  the  distribution  of  electricity  on 
tioDs  In-  *^®  interior  surface  of  the  conductor  is  such  as  to  pro- 
tCTnal  and  duce  through  external  space  a  potential  exactly  equal 
to  a  Closed  and  opposite  to  that  which  the  charged  body  produces. 
Conductor      ^2)  Suppose  an  external  electrified  system  to  exist, 
but  no   electricity  to  be  within  the    conductor,   the 
potential   within   the   conductor  (which   may  now  be 
supposed  insulated  and  charged  to  any  degree)  ¥rill  be 
constant  and  of  the  same  value  as  that  of  the  conductor. 
The  induced  electrification  of  the  conductor,  as  may 
be  seen  by  supposing  the  potential  zero,  is  such  as  to 
produce   a  potential  within  the  conductor  equal  and 
opposite  to  that  produced  by  the  external  electrified 
bodies;  and  we  can   superimpose   on  this  the   inde- 
pendent  electrification,  if   any,  which  is  effective   in 
producing  the  actual  potential  of  the  conductor. 

We  have  therefore  in  (1)  and  (2)  three  electrifica- 
tions which  are  separately  in  equilibrium  and  may  be 
supposed   superimposed,   and    since,   as   we   shall   see 
below,    there    can    be    only    one    distribution    corre- 
sponding to  given  potentials  or  charges  of  the  system, 
the  superimposed  distributions  are  in  equilibrium  and 
Principle  form  the  actual  distribution.     Hence  the  proposition 
Electrical  stated  above  is  true ;  and  we  have  also  the  very  important 
Screen,     result  that  if  the  conductor  be  connected  with  the  earth 
it  forms  a  perfect  electrical  scfeen  between  the  internal 
and  external  systems.     To  protect  an  electric  system 
from  all  external  influences  it  is  therefore  only  neces- 
sary to  pl.ice  round  it  a  metallic  screen  (or  what  is 
quite  efficient,  a  metallic  grating  or  network)  connected 
with  the  earth. 
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Consider  a  small  element  of  area  da  of  an  equi-  Tube  of 
potential  surface,  and  imagine  lines  of  force  to  be 
drawn  through  every  point  in  its  periphery  so  as  to 
form  a  tubular  surface.  Such  a  surface  is  called  a  tube 
of  force.  Let  R  be  the  resultant  electric  force  at  the 
element  ds  and  let  Rds  be  taken  as  unity,  the  tube  is 
then  a  unit  tube.  Imagine  any  finite  area  of  the 
equipotential  surface  to  be  divided  into  elements  such 
that  the  tube  for  each  is  a  unit  tube,  and  let  n  be 
their  number  so  that  ^Bds  =  n ;  then  n  is  the  number 
of  tubes  of  force,  or,  as  it  is  usually  put,  "  the  number 
of  lines  of  force"  which  cross  the  area.  It  is  to  be 
remembered  that  what  is  called  a  line  of  force  in  the 
phrase  "  number  of  lines  of  force  "  is  a  unit  tube.  We 
shall  not  however  use  the  term  in  this  sense,  but  in  the 
sense  defined  above  (p.  6),  which  has  no  reference  to 
intensity  of  force. 

Using  N  in  the  same  sense  as  before,  and  considering 
the  projection  of  ds  on  an  equipotential  surface  at  the 
element,  we  see  that  Nds  is  really  the  same  thing  as 
the  number  of  tubes  of  force  which  cross  ds,  and  as  iV  is 
to  be  taken  positive  where  the  lines  leave  the  surface, 
and  negative  where  they  enter  it,  we  see  that  the 
excess  of  the  number  of  tubes  of  force  which  leave  the 
surface  over  the  number  which  enter  it,  that  is  the 
electric  induction  over  the  surface,  is  equal  to  47r 
times  the  algebraical  sum  of  the  electricity  within  the 
surface. 

Let  ds  and  dtf  be  two  normal  sections  of  a  tube  of  force,  and 
let  F  and  F"  be  the  force  at  the  two  sectionR,  then  the  surface 
integral  of  electric  induction  for  the  portion  of  the  tube  between 
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the  sections  is  Fds  -  Fds\  and  if  there  be  no  electricity  within 
this  part  of  the  tube 

Fds  =  Fd^ (24) 

that  is,  the  product  of  the  electric  force  and  the  cross-sectional 

area  of  the  tube  is  everywhere  constant  if  the  tube  contain  no 

electricity. 

Tube  of        If  however  the  tube  pass  throuj^h  an  electrified  surface,  then 

Force      we  may  suppose  the  tube  so  thin  that  the  normal  at  every  point 

passing     of  the  intercepted  element  of  the  surface  is  in  the  same  direction, 

through  an  and  consider  the  very  short  portion  of  the  tube  bounded  by 

Electrilied  two  cross-Hections  parallel  to  the  element,  one  just  within  and 

Surface.    ^Jjq  other  just  without  the  surface.     If  ds  be  the  area  of  tiie 

element  intercepted  on  the  surface  by  the  tube,  o*  the  density 

there  of  the  distribution,  and  &  the  angle  which  the  normal  to 

the  element  on  the  positive  side  makes  with  the  direction  there 

of  the  resultant  force,  we  have,  taking  the  surface  integral,  which 

consists  only  of  the  end  portions, 

{F  -  F')  cos  Bds  =  Airadsy 

{F  -  F)  cos  ^   =  47r<r (25) 

that  is,  the  normal  components  of  electric  force  at  two  neigh- 
bouring points  on  a  line  of  force,  but  on  opposite  sides  of  the 
surface,  differ  by  4jr  times  the  electric  surface  density  where  the 
line  cuts  the  surface. 

If  we  draw  normals  v,  v*  outwards  from  the  two  ends  of  the 
portion  of  tube  here  considered,  aud  Fi,  V  be  the  respective 
potentials  at  the  two  sides  of  the  surface,  we  have 

Fiiii^e  =  -  dVldv,   FcosB  =  dr/di^\ 

and,  therefore,  equation  (25)  becomes 

dF       dV 

This  is  the  form  which  the  characteristic  equation  of  the 
potential  takes  at  a  surface  at  which  the  electric  force  is  dis- 
continuous, and  it  shows  that  to  the  discontinuity  there  corresponds 
a  certain  determinate  density  of  electric  distribution  on  the 
surface.  Since  the  potential  is  constant  within  the  substance  of 
a  conductor  on  which  electricity  is  in  equilibrium,  a  tube  of 
force  must  be  considered  as  terminating  just  within  the  electri- 
fied surface.  Hence  the  surface  integral  for  a  tube  of  force 
extending    between    and    terminating    in    the    substance    of 
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Iwu  conductors,  is  equal  to  zero.  The  total  quantity  of  cloctricity 
wiiliin  the  tube  is  tlierefore  also  zero,  and  henco  i4Vj»,  fU  be  the 
elt^nient.s  intercepted  by  tlie  tube  on  tho  two  Hurfacos,  and  cr,  <t'  the 
corresponding  surface  densities,  wo  have 

adf  +  ad^  =  0 (27) 

If  we  consider  a  tube  of  force  terminating  at  one  end  just  Force  at 

within  the  electrified  surface  of  a  conductor,  and  at  the  other  end  Surface 

just  outside  the  surface,  we  have  for  the  end  within  the  surface  ^^  *  ^^^' 

r  =  (-  dridi/)  =  0,  and  therefore  ductor. 

F  =  -  dFldv  =  4jr«r (26  his) 

Hence  tbe  density  at  any  element  of  an  electrified  surface  is 
/'/4ir,  where  F  is  the  force  at  an  external  point  infinitely  near 
the  element. 

From   the  result  obtained  above  (pp.  25,  26)  for  a    Surfarn 
closed  conductor,  containing  an  electric   system  insu-     bution 
latcd  within  it,  it  follows  that,  whether  or  not  there  be  Kephicing 
an  external  electric  system,  the  electrification  of  the    Systom; 
inner  surface  reversed  in  sign,  w^ould  produce  exactly 
the  same  potential  at  tho  conductor  and  all  external 
points  as  is  due  to  the  internal  system.    But  by  (2G  hin) 
the  density  at  any  point  of  the  inner  surface  is  —  Fj^tir, 
where  F  is  the  internal  force  at  the  point  in  the  out- 
ward direction.     The  density  of  the  distribution  which 
on  a  surface  coinciding  with  the  inner  surface  of  the 
conductor  would  replace  for  external  points  the  internal 
system  is  therefore  ^/47r. 

Suppose  an  infinitely  thin  insulated  conductor  made    Case  of 
coincident  with  an  equipotential  surface  of  an  electric  c^lutiding 
system   whether   wholly  or  partly  internal,   and   the  ^i^h  Kqui- 
intemal  system  replaced  by  that  distribution  over  the    surface. 
conductor  which  does  not  alter  the  potential   at  the 
sur&ce  or  at  any  external  point.    The  force  at  any 
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Case  of    point  just  outside  the  surface  has  its  former  value  F, 

Coinciding  *^^  ^^  electric  density  there  is,  by  (26  Ms),  FI4nr.  This 

^'itliEqui-  (pp.  69,  76)  is  the  only  distribution  which  fulfils  the 

Surface,    prescribed  conditions,  and  since  the  conductor  is  all  at 

one  potential  in  the  equilibrium  distribution,  the  total 

charge  is,  as  we  have  seen,  equal  to  the  charge  of  the 

internal  system. 

Since  this  surface  distribution  is  that  of  equilibrium 
it  is  that  which  the  conductor  would  take  if  insulated 
without  charge  in  presence  of  the  actual  electric  system, 
and  as  we  have  just  seen  it  is  identical  with  the  in- 
finitely nearly  coincident  distribution  on  the  interior 
surface  reversed  in  sign.  Hence  no  change  in  potential 
or  force  at  any  point  external  or  internal  is  produced  by 
making  an  infinitely  thin  conducting  shell  insulated 
without  charge  coincident  with  the  equipotential 
surface. 


Section  II. 

POTENTIAL  ENERGY  OF  AN  ELECTRIC  SYSTEM, 

GENERAL  PROPOSITIONS  REGARDING  A   SYSTEM  OF 

CONDUCTORS, 


Electric        The  potential   energy  of  any   electric   system   can 
'"*^rg}\    jgp^3jjj  QQiy  QQ  ^Q  state  of  the  system.     Now  the 

principle  of  superposition  stated  above  gives  a  method 
of  calculating  the  work  spent  in  charging  the  system 
by  a  particular  process,  and  therefore  also  the  potential 
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energy  of  the  system,  provided  we  can  assume  its 
equality  to  the  work  so  spent.  But  by  the  principle 
of  the  Conservation  of  Energy  the  work  spent  in 
bringing  a  material  system  from  one  state  to  another, 
in  any  manner  whatever,  is  the  equivalent  of  the 
excess  of  the  energy  of  the  system  in  the  latter  state 
over  its  energy  in  the  first.  Hence  we  may  assume 
that  the  work  spent  in  electrifying  the  system  by  any 
series  of  charges  whatever  is  the  equivalent  of  the 
electric  energy  stored  up  in  the  system. 

Let  the  system  proceed  from  zero  electrification  to 
the  final  state  by  infinitesimal  steps,  each  such  that  the 


Electric 
Energy. 


Calcu- 
lation of 
Electric 
Energy 
of  any 
System. 


relative  electrifications  of  all  the  parts  of  the  system 
are  the  same  as  in  the  final  state.  By  the  principle  of 
superposition  the  increments  of  the  charges  positive  or 
negative  of  the  various  parts  will  be  proportional  to  the 
changes  of  potential  which  take  place,  that  is,  both  the 
electrification  and  the  potential  of  every  part  of  the  sys- 
tem change  uniformly  with  the  time  if  one  does  so. 
Hence  if  we  represent  the  final  charge  of  any  element  by 
a  straight  line  OB,  and  the  final  potential  by  the  ordinate 
AC,  the  potential  of  the  element  corresponding  to  any 
intermediate  charge  OB  will  be  given  by  the  ordinate 
BD  drawn  from  B  and  meeting  OC  in  D.     Now  the 
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Calcn-     work  spent  in  the  process  of  charging  described^  in  givi 
EkcSic    ^  charge  $  to  any  element  at  which  the  potential  is 
Energy,    before  the  charge  is  given  and  Fj  immediately  after, 
greater  than    V^q  and  less  than    V^q;  that  is,  if  . 
represent  q,  the  work  done  in  bringing  q  to  the  elemc 
lies  in  numerical  value  between  those  of  the  rectangu! 
areas  bD  and  Bd,     But  these  two  rectangles  differ 
the  rectangle  Dd,  which  is  very  small  in  comparis 
with  either,  when  Bh  is  a  small  fraction  of  OB.     Hen 
the  whole  work  spent  in  charging  the  element  is,  if  i 
final  potential  be  V  and  charge  Q,  numerically  equal 
the  area  of  the  triangle  OAC  or  ^VQ,     If  ^  be  tl 
energy  of  the  whole  system  we  have 

E^^tVQ (2 

Exprcs-    where  S  denotes  summation  of  the  products  VQ  idki 

vXniifCi  ^^^  ^1^  *^^  elements. 
f:nerf^        In  the  case  of  conductors  whose  potentials  are  Fj,  V 

^  System"^  and  charges  Q^,  (?2,  &c.,  we  have 

E=\{  V,Q,  +  V,Q,  &c.)  =  JS  re  .     .     (21 

where  V  denotes  the  potential  of  any  conductor  and 

its  charge. 

For  any  system  of  surface  distributionB  whether  in  whole 
in  part  on  conductors  or  not,  at  any  element  ds  of  which  tl 
electric  surface  density  is  a,  we  have  for  the  energy 

E  =  i  II  Fads (3' 

where  the  integration  is  extended  over  all  the  surfaces.  Similar 
if  there  be  a  volume  distribution  with  potential  varying  fro; 
point  to  point  we  have  for  the  energy  of  an  element  dx  dif  dz  \ 
which  the  potential  is  ^  and  density  p  the  value  \Vp  dx  d^  d 
rience  for  the  total  energy  in  the  most  general  case  we  have 

E  =  ill  Fads  +  ill  I  Fpdxdydz.     .    .     (3: 
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the  surface  integral  being  extended  over  all  the  electrified  bodies  Electrified 
and  the  yolume  integrals  over  all  the  spaces  occupied  by  electricity.  System — 

If  instead  of  cr  we  write  its  value — -,  and  for  p  its  value  Expression 

J  .  4^rfv  for  Energy. 

-  V«r,  we  get 

It  18  easy  to  obtain  another  expression  for  the  electric  energy. 

Imagine  two  equipotential  surfaces  of  the  actual  system  at  a 

very  short  distance  apart,  and  let  the  electric  force  at  any 

element  d»  of  the  inner  surface  be  F,  and  the  distance  between 

the  surfaces  measured  along  a  line  of  force  dv.    Now  imagine 

electricity  to  be  gradually  distributed  over  the  inner  surface  so 

M  to  produce  finally  the  resultant  force  F  at  each  point  just  out- 

nde  the  surface,  and  the  charge  on  each  element  to  be  brought 

along  a  line  of  force  to  that  element  from  the  outer  surface,  and 

•0  tibat  the  distribution  on  the  surface  has  always  the  same 

relative  density.    Iff  be  the  electric  force  at  d»  due  to  the  dis- 

tnbution  on  the  surface^  at  any  stage  in  its  building  up  in  this 

nukimer,the  work  done  in  bringing  a  small  quantity  of  electricity 

U  along  dv  Xo  d$  against^  is  dq  .fdv.    By  this  transfer  the 

elecfaic  force  has  been  changed  from/ to /+  df,  and  the  surface 

deDoty  therefore  increased  by  dfjin.    But  dq  —  ds,  dfl^,  hence 

tiie  work  done  is  —  dv,d8,fdf.    If  the  inner  surface  is  originally 

Am 

onehaiged  /  varies  from  0  to  F^  and  the  work  done  over  the 

SQi&ceis 

or 


^*/l 


F^ds (33)     Second 

Expression 

and  obrioasly,  by  adding  the  values  of  this  integral  for  successive  ^ 

*J^potential  surfaces  we  shall  obtain  the  whole  electrical  energy 
of  the  system.    We  have  therefore 

M=^  -1  III  F^dxdydz  .    .    .    .     (33  bis) 

^  integration  being  extended  throughout    all    space.      This 
^^P^OD  gives  the  value  of  the  total  electrical  energy  for  any 

D 


u 

&gQo»i    dE<«HbotMti  vhixeTier.     la  d>e  eas  «f  a  mumm  of  dcctril 

FTyVwinm  eondanrCffs  the  iaucratMc  swed  boc  «f  eomie  be  estcnded  to 

CccEaeqQr.  fpacc  oecBpM  br  the  fcfassutre  of  aBT<«odactor  or  to  the  qp 

whhis  «BT  cocdwr:or  if  h  eoctain  ao  e^ecuxiii.  a*  in  eveiys 

space  tLe  xilce  cf  /  is  kto.    Csbtf  3^;  ve  ^  bj  ^38)  and  ( 


( 


«     «  •     •     « 

the  enerrv  e»]THTivn<  dstxaIIt  dduc^Ki  br  Gn^n's  eenenl  tbecv 

The  crrt  expression  in  34   sog^ei^ts  tbe  eneney  as  having 

The        se4i  iri  the  m«<i'^m  occnrvirfi:  the  £e*'i  :  u>d,  bj  the  proof  gr 

E*c:ri:     ^  r*  p.  33,  unit  t^  t«w  of  fjrce  intemcted  by  FcccesnTe  e':iuipoteii 

F:-Ii  1.S     carfices  orawa  at  nnit  differences  of  pxentia',  are  divided  i 

Sri:  of  :h*  c^.^^^^^  e*?L  of  which  give*  to  the  sum  half  a  onit  of  enei 

Ec-rrgj.     3iaxwe*l  h»s  cille-i  these  sra-?*?  vmit  nV*. 

A«  an  ir.ter«iir.c  eximple  of  these  e^juaiK^Tis  we  may  find 
energy  sr-er.t  in  brr.rinjT  together  into  a  unifonu  sphere,  froi 
Ftate  of  iir.ifvrm  aitfu?:':n  throughout  infinite  «pa<>i»,  matter, 
pirts  of  which  repel  one  an'-ither  a'-V'-^niir.g  to  the  law  stated 
p.  2:  'jt,  w]. !':••:  i«  the  same  thinj,  the  enercv  iriinod  bv  allow 
mattfrf  attractintr  ao<-ording  to  the  same  law  to  come  toget 
thus  fr«irn  th«:  n*^hu:'ir  ?;aie. 
Change  of  L-t  the  ra-ii :«  of  the  «pher^  be  r  and  i*?  density  ^i.  The  i 
Potential    term  of  tho  *:xj-.r":«s«:ion  '^n  the  right-hand  Mdeof  ;V4   is  herez> 

F  irTna'*:on  *"^   ^^*-   er.ergj-  is   ^  /  /  /  f'pdxdyd;,  the  iiiiegra!  being  ta 

c     n.  -.rm  ||,roujrhout  the  ^p]le^o.     If  we  consider  a  spherical  surface 
fiom       '"•a'Ijus  jt  we  fi'-e  tiiat  this  expression  may  be  put  in  the  U 

/r 
Vj^dx  where  /'is  the  potential  at  anv  piiint  on  the  surfi 
0 

But  by  equation  '2C»)  F  =  2irp[r^  —  Jj*);  hence 

E  =  4,r2p«  fVCr*  -  ij*-)dx  =  f  ^-' 

Jo  r 

where  J/(  =  — «- '^ )  '^  ^^®  mass  of  the  sphere. 
The  8ame  result  may  be  obtained  from  the  equation 


Nebala. 
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The  integral  here  is  taken  through  all  space.  We  divide  it  into 
two  parts,  (1)  that  due  to  space  external  to  the  sphere,  and  (2) 
that  due  to  the  space  contained  within  the  spherical  surface, 
and  evaluate  these  separately. 

In  the  first  case,  at  any  point  at  distance  x  from  the  centre  of 
the  sphere,  F^  =  M^lr^  and  therefore  the  first  part  of  the 
integral  is 


Change  of 
Potential 
Energy  in 
Formation 
of  Uniform 

Sphere 
from 

Nebula. 


In  the  second  case,  by  equation  (21),  F^  =  16/9  .  ir^p^ar*  at  any 
point  of  an  internal  concentric  spherical  surface  of  radius  x.  For 
the  second  part  of  the  integral  therefore  we  have 


/  x*dx  = 

J  Q 


=A^ 


A.'>- 


^    Je'"       9.5 
Adding  these  two  parts,  we  get 

^   r 
the  same  result  as  before.  ,  ,    ^.x 

If  we  denote  by  F  the  force  exerted  on  an  element 
i  of  the  electrified  surface  of  a  conductor  by  the  whole 
electrified  system,  we  have  for  the  work  done  in  traus- 
fening  the  charge  on  the  element  a  distance  dv  along 
lines  of  force  to  the  corresponding  element  of  an 
adjacent  equipotential  surface,  the  value  Pdv .  ds.    But 

by  equation  (33)  this  is  —-  dv .  F^ds.     Hence 

OTT 
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F=  ^  F^  =  27ra' 

OTT 


M'.,  t  ;AOb 


(35) 


This  is  the  otttrwajcFISfce  exerted  by  the  element  ds 
of  the  conductor  on  the  medium,  and  measures  there- 
fore the  reaction  of  the  medium  on  the  element.  For 
example  every  element  of  an  electrified  soap-bubble 
exerts  an  atx^^sifS^ra  ^^^eissure  on  the  surrounding  air 
equal  to  2ira'  per  unit  of  area,  which  may  be  regarded 

D  2 


Electric 

Diminu- 
tion of  Air 

Pressure 
•ma  Soap 

Bubble. 
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Electric    as  a  diminution  of  the  air  pressure  on  the  outer  surface ; 
tiou^f^Air  o^»  ^^  ^^^  bubble  is  spherical  and  of  radius  r,  the  sur&ce 
Pressure    tension  of  the  film  is  by  capillary  theory  apparently 
Bubble,    diminished  by  the  amount  ^TraV. 

The  outward  presisttre  F  on  the  medium  is  what  has 
been  called  the  "electric  tension"  at  a  point  on  an 
electrified  surface,  and  is  the  true  measure  of  the 
tendency  to  discharge.  Its  proportionality  to  a^  ex- 
plains the  so-called  power  of  points. 

Additional  The  value  of  P  may  bo  obtained  otherwise  thus.    We  may 

Proof  of  regard  the  surface  distribution  as  a  limiting  case  of  a  volume 

Expression  distribution  of  density  p,  and  take  the  axis  of  z  along  the  normal 

for  Ten-  ^q  ^i^q  surface  from  the  inside  to  the  outside  of  the  stratam. 

vT"f^^ff^  Then  since  we  may  consider  the  portion  of  the  surface  sur- 

iLlectnnea  j.^jun(jjng  the  normal  as  a  part  of  a  uniform  plane  distribution, 

^\\T  ace.  ^j^^  electric  force  does  not  vary  along  the  plane,  and  Laplocas 

equation  reduces  to  —  ■—  -—=   —  p.    But  if  p  is  finite  however' 

great,  we  may  write 

J       (h  ^  4  J  dz  d:?     ' 

and  integrate  from  the  inside  to  the  outside  of  the  stratum. 
Hence  since  ^'(  =    7- )  is  zero  on  the  inside  of  the  stratum  we 

have 

P  =   i    F2  =  27rcr2, 

Additional  wliere  ¥  is  tlie  resultant  electric  force  just  outside  the  surface. 
Proof  of        TluH  e<|uation  might  now  be  applied  to  form  equation  (33),  and 
Second     hence  to  give  at  once  the  expression  (33  his)  for  the  electric 
Expression  energy, 
for  Energy. 

Considering  two  electric  distributions  A,  B,  in  the 
same  electric  field,  let  the  potential  produced  by  B  at 
any  point  P  in  A  be  V\  and  that  produced  by  A  at  any 


of  two 
Electric 
Systems. 
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point  P  be  F,  and  let  dq  he  sxi  element  of  electricity  at    Mutual 
P,  dq  an  element  at  F.    We  have  then  the  relation         ^E^er^'^ 

X^rdq^t^Vdq'      ....     (36) 

where  2^  denotes  summation  for  every  element  of  A, 
and  Xb  summation  for  every  element  of  £.  For  the 
expression  on  the  left  is  plainly  the  work  which  would 
be  done  if  the  distribution  on  B  remainiug  unchanged, 
the  system  A  were  removed  to  an  infinite  distance,  and 
that  on  the  right  the  work  which  would  be  done  if,  the 
distribution  in  A  remaining  unchanged,  the  system  B 
were  removed  to  an  infinite  distance ;  and  it  is  plain 
that  the  same  amount  of  work  must  be  done  in  both 
cases. 

Each  of  the  expressions  is,  in  fact,  the  mutual  potential 
energy  of  the  two  systems. 

The  relation  may  be  thus  proved  analytically.     Since 

r  =  ts  ^,  and  V  =  2^^,  we  have 

T  T 

t^ rdq  =  t^dqts^-  =  tsdq'tA^  =  %b  Vdq'. 


There  is  nothing  to  prevent  two  equilibrium  states  of  Reciprocal 
a  system  of  conductors,  (7^  C,,  &c.,  from  being  taken     o*j-^^^vo" 
as  A  and  B.     Then  if  Q^,  Q^,  &c.,  Q\,  Q\,  &c.,  be  the    States  of 
charges,  we  have,  since  Fand  F'are  constants  for  any    systeni. 
one  conductor, 

ViQ^  +  r^Q^  +  &c.  =  V^Q\  +  V.,Q^.  +  &c.     (37) 

This  reciprocal  relation  can  be  proved  for  the  case  of 
one  and  the  same  system  of  conductors  in  the  following 
simple  manner.    We  may  suppose  the  change  from  the 
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Reciprocal  state  A  to  the  state  B  to  take  place  simultaneoosly  for 
of  two'^   ^  ^^  conductors,  in  such  a  way  that  the  ratio  of  the 
States  of  change  produced  in  the  charge  of  a  conductor  to  the 
System,    total  change  from  one  state  to  the  other,  has  the  same 
value  in  each  case.     Since  each  increase  or  decrease  of 
the  charge  of  any  one  conductor  produces  a  change  in 
the  potential  of  each  conductor  proportional  to  that 
increase  or  decrease,  and  these  changes  can  be  super- 
imposed, it  is  plain  that  equal  proportionate  changes  in 
the  charges  of  all  the  conductors  will  produce  equal 
proportionate  changes   in   their  potentials.     Hence  if 
OA  (fig.  5)  represent  the  initial  charge  of  any  one 


o 


^B 


Fio.  5. 

conductor,  and  AC  its  corresponding  potential,  OB  its 
final  charge,  and  BD  its  final  potential,  Oh  any  inter- 
mediate charge  and  hd  the  corresponding  potential,  the 
point  d  will  lie  on  the  straight  line  CD,  The  work 
done  in  altering  the  charge  of  the  conductor  is  equal 
to  the  area  of  the  trapezoid,  or  \{A0 -\- BD)  {OB  —  OA), 
that  is  i(  V  +  V)  (Q'  -  Q).  The  work  done  in  bringing 
all  the  conductors  from  the  state  A  to  the  state  B,  is 
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»(F'+  V)  (ff  —  Q).    But  the  energy  of  the  system  Reciprocal 
the  initial  state  is  ^XVQ  and  in  the  final  state 
)  F'C-     We  have  therefore 


at  is 


Relation 

of  two 

States  of 

same 
System. 


of  a 
System 
of  Con- 
ductors. 


Let  the  potentials  and  charges  of  a  system  of  n  con-    Problem 
ictors  Cj,  C^  &c.,  Cn  in  the  same  electric  field  be  Fj, 
„  Ac.,  F, ;  Ci>  62*  Gs»  &c.,  Cn  respectively.     Since  the 

,   «^         .      .     [fads 
ttential^any  point  is  I  /  — ,  where  a  is  the  density  at 

L  element  ds  of  the  system  and  r  is  the  distance  from 
to  the  point  in  question,  and  the  integration  is  ex- 
nded  over  the  system,  the  portion  of  the  potential 
ntributed  by  each  conductor  varies  directly  as  the 
large  of  the  conductor.  The  potential  of  any  con- 
ictor  is  therefore  a  linear  function  of  the  charges  of 
e  conductors — that  is,  we  have  a  series  of  equations 
the  form 


v.= 


v.= 


&C.  &c. 

PlnQl  +  P»Q%  +  &C-.  +  PnnQn. 


■     (38) 


lere  p^,  p^  &c.,  p^,  p^^,  &c.,  are  coefficients  which      Coef- 
tpend  only  on  the  relative  positions  of  the  conductors.  Potential. 
ley  are  called  coefficients  of  potential.    The  first  suffix 
each  coefficient  refers  to  the  conductor  to  which  the 
large  belongs,  the  second  to  that  whose  potential 
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Coef-      is  given  by  the  equation  in    which   the   coefficient 

ficients  of 
Potential   OCCUrs. 

The  physical  meaning  of  the  coefficients  p^^,  p^,  p^ 
&c.,  in  which  the  suffixes  are  alike,  is  easily  seen.  Let 
any  conductor  Ck  be  charged  with  unit  quantity  of 
electricity,  and  all  the  other  conductors  be  without 
charge.     We  get  in  that  case 

Vk  =  Pkk 

Reciprocal  that  is  j^kk  IS  the  potential  produced  in  Ck  by  unit 
of°'^  charge  on    Ck  itself,  when  all  other  conductors  are 
PotenUals,  without  charge. 

Again,  to  determine  the  physical  meaning  of  the 
other  coefficients,  let  Ck  have  unit  charge  and  all  the 
others  zero  chai^ge.    For  the  potential  of  Cj  wa  have 

that  is,  ^>jy  is  the  potential  produced  at  Cj  by  unit 
charge  on  Ck,  when  all  the  other  conductors  are 
without  charge. 

Now  (1)  let  Cj  have  unit  charge,  and  each  of  the 
other  conductors  zero  charge,  and  (2)  let  Ck  have  unit 
charge  and  each  of  the  others  zero  charge.  The  potential 
of  Ck  in  ease  (1)  is  j^jk]  and  the  potential  of  Cj  in  (2) 
is  7)jy.  Applying  the  theorem  of  (36)  above  we  get  at 
once  the  reciprocal  relation 

Pjk  =  ^ju, (39) 

{\\  All    that  is,  the  i)otential  in  Cj  proiluced  by  unit  charge  on 

aiu^ors     Ok  is  the  same  as  the  'pbtential  produced  at  Cj  by  unit 

Insulate.!,  charge  on  C^,  if  all  the  other  conductors  be  insulated 

onlv  one  ,       ..i        ^     i 

Charged,    and  Without  charge. 


THEOREMS  OF  A  SYSTEM  OF  CONDUCTORS. 


41 


Again  the  potential  at  Q  produced  by  unit  charge  on  (2)  Two  or 
6j  is  the  same  as  the  potential  produced  at  Ck  by  unit    d^ctore ' 
charge  on  Q,  if  some  (or  all)  of  the  other  conductors  be  Insulated, 
maintained  at  potential  zero,  and  the  rest  (if  any)  with     one  of 
Cjt,  be  insulated  without  charge.     We  may  evidently   n^^^ 
consider  the   former  conductors  as  one  conductor  C,. 
If  then  Q  have  unit  charge  while  Ck  is  insulated,  and 
Qg  be  the  charge  of  C„  we  have 


therefore 


Vk  =  Pjk  +  PikQi 


f^k  =  Pjk  - 


7hk  Pj$ 


(40) 


Now,  let  Ck  have  unit  charge  while  Q  is  insulated 
and  without  charge,  and  let  Q\  be  the  charge  of  C„  then 


and  therefore 


V,  =-•  Pk,  +  p„Q's  =  0 


Vj=pki  - 


p^ 


(41) 


But  by  the  relation  already  proved  pj^  =  pjk ;  p^  =  Pjs, 
and  j}^  =  pk8 ;  hence  by  (38)  and  (39) 

Vj=Vk (42) 

the  theorem  stated  above. 

The  second  term  in  the  expressions  for  F}  and  Vk  is 
the  potential  produced  at  the  corresponding  conductor 
by  the  induced  electrification  «eC„  and  it  is  the  same  Reciprocal 
in  both  cases.    This  is  a  theorem  first  given  by  Green. 

There  are  Jn(^  —  1)  equations  of  the  form  pjk  =Pkj,  one 


Green's 

Theorem 

of 
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Green's 
Theorem 

of 
Reciprocal 
Potentials. 


(43) 


Capacity 
of  a  Con- 
ductor. 


Coef- 
ficients of 
Induction. 


for  each  pair  of  the  n(n  —  1)  coefficients  which  have  diflfer- 
ent  suffixes  j,  k :  hence  there  are  really  only  \n(n  —  1) 
coefficients,  one  for  each  different  pair  of  conductors 
which  can  be  formed  from  the  given  system. 

By  solving  equations  (37)  above  for  Q^,  Q^  &c.,  Q^  we 
get  a  system  of  n  equations  of  the  form 

Qi  =  221  ^1  +  222^^2  +  &c.  +  q^V^ 

&c.  &c. 

Qn  =  5nlFi  +  qniV^  +  &C.  +  qnnK , 

where  g^^,  q^^,  &c.,  q^^,  q^^,  &c.,  are  coefficients,  which,  like 
those  of  potential,  depend  only  on  the  relative  positions 
of  the  conductors.  The  meaning  of  any  coefficient  gub 
of  which  the  two  suffixes  are  alike,  can  be  obtained 
by  supposing  the  potentials  of  all  the  conductors,  except 
Ck,  zero,  and  Cfc  to  be  at  unit  potential.  The  equation 
for  the  conductor  Cjg  is  then 

Qk  =  qkk, 

— that  is,  qick  is  the  quantity  of  electricity  required  to 
charge  Cu  to  unit  potential,  all  the  other  conductors 
being  kept  at  potential  zero.  The  coefficients  of  this 
form,  g'li,  q^,  q^,  &c.,  q^n  are  called  the  capacities  of 
the  respective  conductors  C^,  Cg,  &c.,  Cn  iii  the  given 
system. 

To  find  the  meaning  of  the  coefficients  of  the  form 
qjk,  in  which  the  suffixes  are  not  alike,  let  Ck  as  before 
be  kept  at  unit  potential  and  all  the  others  at  potential 
zero.     The  equation  for  Cj  is  then  plainly 

Qj  =  iik 
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— that  is,  qjk  is  the  quantity  of  electricity  on  Cj  when,      Coef- 
along  with  ail  the  other  coDductors  except  67k,  it  is  at  i^ndu°ction^. 
zero  potential  and  Ck  is  at  unit  potential.  The  coeflScients 
?i2»  ?is»  ?»>  ^'  ^f  *^i8  form  are  called  coefficients  of 
induction. 

A  reciprocal  relation 

S'j*  =  Sy    .     .     .    *     .     .     (44) 

exists  for  these  coefficients  also.  The  proof  is  precisely 
the  same  as  that  given  ahove  for  the  potential  co- 
efficients, except  that  "potential"  is  to  be  read  for 
"  charge  **  and  "  charge  "  for  "  potential." 

Every  coefficient  of  the  form  puk  is  positive,  and  Conditions 
every  coefficient  of  the  form  pjk  is  intermediate  in  y^y  Q^^f, 
value  between  zero  and  p^k  or  pjj.  For,  let  Cj  be  ficients. 
charged  with  a  unit  of  positive  electricity  and  all  the 
other  conductors  be  insulated  and  uncharged,  the  electric 
induction  over  Cj,  or  over  a  closed  surface  surrounding 
it,  is  4fir,  and  the  potential  of  the  conductor  is  positive. 
The  electric  induction  over  any  other  conductor  Ck  is 
zero.  As  many  unit  tubes  of  force  terminate  in  Ck  as 
originate  in  it,  and  therefore  the  potential  must  at 
some  places  increase  outwards,  at  others  diminish  out- 
wards from  Cj — that  is,  there  must  be  a  conductor  in  the 
field  which  has  a  higher  potential  than  Ck  has,  while 
the  potential  of  Ck  must  be  greater  than  zero.  The 
conductor  of  highest  potential  must  be  Cj,  which  is  the 
only  conductor  in  the  field  whose  coefficient  is  not  of  the 
form  pjk'y  hence  pjk  is  not  greater  than  pkk]  and 
similarly  it  can  be  shown  that  it  is  not  greater  than 
Pjj,    If  any  conductor  Gi  be  inclosed  within  Ck,  it  will 


44  ELECTROSTATIC  THEOEY. 

have  the  same  potential  as  Ck,  and  in  that  case  therefore 

Pji  =  Pjk- 

Capacities      The  capacities  q^^,  922*  ^'  ^^  ^^®  conductors  are  all 

dnctore"all  positive.    For  suppose  as  before  C*  at  unit  potential  and 

Positive,   all  the  other  conductors  at  zero  potential ;  then  $»  is 

the  charge  of  (7^.    The  potential  diminishes  in  every 

direction  outwards  from  Ckt  and  therefore  the  surface 

integral  of  electric  induction  is  positive,  that  is  4iirqkk  is 

positive.   The  electrification  of  Ck  is  everywhere  positive. 

Induction      The  coefficients  of  induction  g,*  are  all  negative.    For 

ficients  all  suppose  Ck  charged  as  before.      Since  Cj  is  at  zero 

Negative,  potential  and  all  other  conductors  except  Ck  are  also  at 

zero  potential,  the  potential  cannot  diminish  in  any 

direction  outwards  from  Cj  and  must  increase  towards 

Ck.    Hence  the  electric  induction  over  Cj,  that  is  47rjjif, 

is  negative.    If  Cj  be  inclosed  within  another  conductor, 

qjk  is  of  course  zero. 

The  sum  of  the  coefficients  of  induction  of  the  system 
for  any  one  conductor  cannot  be  greater  than  the  capacity 
of  that  conductor.  The  electric  state  of  the  system 
remaining  the  same,  let  a  closed  surface  be  described 
inclosing  the  whole.  The  potential  cannot  increase  in 
any  direction  outwards  across  this  surface.  Otherwise, 
since  the  potential  is  zero  at  an  infinite  distance, 
a  place  of  maximum  potential  would  exist  in  free  space 
outside  the  conductor.  It  may,  however,  diminish  out- 
wards :  therefore  the  electric  induction  over  the  closed 
surface  cannot  be  negative.  Hence  ju  +  ^2*  +  &c. 
cannot  be  greater  than  quk-  When  the  other  conductors 
completely  inclose  (7*, 

Ilk  +  ?2fc  +  &c.  =  qkk- 
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The  first  reciprocal  relation  established  above,  equa-    Electric 
tion  (39),  gives  a  convenient  means  of  exploring  the    explored 
electric  field  due  to  a  charged  conductor  of  any  form.^  .^y  ^^"7" 
One  electrode  of  a  delicate  electrometer  (Chap.  IV.)  is   charged 
connected  with  the  conductor,  supposed  insulated  and  pq^^^^^'*^ 
uncharged,  and  the  other  electrode  is  connected  to  the     at  Zero 
earth.      Then  a  small  charged  sphere  carried  by  an     °  ^^^^* 
insulating  handle  is  placed  with  its  centre  at  any  point 
of  the  field,  and  the  electrodes  of  the  electrometer  con- 
nected for  an  instant.    The  conductor  is  thus  reduced 
to  potential  zero.    The  sphere   is  next  moved   from 
point  to  point  in  the  field,  and  the  positions  noted  for 
which   the   electrometer  shows  no  deflection.     These 
positions  lie  on  an  equipotential  surface  of  the  con- 
ductor.    For  by  (39)  the  potential  at  the   conductor 
due  to  the  electrification  of  the  sphere  is  equal  to  the 
potential  which  would  be  produced  at  the  sphere  by  a 
charge  on  the  conductor  equal  to  that  on  the  sphere, 
and   this  part  of  the   potential  is   the   same  for  all 
positions  of  the  sphere  for  which  there  is  zero  deflection. 
By  the  principle  of  superposition  this  must  be  an  equi- 
potential surface  for  all  charges  of  the  conductor. 

The  convenience  of  the  method  consists  in  the  zero 
potential  of  the  conductor,  which  therefore  does  not  lose 
or  gain  electricity,  while  the  exploring  sphere,  which 
can  be  insulated  so  as  to  lose  its  charge  only  with 
extreme  slowness,  Ls  changed  in  position. 

^  Maxwell,  ElemeyUary  Treatise  on  Electricity  and  Magnetism^  p.  43, 
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Sbgtion  III. 

ELECTROSTATIC  CAPACITY. 

ELECTRIC  DISTRIBUTION  ON  ELLIPSOIDS, 

ELECTROSTATIC  CAPACITY  IN  SIMPLE  CASES. 

Electro-  The  capacity  of  an  insulated  conductor  is,  as  we  ha^ 
Capacity,  seen  above  (p.  42),  the  quantity  of  electricity  requiK 
to  charge  the  conductor  to  unit  potential,  when  all  tl 
other  conductors  in  the  field  are  maintained  at  potenti 
zero.  Hence  if  the  potential  of  such  a  conductor 
V,  the  corresponding  charge  Q,  and  the  electrostai 
capacity  C,  we  have 

C  =  -v^'         (4 

Capacity  The  Capacity  of  a  conductor  depends  on  its  positi 
s  \^^ *  al  relatively  to  other  conductors,  as  well  as  on  its  fo] 
Con-  and  dimensions,  and  its  determination  in  any  giv 
case  involves  finding  the  distribution  of  electric 
upon  it  in  the  given  circumstances  when  all  otl 
conductors  in  the  field  are  maintained  at  potential  ze 
The  electrostatic  capacity  is  easily  found  in  the  folio wi 
cases,  which  will  be  useful  in  what  follows. 

1.  A  Spherical  Conductor  at   an   infinite    distai 
from  all  other  conductors. 

Let  r  be  the  radius  of  the  conductor,  q  its  char 


ductor. 


The  potential  at  the  surface  is  -  and  therefore 


(■ 
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or  the  electrostatic  capacity  is  numerically  equal  to  the    Capacity 
radius  of  the  sphere.  Spherical 

If  r  is  1,  C  is  also  1 :  hence  the  unit  of  electrostatic      Con- 
capacity  is  the  capacity  of  a  sphere  of  unit  radius  at  an 
infinite  distance  from  all  other  conductors. 

2.  An  Ellipsoidal  Conductor  at  an  infinite  distance    Capacity 
from  all  other  conductors.  mnZ 

The   density  of  the   distribution  at  «ach  point  is     soidal 
proportional  to  the  thickness  there  of  a  thin  elliptic    ductor. 
homoBoid,*  the  inner  surface  of  which  coincides  with  the 
given  surface.     For  there  can  be  no  force  within  the  Density  of 
ellipsoidal  conductor,  and  it  is  easy  to  show  that  this    litnum 
condition  is  fulfilled  by  the  distribution  stated,  which  Distribu- 
therefore  is  the  only  possible  distribution.     Such  a  thin 
shell  may  be  considered  as  formed  by  subjecting  a  thin 
uniform  spherical  shell  to  homogeneous  strain,  that  is, 
straining  it  so  that  pairs  of  points  initially  equidistant 
and  in  parallel  lines  remain  equidistant  and  in  parallel 
lines.    Let  jS  and  S'  be  the  inner  and  outer  surfaces  of  Attraction 
such  a  shell  supposed  composed  of  attracting  matter,  and    Eiii*°ig 
let  lines  forming  a  small  cone  be  drawn  from  any  point  0  Homoboid 
in  the  interior.     Let  pp'qqj  rr's's  be  the  portions  of  the    internal 
homoeoid   intercepted   by  the   cone.      The   masses   of     point, 
these  portions  are  the  corresponding  unstrained  masses 
in  the  spherical  shell,  and  the  ratio  of  the  distances 
Op,  Or,  has  not  been  altered  by  the  strain.     Hence 
(p.  14)   the   attractions  of  the  frustums  pp'q'q*  rr's's 

^  Thomson  and  Tait  (Natural  Philosophy,  vol.  i.  part  2,  §  494  g, 
footnote)  call  a  shell  bonnded  by  two  similar,  similarly  situated  and 
concentric  sorfaoes,  a  hoTnaoid,  When  the  surfaces  are  ellipsoids  the 
>^11  is  an  4Uipi4e  homaurid. 


48 


ELECTROSTATIC  THEOBY- 


Attraction  on  a  particle  at  0  are  equal  and  opposite.    Dividing 

EUipUc    io  ft  similar   manner  the   whole  suifiEU^e  into  pairs  of 

Honutoid  opposite  elements  by  cones  drawn  from  0  we  can  show 

At  an 

internal    that  the  resultant  force  at  any  internal  point  0  is  zero. 

point. 


P'«.3 


KouivA- 

ft 

III'.: 


Tho  ]K^iontial  is  thorefon?  constant  throughout  the 
intorior.  It  is  ovidont  tliorefore  that  an  ellipsoidal  con- 
ihioior  ol\:\r::od  so  that  its  electric  density  at  any  point  is 
prv^|vn ivM^.al  to  tho  thickness  of  a  thin  elliptic  homceoid, 
iiavi'.ig  tho  oonviuotor  for  its  inner  surface,  exerts  no 
:'oT\v  a:  any  in:ornai  j^vint.  and  hence  that  this  must 
\v  ;!u^  aoTual  distribution  on  a  conducting  ellipsoid  in 
t\\ui:ibr:ura.  Siu.v  :i:c  density  varies  as  the  thickness 
of  tV.o  ii.;i:oria'.  l.ov-.avid.  it  follows  that  its  values  at 
ditVonr,:  |\^-.:;:s  ai\*  rr^  i\  rtional  to  the  lengths  of  the 
iHrivr.vi:vU-:irs  lo:  tViV.  tVvnn  :!u  oonti^  on  the  tangent 
i^  ■  a r.o  s  a :  :  V. o  ri-  s\\  o :  i \  o  ivi v.:^. 

'»'■*'        •       '   \    *^     '.  -  —   '.-.  So  the  p.'int  in  which  the 
.-..:i  •  s;;  :*vv   <  . ;.:  .\x         .  r:v.A.    Iriv^v.  ;o  t?  e  inner  at  the  point 


V 


BQUIPOTENTIAL  SURFACES  OF  ELLIPSOID,     v. 


««     "^     ^2    + 


£  =  1 


.t^  (1  +  r)  "^  ^2  (1  +  ^)  t-  ^  (I  ^  ^) 

jBbe  tlie  perpendicular  from  the  centre  on  the  tanpjent  plane 
y,  r,  and  r  the  portion  of  the  normal  intercepted  between 
lurfaces,  we  have 
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Eauiva- 

lent 
Law  of 
Density. 


r 
V 


=  f.  ^x  +  •?,  </y  +  1  (/r 


(47) 


It  by  the  equations  of  the  surfaces  we  have 


-A   -  ',  + 


-  '7^.  + 


« (1  +  ir)       a'    '    l^iy^-v)       ^    '    c2  (1  +  v) 
ice  (/x,  fi(y,  dz^  v  are  small  this  is 


t,  =  0. 


(47) 


G'''  +  S''-^  +  i''--)-'  =  '-^' 


T    =    JjJJ- 


(48) 


is;  the  thickness  of  the  homoeoid  varies  from  point  to  point 
tly  as  the  length  of  the  perpendicular  from  the  centre  on 
uigent  plane. 

he  electric  force  at  a  point  infinitely  near  the 
ice  of  the  ellipsoidal  conductor  has  the  value  4»ro-. 
r  the  rate  of  variation  of  the  potential  with  distance 
rards  from  the  surface,  or  the  force,  is  inversely 
K>Ttional  to  the  distance  between  the  surface  of 
conductor  and  an  equipotential  surface  infinitely 
•  it.  Hence  the  distance  is  inversely  proportional 
,  that  is  to  the  thickness  of  the  material  homoeoid  ; 
rhichis  the  same,  to  the  length  of  the  perpendicular 
1  the  centre  to  the  tangent  plane  at  the  point 
iidered. 

5t  X,  jr,  r  be  a  point  on  the  surface  of  the  conductor  and  t  the 
nice  from  x,  jr,  z  along  the  normal  to  a  point  ar  +  </jr,  x  •{-  dj^ 

£ 


Equi- 
potential 
Surfaces 
Confocal 
Ellipsoids. 


\ 


[ 


Therefore 


or 
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Equi-      r  +  <fe  on  a  neighbonriDg  equipotentlal  rarflM^.    We  have 
potential    before 
Surfaces  (xdx       ydy       zdz\ 

Confocal  ^  =  ^\nt~  "*"    »    +    A) 

EUijisoitU.  \a  u-  i 

But  by  the  considerations  jnrt  stated  t  «=  iX)i,  where  X  i 
small  multiplier  constant  over  the  surface.     Hence 

V  +    ^    +    r*    ~  V 

=  4^(^  +  -^  +  S)- 

Hcncf  to  small  quantities  of  the  second  order 

(x  +Jjf        (,v  +  '/y  -    .    rr  +  //c|S  ^  J 
tf-^  +  X     "^     //i  +  X    "^    C-2+X 

The  equipotcntial  surface  infinitely  near  the  condu 

is  therefore  a  confocal  ellipsoid,  and  we  see  in  the  s 

way    that    tlie   successive    equipotential    surfaces 

ellipsoids  confocal  with  the  given  ellipsoid. 

rroof  for       By  distributiiiir  the  whole  quantity  of  attractin< 

Hoin!nia>  reiK'lling)   niaiter   ovor   any   equipotential    surface 

of  M;k-    ^\y^^  t}^^  potential  niav  be  constant  within  the  sur 

lam  ins  i  i  ,  ,'  ,         . 

TiuoFfin.  and  have  the  sanio  value  at  every  external  point  i 
the  actual  case,  wo  form  a  thin  elliptic  homoeoidha 
its  inner  surface  coincident  with  the  surface.  Henc< 
attractions  of  any  two  thin  confix^al  elliptic  homoeoi 
tlie  s;ime  mass  on  a  jx>int  external  to  both  are  the  s 
It   follows  that    any   two   elliptic   homoeoids   of  i 
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liickness,  the  inner  and  outer  surfaces  of  which  are    Proof  for 
;onfocal  and  which  have  the  same  mass,  exert  the  same  Homoeoid« 
brce  at  all  points  external  to  both.     For  it  is  possible    ^^  Mac- 
JO  divide  each  homoeoid  into  the  same  number  of  thin  Theorem. 
lomoeoids  which  are  one  by  one  (proceeding  from  within 
outwards)  confocal  with  and  of  equal  mass  to  those  of 
the  other,  and  exert  therefore  the  same  attraction  at  all 
external  points. 

Further,  if  the  hollow  space  within   one   shell   be    Pi-oof  of 
infinitely  small,  that  within  the  other  is  also  infinitely    \^^^^^^ 
small,  and  we  see  that  two  confocal  ellipsoids  of  equal  Theoreni. 
mass  exert  the  same  attraction  at  all  points  external  to 
both.     This  is  Maclaurin's  Theorem  of  Attraction  of 
Ellipsoids.*    The  mode  of  deriving  it  from  the  theorem 
of  equivalence  of  confocal  homoeoids  of  equal  mass  is 
due  to  Chasles. 

We  can  now  find  the  potential  of  the  ellipsoidal  conductor  for    Poteutiul 
«ny  given  charge.      To  find   the  force    at   any   point  P,   let      of  an 
a(=  Vfla  +  X),  ^(=   V^  -I-  X),  y  (=   Vc^  +  A)  he, (49)  above,  Ellipsoidal 
the  axes  of  an  equipotential  surface  passing  through  Fy  and  let  Conductor 
rft  be  a  small  element  of  the  surface  including  P.    The  density,         *' 
*t(if,  of  the  equivalent  electric  distribution  over  the  surface,     ^'^^frniil 
^»y  be  taken  as  numerically  equal  to  the  thickness  there  of  an         °^"  " 
elliptic  homoeoid  with  axes,  a,  /3,  y ;  a  (1  +  a*/)*,  /3  (1  -^  bv)k^ 
y(i  +  Jir)i     If  9  be  the  length  of  a  perpendicular  from  the 
centre  to  the  tangent  plane  at  P,  wo  have,  by  (48)  above,  for 
the  thickness  i  Zi^v  and  for  the  force  2  wcdSv.     Let  p  and  n  be 
the  corresponding  quantities  for  an  element  ds  of  the  given 
conductor  and  we  have  two  expressions  for  the  total  charge 


or,  since        /  /  pds  =  4irabc,      I  I   ^dtr  =  Aira^y 


2iFabcbn  =  2nafiybv. 


•  See  Thomson  and  Taifs  Nat.  PhiL,  vol.  i.  part  ii.  §^  494,  522. 
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Ilenco  the  force  is  2n'  — 1  oftn  •     Now,  for  the  distance  be- 

tween  tlie  equi potential  surface,  and  one  infinitely  near  it  we 
have  the  value  d\/2ii  ;  hence  the  work  done  in  carrying  a  unit 
of  positive  electricity  along  a  line  of  force  from  one  to  the  other 

is  vbn    —   d\.      The  potential    V  is  therefore  given  by  the 
afiy 

equation, 


•  «  ia^-  +  X)*  (6^-  +  X)*  (r2  +  X)* 

Capai'ityof       Dividiujr  the  value  of  the  charge,  ^wabc^n,  by  this  value  of 
KUipskniUl  1',  we  g»»t  for  the  capacity  of  the  ellipsoidal  conductor, 
Coiiduotor. 

(•=  -  .__-...    (51) 

i  t/X 

'•  ^  y.  4.  x-  (42  +  X,*  ^i^  +  X)* 

V.iUpsoi.l    Tlio  inioirral  can  1h>  found  in  finite  terms  if  the  ellipsoid  be  one 
of  Kovo-    of  ri'Vvl'.ition.     ruiiing  for  this  case  a  =  6,  and  transfonning 
lu:io!».      •■  ^.  integral  by  wriiiniT  1  ;/-  for  a-  +  X,  we  e:isily  get 

A  1'       i,      n' .•=i  -  ^^  V -Tx")  r 

I  •     "  '  ,  .OiT    -  —   ,-■  r-— -|» 


^     t 


\  ,/-  — 
»    —  -- 


^•*»         ■   .    - 1 


*  » 


\  «:-  -h  X  lo 
:.     Ev  ;!i  ,:'.v.jr  :h?.<i^  expressions  wo  find 


\  . 


.    \   - 


sin-^ 


.    .    (53) 


> 
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Evalaation  of  the  vanishing  fractions  which  tliese  values  of  C 
become  when  c  ^  ol,  gives  in  each  case  for  a  spherical  surface 
C—(J^  the  result  otherwise  obtained  above  (p.  47). 

K  now  c  be  po  great  in  comparison  with  a  that  a^jc^  may  be    Capacity 
neglected,  (52)  becomes  '  of  a  thin 

Cylinder. 

'^="-2c (54) 

log- 

(i 

the  capacity  of  a  right  circular  cylinder  whose  length  2c  is  great 
n  comparison  with  its  diameter  2a. 

If  c  be  80  small   in  comparison  with  a  that  c^ja^  may  be    Capacity 
leglected  (53)  becomes  of  a  thin 

Circular 

C  =  *^'   = ? (55)       ^^^• 

tr  1-5708...  ^     ^ 

he  capacity  of  a  thin  circular  disc  of  radius  a. 

3.  A  Conducting  Sphere  surrounded  by  a  concentric    Capacity 
ipherical  conducting  shell.  Spherical 

Let  r  be  the  radius  of  the  sphere,  r^  the  internal  Condenser. 
radius  and  r^  the  external  radius  of  the  spherical  shell, 
I  the  charge  of  the  internal  sphere,  /  the  independent 
charge  of  the  shell.  The  potential  of  the  inner  sphere 
lue  to  its  own  charge  is  qjr,  the  potential  at  every  point 
irithin  the  outer  sphere  due  to  q  is  q'lr^.  But  the 
charge  on  the  internal  sphere  produces  an  induced 
charge  of  amount  —  q,  on  the  inner  surface  of  the  shell, 
ind  a  charge  +  (^  on  the  outer  surface.  The  potential 
)f  the  sphere  is  therefore 


'  ^1        ^2        ^2  ^^        ^V  ^« 

When  the  shell  is  at  zero  potential,  (j  +  q')lr^  (the 
x>teDtial   at   its  outer  surface  and  therefore  at  every 
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CoiMicity  point  of  it)  is  equal  to  zero.    Hence  we  get  for  the 
Spherical  capacity 

Ooudenser.  />  __     ^  ^l  (''R\ 

The  nearer  therefore  r  and  r^  are  made  to  equality,  that 
is  the  smaller  the  distance  between  the  inner  and  outer 
conductors,  the  greater  is  the  capacity  of  the  sphere. 

Putting  T^  —  r  ^  Ty  and  S  for  the  surface  of  the 
internal  conductor,  we  get  instead  of  (56) 

(7=.— +  r (57) 

The  external  conductor  therefore  causes  an  addition  of 
SI^TTT  to  the  capacity  of  the  sphere.  If  t  be  very  small 
this  part  of  the  capacity  is  very  large  in  comparison 
with  the  other  part  r,  the  capacity  of  the  sphere  when 
alone,  and  we  may  put  in  this  case 

^  =  4^. <5«) 

If  several  conducting  shells  each  without  charge  be 

placed  between  the  outer  and  inner  conductors,  and  the 

outer  conductor   be  kept   at   zero   potential;    then  if 

Tj,  T„,  T3,...T„_i  be  the  thicknesses,  and  r,,  rg.  r^,..rn^\, 

KfTeot  of   the  internal  radii  of  these  shells,  and  r,  r^  the  radii  of 

mediate    ^'^^  inner  and  outer  conductors,  the  expression  for  the 

Conduct-   potential  of  the  sphere  becomes 

injr  Shell?.  ^  ^ 


1_1    _1  1 

r      i\     r^      ^1  +  Tj  r. 


(\  _i II &c l?^J__A 

\r     rn    r^{r^  +  Tj)  ^» - 1  (^«  - i  -f  t^-i)^ 
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Tf  the  thickness  of  each  shell  is  small  in  comparison    Effect  of 

with  either  radius  of  the  shell  this  becomes  medUte 

"I        1          -         -                      ^        \  Conduct- 

F=.,(---     _Il_I»  -&c.  -T^)  iugShclla. 

For  the  capacity  *  of  the  inner  conductor  we  have 
C  = 


Hence  if  r,,  —  r  be  small  in  comparison  with  r  and 
r,  we  get 

4^[r  ,  -  r  -  (Xi  +  T,  + +  Tn-\))  ^ 

The  effect  of  the  intermediate  shells  is  therefore 
simply  to  virtually  diminish  by  their  united  thickness 
the  distance  between  the  inner  and  outer  conductors. 

4.  A  Conducting  Cylinder  of  circular  section  enclosed      Long. 
within  a  coaxial  conducting  shell.  Condenser 

We  shall  suppose  the  length  2c  of  the  cylinder  to  be  ^^  , 
great  in  comparison  with  the  respective  diameters  2a,  cable. 
2b  of  the  cylinder  and  the  internal  surface  of  the  shell, 
and  consider  only  parts  of  the  inner  and  outer  cylinders 
at  distances  from  the  ends  great  in  comparison  with 
either  diameter.  Such  parts  of  the  inner  cylinder  may 
be  regarded  as  within  an  infinitely  long  cylindric  shell, 
that  is  the  distribution  on  both  cylinders  may  be  taken 
as  uniform  and  the  effects  of  the  ends  neglected. 

*  Since  tlie  intermediate  ithellfl  are  not  at  zero  potential,  the  word 
"  capacity  "  ia  here  naed  in  a  somewhat  different  sense  from  that  assigned 
to  it  in  the  definition  (p.  46).  It  here  means  simply  charge  per  unit 
€ffotaUM  of  the  inner  cylinder. 


56 


ELECTROSTATIC  THEORT. 


Loiii»  By  equation  (54^  the  capacity  of  the  inner  cylimlei 

Condenser  P^^  ^^^^^  ^^  length  would,  if  there  were  no  external 


or 


^'-V 


Submarine  shell,  be  1   '2  loiij  "■-  j ;  and  therefore  if  o-  be  the  surface 

Cable.  ■  '         °  tW  ' 

density  upon  it.  its  potential  would  be  4ir<ra  log  (2c/fl). 
But  if  the  exterior  shell  be  at  potential  zero  there  must 
be  on  its  inner  surtaee  a  distribution  equal  to  that  on 
the  interior  cylinder  but  opposite  in  sign.  The  potential 
within  tlie  shell  pnxlueeJ  by  this  distribution  is 
—  47ro-a  loix  -•.  0  .  its  value  at  the  inner  surface  of  the 
shell.  HeuLv.'  the  total  potential  at  the  interior  cylinder 
is  given  by  the  equation 

F=  4— o-a  los:  -» 

"  a 

and  if  C  be  the  oap:icity  of  the  cylinder  per  unit  of 
lentrth 

(60) 


1 


Ti-0  sime  ros-.r.i  r.^ay  also  Iv  for.riii  ;ss  follows,  l»y  conpideiing 
"All  ovliruit-rs  as  ir.niiiio  i::  ler.^ii..  ami  iiitegratqig  Lnplace's 
<.\ir.,»tiMn  I'T  iiw  sprico  Iviwi-eii  them.  Taking  the  origin  on, 
Aiid  liio  axis  1 1  .-  uioni:  the  axis  of  the  cylinder,  we  l»ave 
J-/"  ./--^  =  0,  and  Laplaoe's  e.iUi.iion  in  the  form 


Futiing  ^  =  r  *.*os  c^.  j  -    -  s:i.  t',  we  tinnsform  this  to 


.3-f 


.    1   if       . 

■J  ~        r   iir 


l\\  two  si:oco*>ivo  ir.tocraxions  this  cnves 


'       =  -f  -  ;     r  >=  £  -\-  Mosr. 

*ir  r 
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ting  _-  =  -  Ancr  for  r  =  a,  and  T  =  0  f or  r  =  *,  in  these    Cylindric 

5,  we  get  J  =  —  ^vtroy  B  =  ^iraa  log  b.   Hence  the  potential         ^^ 

inner  cylinder  is  Submarine 

,  Cable. 

V  =  Airaa  log  — > 

a 

le  capacity  per  unit  of  length 

'1        1 


2     ,      b 
log- 

a 


Two  parallel  conducting  plates.  ^^®  o^ 

lis  case  is  important  in  its  application  to  the  con-  Parallel 

tion  of  electrometers  and  of  standard  condensers.  ^^^^^ 
iB,  CD  represent  two  parallel  plates  at  a  distance  d 


.^_s. 


Fig.7 


.,  small  in  comparison  with  any  dimension  in  the 
i  of  either  plate.  Let  the  potential  of  AB  be  F,  of 
ero.  Consider  the  charge  on  a  portion  of  AB  of  area 
ery  point  of  which  is  at  a  distance  great  compared 
d  from  any  edge  of  either  plate.  The  field  of 
at  S  between  the  plates  must  be  uniform,  and  of 
isity  V/d,  We  have  therefore,  by  Coulomb's  law,  if 
lectric  density  on  the  disc  be  cr,  cr  =  Vj^irdy  and 
16  whole  charge  C  on  S,  Q=  VSl4}'rrd.  The  capacity 
the  disc  is  therefore  given  by  the  equation 
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Case  of 

two 
Parallel 
Plates. 


For  the  energy  S  of  the  charge  on  S  we  have 

Let  the  total  force  on  S  towards  the  opposite  plate 
bo  F,  then  the  density  of  the  distribution  on  the  plate 
CD  must,  except  near  the  edges,  be  —  <r,  and  the 
attraction  towards  CD  of  a  unit  of  electricity  at  any 
point  on  the  disc  has  the  value  27r<r.*     Therefore 


(62) 


Hence 


r=rfl/«^^' (63) 


Onard- 
riiinr 


This  equation  is  of  use  in  the  theory  of  the  attracted 
^  disc  electrometer  (Chapter  IV.).     Iii  such  electrometers 

Coiidensci,.  ^  )  . 

and  in  standard  air  condensers,  made  with  parallel  and 
movable  plates,  a  portion  at  the  centre  of  one  of  the 
plates  is  everywhere  separated  from  the  surrounding 
part,  which  is  in  the  same  plane,  by  a  narrow  gap.f 
The   surrounding   part  of  the   plate   has  been  called 

*  Equjitiou  (23),  p.  15.  gives  the  force  on  a  unit  of  positive  elec- 
tricity at  a  point  P  on  tlie  axis  of  a  circnlar  disc  of  uniform  density  <r. 
When  h  is  small  conipari'd  with  r  the  expression  becomes  2ir(r.  Since 
circular  discs  of  dilferciit  radii  fulfilling  this  condition  all  give  2irff, 
the  normal  forces  duo  to  the  jiarts  of  the  disc  at  distances  from  P 
greater  than  the  distance,  r,  of  the  nearest  part  of  the  edge,  may 
be  neglected,  and  the  normal  force  at  P  is  2ir<r,  whatever  the  form  of 
the  disc  may  be. 

t  For  a  full  description  ^£  the  arrangement  in  different  cases  see 
Chap.  IV, 
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'  Sir  W.  Thomson  (to  whom  the  arrangement  is  due)  Guanl- 
e  gnard-ring,  and  the  inner  portion  the  attracted  cond^r. 
ic.  Supposing  the  attracted  disc  and  guard-ring 
nnected,  they  may  he  regarded  as  forming  an  ar- 
igement  deviating  electrically  only  very  slightly* 
»m  a  continuous  plane  plate.  By  connecting  the  disc 
the  guard -ring,  charging  the  guard -ring  and  disc  as 
scribed  above  to  potential  V,  and  then  breaking 
3  connection  without  producing  discharge,  a  charge 
=  VS/4vd  is  left  on  the  disc.  If  then  the  force  F 
measured,  we  have 


«-s/ 


s («« 


The  following  arrangement  of  conductors  is  important 
its  applications,  especially  to  symmetrical  electro- 
iters.  It  consists  of  three  conductors  maintained  at 
Ferent  potentials,  and  fulfilling  the  following  con- 
ions  : — One  of  the  conductors  (A)  (in  the  quadrant 
ctrometer,  Chapter  IV.,  the  needle)  is  symmetrically 


B 


Flg.8 


ced  with  reference  to  the  other  two  {B  and  C^,  and  Theory  of 
\o  formed  that  one  of  its  two  ends  or  bounding  edges    raetrical 
rell  under  cover  of  B,  and  the  other  end  or  edge  under    Electro- 

meter. 

er  of  C,  80  that  the  electric  distribution  near  each 

For  the  amount  of  the  deviation  see  Maxwell,  Elect,  and  Ma^., 
L  pp.  284,  807  (sec.  ed.). 
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Theory  of  t.nd  or  cd^e  IS  uninfluenced  except  by  tlie  nearer  con- 
mVtiical  ductor.  One  such  simple  symmetrical  arrangement  is 
Klectio-  giiown  in  the  figure.  Let  the  potentials  of  A,  B,  C  be 
respectively  Vy  V^,  Vo ;  and  let  A  be  slightly  displaced 
from  B  towards  C.  This  displacement  may  be  angular 
or  linear,  according  to  the  arrangement  adopted;  in 
the  quadrant  electrometer  it  is  measured  by  the  angle 
through  which  the  needle  is  turned.  Let  0  denote 
the  displacement  and  k  the  electrostatic  capacity  of  A 
per  unit  of  ^  at  places  not  near  the  ends  or  bounding 
edge  of  A,  and  well  under  cover  of  B  and  C.  Then  the 
quantity  of  electricity  lost  by  A  in  consequence  of  its 
displacement  relatively  to  B  is  led  {V ^  l\),  and  the 
quantity  lost  by  B  is  Jc0  ( Fj  —  V),  Similarly  the  quan- 
tities gained  by  A  and  0  in  consequence  of  the  motion 
of  A  towards  C  are  respectively  i^  ( F  —  V^  and 
^•^(^^2  ""  ^^)'  Multiplying  the  first  and  second  of 
these  quantities  by  V  and  V^  respectively,  the  third 
and  fourth  similarly  by  V  and  Vo,  subtracting  the  sum 
of  the  first  two  products  from  the  sum  of  the  second 
two,  and  dividing  by  2,  we  get  for  the  work  done  by 
electrical  forces  in  the  displacement  the  value 

But  this  must  be  equal  to  the  average  couple  multi- 
plied into  the  displacement  if  the  latter  is  angular,  or 
the  average  force  into  the  displacement  if  the  latter  is 
linear.  We  have  therefore,  denoting  the  force  or 
couple  by  F, 

F=k{V,-r^(K^^^±^)   .    .    (65) 
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In  an  arrangement  of  this  kind  when  the  displacement  Theory  <rf 
is  small  the  couple  or  force  acting  on  A  is  nearly  the    meSsa 
same  over  the  whole  displacement,  and  thus  is  nearly    Electro- 

.  .  nietcr 

equal  to  the  equilibrating  couple  or  force  due  to  the 
torsion  wire,  or  bifilar,  or  other  arrangement  producing 
equilibrium.  But  for  small  displacements  this  will 
generally  be  proportional  to  the  displacement,  and 
therefore  also  to  the  deflection  D  on  the  scale  of  the 
instrument,  and  thus 

I)  =  me  =  c{y^-V^'\V-  -»  J--"^)   .    (66) 

where  m  and  c  are  constants. 

When  V  is  great  in  comparison  with  V^  and  V^  this 
reduces  to  5  =  c'  ( Fj  —  V^  the  equation  employed  when, 
as  in  the  ordinary  use  of  the  quadrant  electrometer,  the 
needle  is  kept  charged  to  a  constant  high  potential. 

Let  the  conductors  be  cylinders,  A  of  radius  a,  B  and  Cylindric 
C  of  radius  J,  and  let  A  be  connected  to  B  so  that  condenB^^r. 
V  =  Fi,  while  C  is  maintained  at  potential  zero.  Also 
let  A  be  mounted  so  as  to  be  movable  through  measured 
distances  in  the  direction  of  the  axis.  Since  V  —  F^, 
and  Fg  =  0,  a  displacement  of  A  through  a  distance  x 
to  the  right  or  left  will  (60)  respectively  increase  or 

diminish  the  capacity  of  A  by  an  amount  x   2  log  -• 

The  arrangement  thus  made  constitutes  a  condenser, 
the  capacity  of  which  can,  when  a  and  h  are  known,  be 
altered  through  a  considerable  range  of  accurately 
determinate  values.  The  construction  and  use  of  the 
instrument,  which  is  due  to  Sir  William  Thomson,  is 
described  in  Chapter  f^  below. 
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SEcnox  IV. 

OnEEyS   THEOREM.    JXVERSE  PROBLEMS. 
ELECTRIC  IMAGES, 

Proof  of        Wk  shall  now  prove  Green's  celebrated  theorem  to  whid: 

(iri'<:n*s     shall  liave  to  refer  from  time  to  time  in  what  follows.     Let  L 

TLtorem.    be  two  iiDite.  continnous  and  single- valned  functions  oix^^z 

coordinates  of  a  point  within  a  closed  surface  jSq  (Fig.  9),  and 

constant  or  anv  given  function  of  x.  r,  s:  and  let  also  ^,   ,  &c., 

ax 


Fio.  9. 

&c'.,  he  finite  and  continuous  functions  of  ar,  y,  r.     Denoting 
E  X\\^  integral 

taken  throughout  the  closed  surface  ^S',  and  integrating  by  pj 
we  get 

E=   f  If  V  ('['-  dy  ilz  +  'l^-  dz  ih  +  '■-  dx  d^ 
J  J  \dx  (/./  dz  / 
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similar  expression  for  Ey  in  which   U  and  V  are  inter-    Proof  of 
d  Green's 

)  the  triple  integral  is  taken  throughout  the  space  within  Theorem, 
face ;  and  the  terms  of  the  double  integral  are  taken  as 
re  where  a  point  moving  in  the  positive  direction  along 

2y  as  the  case  may  be,  enters  the  surface,  and  as  positive 
the  point  emerges.  Considering  the  motion  of  the  point 
i  to  the  axis  of  x,  let  a  normal  be  drawn  inwards  to  tho 

at  each  of  the  points  of  entrance  and  of  emergence.  If 
i  the  cosines  of  the  angle  which  the  normal  makes  as  at 
^th  the  positive  direction  of  the  axis  of  x  at  an  entrance 
I  emergence  respectively,  and  if  c?«i,  ds^  be  elements  there 
surface,  taken  with  their  positive  sides  turned  inwards, 
'e  dj^dz  =  lidsi  at  an  entrance,  and  dydz  =  —  Igds^  at  an 
jnce.  Hence  for  each  pair  of  elements  the  corresponding 
;  the  integral  is 

dF    ,\  /.rn.dF 


-  ("■•'  a '■).  -  ("'  t "). 


ice  we  can  exhaust  the  whole  surface  by  pairs  of  elements 
'e  for  the  first  term  of  the  integral 


// 


U€?l  ^J  ds 
dx 


over  the  surface.     Putting  7W,  n   for  the  cosines  of   the 
between   the  normal   and  y,  r,  at   any  point,   and   pro- 
j  in   the   same    manner   we   get  for    the  whole  surface 
i 

>ting  the  expression  between  the  brackets,  which  is  the 

dV 
variation  of  V  inwards  along  the  normal,  by   --,   and 

dv 

—    in  the  same  sense  for  U^  we  have  finally 

//-4>-///''{i(4:) 


+ 


iyi)^iy£)}""- 
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K?     --//''-7>-///'-{i(-£') 


TheorciUi. 


+  4(-5)+s(-5')}''*'    >« 


which  IB  Orcon's  Tlieorem. 
DiHron-         If  tho  H])ace  rate  of  variation  of  one  of  the  functions  in  any 

fllj  direction,  say        ,  is  discontinuous  within   the   limits  of  inte- 

gratioTi,  tho  term    -  (a*_   )  in  the   second    expression    for   E 

(Is  \     dx  J 

bcconies   infinite,  and   tlie  triple  integral   involving  this   term 

cannot  be  evaluated.     Let  P  (Fig.  10)  be  a  point  within  the 


dx 


Fi^.lO 


// ' 

si^aoo  oousidorod,  at  wliiih        ,  »Jtc..  are  discuntinuous,  and  lot 

dx 

11  sui:iH  olosod  surfu'o  .V  including  P  be  described,  then  (since 

cvi\lontly,  tho   thooroni   applies   to   any   portion  of  space  pro- 

vidovl    tho    surface    integral    is    taken    over   all    the    boundin^r 

suit'aoo  t>r  surf.ioos),   wo  cati  lind   the   value   of  E  by   taking 

tho  triple  intoirral  of  tho  soooiul   expression   through   the  rest 

of   tho   spAoo,    a?id    addiuiT   to   the  surface   integral   the   value 

of         /  /    Vcr  '  .    ./>•  taken  ovor  S.     By  making  ^  small  enough 
,   .  til' 

wo  can  obtain  as  noarlv  as  we  please  the  true  and  6nite  value 

Nv^w  suppv^so  tl;  '.t  the  sp;ce  variation  in  any  direction  is  dis- 
oontinuoits  at  a  siiriavo  If  tiiis  surface  Ih^  open  we  may  imagine 
a  c'^^s^hI  surface  dose ribe^i  enolo^iTJc  it.  and  then  made  to  contract 
until  it  fv'knus  an  intir.ite-y  thin  sheL  ^^  ^represented  by  the  dotted 
aiu\  Fig.  I  r.  with  the  surface  of  disv\  n: in 'lity everywhere  bctwewi 


GREEN'S  THEOREM. 


65 


its  faces.     We  find  E,  then,  for  the  rest  of  the  space  within  the     Discon- 
external  containing  surface  S^  by  adding  to  the  surface  integral  tinuity  of 

over  Sq  the  value  of  -  /  /  Va^  -^  da  taken  over  the  internal    ^  &c- 

miiface  8^  the  normal  being  drawn  as  before  at  each  point  from 
the  sarface  into  the  space  through  which  the  integral  is  taken. 


Fio.  11. 


If  the  surface  of  discontinuity  be  closed,  we  have  only  to  suppose 
a  surface  8  (Fig.  12)  described  around  it  everywhere  infinitely  near 

it ;  and  adding  to  the  surface  integral  over  Sq    -   I  I  Va^  —  ds 

J  J  dv 


taken  over  S^  and  taking  the  triple  integral  through  the  space 
between  S  and  <SL,  we  see  that  the  theorem  holds  for  this  space. 
The  theorem  holds  also  for  the  space  within  the  surface  of 
discontinuity,  when  the  external  boundary  is  taken  everywhere 
infinitely  near  that  surface  on  the  inner  side.    The  theorem  thus 

F 


-II 
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Discon-  holds  separately  for  these  two  spaces,  and  therefore  for  both 
liiinity  of  together,  when  the  surface  integral  over  both  sides  of  the  sarface 

'j^  .        of  discontinuity  is  tuken  into  account. 

dx  In  the  8ame  way  we  may  deal  with  any  number  of  surfaces 

of  discontinuity  arranged  in  any  manner,  and  we  see  that  it  is 
only  necessary  to  integrate  throughout  the  spaces  in  which  the 
space   variations  of  U  are  continuous,  and  add  the  values  of 

TV        ds  for  both  sides  of   each   surface  of  discon- 
dy 

tinuity. 

Further,  it  is  important  to  notice  that  if  any  portions  of  space 

are  separated  from  the  rest  of  npace  and  from  one  another  by 

closed  or  infinite  surfaces,  we  may  treat  them  as  independent 

p  .(ftiuns  of  space,  and  apply  the  theorem  to  them  separately^ 

bein/a:  careful  to  include  the  surface  integral  over  each  bounding 

surface. 

Surface         We  shall  now  give  some  applications  of  Green's  Theorem. 

Ele(^ic     ^^^^^  ^^^  ^^  —  1>  so  that  we  have  -     =0,&c.,  also  let  a  =  1,  and 

J  ?•  ,!^"  ^"  bo  the  potential  of  any  distribution  of  electricity  of  volume 

froin  'density  p  at  any  point  within  the  closed  surface  So-     Applying 

Clrot^n's  *'•*■  tliporem  to  the  space  within  Sq,  we  get  JS  =  0,  and  therefore 

Theorem.  ^'^^  reniarkal>le  relation 

-  fj'!rds=    f  f  fv'^rdxd^dz.     .     .     .     (69) 

Since  is  the  space  rate  of  variation  inwards  along  the 

dv 

normal  it  is  equal  to  the  normal  force  iV  outwards ;  and,  since 

(p.  10)  ^'V  =  0  wli<"re  there  is  no  electricity,  and  [as  can  be 

])roved   independently   of  (13)]    =    -   Anp  where   the   electric 

density  is  />, 


fj  Xds  =  An  j j jpdxdydz. 


which  agrees  with  the  theorem  of  eq.  (13). 

A^ain,  if  tlie  portion  of  the  distribution  within  the  surface 
have  noNvlicro  finite  density  p,  but  consist  of  a  surface  distribution, 
of  donsity  a  at  any  ])oint,  we  can  «pply  the  theorem  by  taking  ac- 
count of  the  corresponding  discontinuities  in  the  values  of  dVfdXy 
&c.  Let  first  the  surface,  aS',  on  which  the  electricity  is  distributed 
1)0  a  single  open  surface,  as  in  Fig.  11 ;  F,,  V^  denote  the  poten- 
tials at  two  iniinitely  near  points  on  opposite  sides  of  it,  and  v^,  f^ 
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normals  at  those  points  drawn  from  the  surface  into  the  space     Surface 
between  it  and  S^     We  have  putting  ds^  for  an  element  of  Sq       Integral  of 

•  .  j^  ,„  Electric 

from* 
where  the  two  parts  of  the  integral  in  the  second  term  are  over     Green's 

the  opposite  portions  of  a  surface  enclosing,  and  infinitely  nearly  Theorem. 

coincident  with  S  {ds  being  taken  to  denote  an  element  of  either), 

and  therefore  may  be  regarded  as  taken  over  S.    But  proceeding 

as   at   p.   36,   taking  p  finite,  we  get  for  Poisson's    equation 

d^F/d^  =  —  4irp.     Hence  integrating  over  the  thickness,  r,  of 

the  stratum,  and  putting  pjT  =  a  when  r  is  diminished  indefinitely 

and  Ply  the  average  density,  is  correspondingly  increased,  we  get 

--^  +  — -2+47r<r  =  0. 

Hence  (70)  becomes 

fj  Nds^  =  47r /"  [  <rds, 

where  N  is  the  normal  force  at  ds^  in  the  outvoard  direction  from 
^S^     This  also  agrees  with  the  theorem  of  eq.  (13). 

The  same  result  applies  to  a  closed  surface  (which  is  a  parti- 
cular case  of  an  open  surface,  with  opening  infinitely  small),  in 
which  case  with  the  condition  of  zero  density  in  the  interior, 
dVjdw  =  0,  on  the  inner  side  ;  and  so  for  any  group  of  surfaces, 
closed  or  unclosed,  on  which  there  is  electricity  with  finite  surface 
density — that  is,  at  which  the  electric  force  changes  abruptly. 

Putting  17"  =  F,  and  a  =  1,  we  get  Energy 

Equatiou 

///  { (2")' + O  ^  (/D }  ^■""  s^ 

=  -   Ur^j  d9  -    ffJF.v^Fdxdydz.    (71) 

Let  F denote  the  potential  at  any  point  of  any  finite  distribution 
of  electricity,  and  let  the  triple  integral  on  the  left  be  taken  through 
all  space.  The  surface  integral  on  the  right  includes  the  surface 
integrals,  which,  as  we  have  shown,  belong  to  each  surface  dis- 
tribution.    Wherever  there  is  a  volume  distribution   we  have 

v'F=-4irp,   elsewhere  ^^V=0,    Again   -  /  /  ^  ~T  ^^  taken 
over  the  external  closed  surface  8^  becomes  zero  when  8^  is  at 

F  2 


ally. 


I 

Solnlion  of 

Eqoation 
for  giren 

canditiona 
U  anique. 
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•a  iBfiniiB  iittaam  £racn  Uie  cledrical  (fistribatioo,  for/  I  -j-  di 
ia  eonftant  lor  all  diataiwu  al  vlitcli  S„  enuloaes  the  nhol'^ 
diotriUiiioii.  and  F  =  0. 

Tbe  pATt  of  llie  «arfac«  inte^tal  depending  00  tic  ulectritl'  - 

r  all  (be  sut£i<:<.-. 


./7('^>":)' 


||^  takan  < 


and  (kia  ••  i 

auifecea.    Beaca  we  find,  pultlog  ^  tnx  the  qnantity  in  bracket 

on  the  left,  and  dividing  by  8ir,  ^^ 

&  jj!^'"'''''  -  s  ij'''^+ 1  jjji'p^*''^^ 

the  energy  eqaalion  found  sTnthatically  above.  ^^* 

It  has  "been  shown  analytically  (TboiiMon  and  Tait'a  A*at  P*H. 
vol.  i.  part  L  App.  A.  (d),)  that  a  function  F  esjets  wliich  hu 
a  given  value  for  eacb  point  of  any  Burfoce  or  aarfacea  in  thn 
electric  field,  and  satisfies  the  equation  v'P  =  0  at  every  nilipr 
point  This  is  the  case  of  an  electrified  system  buanded  )> 
snr&ces  at  which  the  potential  is  given  in  a  dielectric  contaimr.^ 
no  electricity  external  to  these  surfecesj  and  since  the  condition- 
the  problem  are  physically  possible  it  tnuet  have  at  least  oi 
solution.  A  solution  of  tbia  equation  with  the  given  suif.i' ' 
condition  therefore  exists,  and  we  can  prove  easily  tiiat  tlii^K  : 
only  one  such  solution. 

From  this  it  follows  that  if  the  potential  be  given  ov?r  .>ii 
sarfaoes  in  the  electric  field  it  ia  determinate  throughout  the  ri 
of  the  fieltl,  in  the  presonCB  there  of  any  given  electric  distrU": 
tion.  For  the  potential  at  each  point  due  to  the  given  diatribiiii< 
is  everywhere  determinate  (provided  the  electric  Burfeoe  or  voiiii!. 
density  is  finite  at  every  point)  ;  hence  if  Vi  denote  tlie  puleiii: 
at  any  point  of  the  siirfitce  due  to  the  given  distribution,  hti<<  < 
be  the  actual  potential  at  the  same  point,  then  V  ~  1',  cad  I 
found  for  each  puint  of  the  BUrfocc,  and  tliis  will  be  the  syh'.r 
of  surface  values  of  the  function  which  satisfies  v'F=0,  of  nlii 
there  exiats  a  solution. 

We  shall  now  prove  that 

1,  If  the  potential  be  given  ateach  pointof  asnrfacoor^~«t'  ' 
of  Burfaees  dcucribeil  in  an  electric  field,  ihen  for  any  poim  ■  ■ 
the  field  for  which  there  rxinta  n  finite  value  nf  the  pot'-titi. 
there  ia  only  one  auob  vuliie.  The  siirfiices  mny  be  open 
el  used,  and  there  may  he  uny  givi-n  electric  dlBlribution  in  il 
■pace,  whetlier  within  or  without  the  given  aurfuoes. 
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For  let  a  finite  value  of  the  potential  at  any  point  P  be  F,  then  Solution  of 

V  must  satisfy  the  characteristic  equation  Laplace's 

Equation 

d}F       tPF       d^V  ^  ^^^  ^^^ 

-—-  +  -—,+  -—-  +  47rp  ==  0,  surface 

<^         df        d^  conditions 

is  unique. 

where  p  is  the  (finite  or  zero)  value  of  the  volume  density  of 

the  electric  distribution  at  P ;  or  if  an  electrified  surface  exists 

in  the  field,  the  values  of  the  rates  of  variation  of  V  from  the 

surface  along  normals  v,  v'  drawn  at  any  point  must  satisfy  the 

equation 

Let,  if  possible,  V,  be  another  value  of  the  potential  at  P,  equal 
to  V,  the  given  value  at  each  point  of  the  given  surfaces  and 
satisfying  these  equations  everywhere  else.  We  see  at  once 
that  a  potential  V—V^  satisfies  all  the  conditions  for  the  case  in 
which  the  potential  is  zero  at  the  given  surfaces,  and  both  o-  and 
p  are  zero  everywhere  else.  But  in  this  case,  since  the  potential 
is  also  zero  at  an  infinite  distance,  it  must  be  zero  everywhere 
else,  otherwise  there  would  be  one  or  more  points  of  maximum 
or  minimum  potential  in  space  void  of  electricity.  Hence  F=  Fj, 
that  is,  there  is  only  one  value  of  F  which  satisfies  the  equations 
At  every  point,  and  coincides  w^ith  the  given  value  for  every 
point  on  the  surface. 

2.  There  is  one  and  only  one  distribution  of  electricity  over  a     Surface 

given  surface  or  system  of  surfaces  in  the  electric  field  which  for  a  Diatribu- 

given  distribution  elsewhere  than  on  the  surface  corresponds  to  tion  pro- 
an  arbitrarily  given  potential  at  each  point  of  the  surface  ;  and     ducing 

only  one  value  of  the  potential  can  be  produced  at  each  point  of  ^j^^'^J. 

the  surface  when  a  given  distribution  of  electricity  is  made  over  ^  otential 

the«urface.  '^  r^T^A 

If  F,  Vy  the  potentials  on  opposite  sides  of  the  surface,  be  Potential 

arbitrarily  given  at  every  point  we  have  seen  that  the  potential  produced 
is  single  valued  at  every  point  in  the  field.     Hence  the  density     by  any 

I -I — '. —  I  which,  p.  28  above,  must  exist  on  the  surface    ^P7*:? 

Aw\dw^  dv'  J  '^  '  Distnbu- 

is  also  single  valued.  tion,  both 

Again,  if  this  distribution  be  made,  the  given  potentials  at  the     unique. 
surface  will  be  produced.  For,  if  not,  let  F^,  F/,  instead  of  F,  F',  • 
be  the  potentials,  on  the  two  sides  of  the  surface,  produced  at 
any  point 
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Surface 
Distribu- 
tion pro- 
ducing 
given 
Potential 
at  every 
point,  and 
Potential 
produced 
by  any 
^ven 
Distribu- 
tion, both 
unique. 


We  have  then  the  two  equations 


7.  +  *•  +^  =  0- 


Subtracting  we  get 


d{r  -  ro  _j,  rf(r  -  FO  ^  () 


dv 


dvf 


Oreon*8 
Problem. 


Hence  V  -  Fj,  F'  -  Vi  are  values  of  the  potential  at  points 
infinitely  near  one  another  on  opposite  sides  of  the  surface  in  the 
case  in  which  o*  is  zero,  and,  since  Poisson's  equation  is  by 
hypothesis  satisfied  in  the  case  both  of  F,  V\  and  Fj,  Fi',  we  see 
tliat  F  -  Fj,  V  -  Fj'  correspond  also  to  the  case  in  which  p  is 
zero.  But  when  o-  and  p  are  everj'where  zero  the  potential  is 
everywhere  zero,  and  we  have  F  =  P^'j,  V  =  F/ ;  that  is,  the 
distribution  does  produce  the  given  potential. 

From  (2)  we  see  that  electricity  can  be  distributed  in  one,  and 
only  one,  way  on  any  surface  or  surfaces  in  the  electric  field  so 
as  to  produce,  with  any  other  given  distribution  in  the  field,  any 
rc(] wired  potential  at  any  point  infinitely  near  the  surfaces,  and 
that  the  potential  at  any  other  point  is  perfectly  determinate. 
The    donsity    of    the    distribution     at    each    point    must    be 

_    —  (' — ?    I     -^),  and  therefore  there  is  only  one  quantity 
47r  \dui      "^  r/v.,  / 

of  electricity  which  can  be  thus  distributed. 

Solution.        It  was  proved  by  Green  that  if  a  be  the  surface  density  required 

at  any  element  E  (Fig.  13)  of  a  surface  in  order  to  produce  by  its 


.    P 


Fig.  13. 


own  action  a  potential  infinitely  near  that  point,  equal  to  that  pro- 
duced by  a  unit  of  electricity  at  a  point  P  not  on  the  surface, 
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the  potential  F  at  P  due  to  a  surface  distribution  which  produces   SolutioH. 
any  arbitrary  potential /(^)  at  E  is  given  by  the  equation 

V=  jj  <r/{E)ds (72) 

the  integral  being  taken  over  the  surface.  For  if  E'  be  any 
other  element  and  cr'  the  density  there,  corresponding  to  o-  at  £, 
we  have 

J  J  EE'        EP 

If  iTi  be  the  density  at  E  of  the  distribution  required  to  produce 
potential /(^  at  E  we  have  for  the  potential  at  F  produced  by 
this  distribution 

■    ^-//s? =//'.* //jr. 

by  the  last  equation.    But  this  integral  may  be  written 

//'"//^■. 

and  by  the  definition  of  ai 


F=    fof(E)d8, 


The  value  of  o-  is  found  below  (p.  79)  for  (he  case  of  a  spherical 
surface. 

The  direct  problem  which  presents  itself  in  electro-     Direct 
statics  is  the  determination,  for  a  given  system  of  con-  of  Eiec^tro- 
ductors  with  given  charges,  of  the  potential  at  every     statics. 
point  of  the  field,  and  the  density  of  the  distribution 
at  every  point  of  the  conductors. 

It  is  easy  to  show  that  if  the  charges  are  given,  there 
is  only  one  possible  distribution  on  the  conductors,  and 
it  follows  from  what  has  been  proved  above,  that  the 
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Potentials 
and  Dis- 
tribution 

ani(|ue  for 

given 
Chaiges. 


Con- 
ductors 
neutral 

when 
Charges 

zero. 


Potentials 
and  Dis- 
tribution 
proved 
unique 
for  given 
Charges. 


potential  at  every  point  of  the  field  is  also  unique 
in  value.  To  prove  that  the  distribution  is  unique 
consider  a  system  of  conductors  the  charges  of  which 
are  separately  zero.  The  potential  over  each  conductor 
must  for  equilibrium  be  constant,  and  must  be  zero. 
For  if  not  zero,  the  potentials  must  either  have  all 
the  same  positive  or  negative  value,  or  have  diflferent 
values.  In  the  latter  case  the  potential  cannot,  since 
there  is  no  maximum  or  minimum  of  potential  in  the 
field,  increase  outwards  from  one  part,  and  diminish 
outwards  from  another  part  of  the  surface  of  the  con- 
ductor, whose  potential  is  numerically  greatest.  Hence 
the  electric  induction  across  every  element  of  the 
surface  has  the  same  sign,  that  is,  every  element  is 
electrified  in  the  same  manner.  But  this  is  impossible, 
since  the  whole  charge  is  zero.  In  the  case  of  all  the 
conductors  at  one  potential  we  may  apply  the  same 
test,  with  the  same  result,  to  any  conductor.  We  see, 
therefore,  that  the  surface-density  on  each  must  be 
everywhere  zero. 

Let  now  F^,  Fg,  &c.,  and  V\,  Y\,  &c.,  be  two  possible 
systems  of  potentials  corresponding  to  the  given  charges, 
then  —  F'j,  —  V\,  &c.,  will  be  a  possible  system  of 
potentials  for  equal  and  opposite  charges,  and  Fj  —  F\, 
Fg  —  F'o  &c.,  possible  potentials  when  their  charges 
are  zero.  But  in  this  last  case  we  have  seen  that  the 
conductors  are  not  electrified,  and  therefore  F^  =  V\, 
y  2  ^  '   o»  ^c. 

The  potentials  at  the  conductors  are  thus  unique  in 
value,  and  we  have  seen  (p.  GO)  that  the  potential  at  any 
point  in  the  field  is  also  unique  in  value.     The  outward 
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force  R  at  any  point  of  each  conductor  is  thus  fixed  in 
value,  and  since  jBy''47r  is  the  electric  surface  density  at 
the  point,  the  charges  can  be  distributed  in  only  one 
manner. 

The  direct  problem  stated  above  has  only  been  solved  l^^^erse 
in  certain  cases,  but  the  inverse  problem  of  finding  a 
system  of  conductors  and  charges  which  will  produce  a 
-given  possible  system  of  potentials,  can  be  solved  with 
comparative  ease,  and  the  results  applied  to  the  solution 
of  cases  of  the  direct  problem.*  We  shall  now  give 
some  exal;Dples  of  this  mode  of  proceeding. 

If  any  surfaces  whatever,  open  or  closed,  be  described   ^."''^*^® 
in  the  eledtric  field,  it  has  been  proved  (p.  69  above)      tion 
that  it  is  possible  to  find  one,  and  only  one,  distribution  '^placing 
of  electricity  over  these  surfaces  which  shall  produce    system. 
at  each   point  of  them,  and  at  each  point  of  space 
entirely    separated   from   ihe   electric   distribution  by 
those  of  the  surfaces  which  arc  closed  or  infinite,  the 
same  potential  as  is    produced    in    the    actual   case. 
For  example^  let  S^,  S.»,  S^  (Figs.  14  and  15)  be  three 
surfaces  drawn   in   the   electric  field  of  the  distribu- 
tions, it  is  possible  (p.  69)  to  find  one,  and  only  one, 
distribution  over  Si,  /Sg,  S^,  which  shall  produce  over 
each  of  the  surfaces,  and  throughout  If^  and  II^,  the 
same  potential  as  is  produced   by  M.     The  potential 
at  any  point  of  JTdepends  on  the  given  surfaces,  S^  S^,  S^, 
and  since  the  potential  at  every  point  of  the  surfaces  is 
given,  is,  as  we' have  seen,  perfectly  determinate. 

Further,  the  part  of  this  distribution  over  any  closed 

'  See  Maxwell's  JBlementary  TreatUe  on  JSlcctrieify,  p.  72  ct  seq. 
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Surface    or  infinite  surfaces  separating  a  region  within  which  lies 
tion  '  any  part  of  the  actual  distribution  from  the  rest  of  space 

replacing 

given 

system. 


is  such  as  to  exactly  produce  at  each  point  of  space 
external  to  that  region  the  same  potential  as  is  pro- 
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by  that  part ;  for  it  is  clear  that  the  potential  at  Surface 
>int  of  the  surfaces  will  be  that  which  would  be      tion 

red  by  the  actual  distribution  and  (p.  68  above)  replacing 

■^  .  given 

>tential  produced  by  the  electrified   surfaces  at  system. 


FIg.16 


point  of  the  space  which  they  separate  from  the 

c   distribution   coincides   with   that  due   to  the 

distribution.     For  example,  if  H^,  JTg,  H^  (Figs. 

i  17)  be  regions  within  which  are  distributions 
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m^,  mg,  mg  separated  by  the  surfaces  S^,  S^,  S^  from  H, 
the  rest  of  space,  the  distribution  over  8i  produces  the 
same  potential  throughout  H^  H^,  and  J?  as  is  produced 
by  m^,  and  similarly  for  mg,  m^.    Hence  the  potential  at 
each  point  of  S^,  S^  S^,  and  throughout  JT,  is  that  due 
to  ?Wi,  ^2,  W3  jointly.^ 
Distribu-       Suppose  a  surface  S  taken  in  the  electric  field  to  be 
Conduct-  ^^  equipotential  surface  for  the  given  distribution,  we 
ingSurface  see  from  what  immediately  precedes  that  electricity  can 
^^given  ^  be  distributed  on  that  surface  so  as  to  produce  potential 
Interaal   i^  the  space  A,  on  one  side  of  the  surface,  eqiuil  to  that 
produced  by   the   electricity   (in   some   cases   part  only 
of    the   whole   distribution,   in   others   the   whole)   in 
the  space  By  on  the  other  side  of  the  surface.     We  may 
suppose   the    distribution   on   the   surface   made,   and 
the  original  distribution  in  B  removed.     The  potential 
throughout  B  must  be  constant,  and  the  electric  force 
there    zero,    and    the    resultant    force    at    any   point 
infinitely  near  the  surface  on  the  side  A  is  normal  to 
the  surface.     Hence  if  B  be  this  normal  force,  taken 
positively  when  from  the  surface  towards -4,  the  electric 
surface  density  at  the  point  is  B/4}ir,     This  result  had 
already  been  found  (p.  29  above),  but  we  have  now 
seen   that  it  is  the  unique  solution  of   the   problem. 
We  shall  find  many  examples  of  its  utility  in  what 
follows. 
Definition       The  distribution  in  the  space  B  which  produces  in 
Electric    ^^^^  spacc  A  ou  the  other  side  of  the  surface  the  same 
Image,     potential  as  is  produced  by  the  distribution  supposed 

^  See  Thomson  and  Tait,  Nat.  Phil.  vol.  i.  part  it  p.  66,  et  seq., 
from  which  Figs.  14—17  are  taken,  with  slight  modiGcations. 
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made  as  above   on  the  surface  is  called  an  Electric 
Image, 

Let  now  the  system  of  conductors  be  three  in  number,    Sphere 
a  sphere  S  of  radius  a,  and  two  external  conductors,  influence 
SpjSfj^Fig.  18,  of  dimensions  so  small  in  comparison  with  o^  Electric 
a  that  a  charge  of  electricity  on  either  may  be  considered    External 
as  concentrated  at  a  point.    Let  the  distance  of  S^  from     ^°"**- 
C,  the  centre  of  S,  be  /,  the  distance  of  S^  from  P 
Ty^  and    let   S-^    be    insulated    and    charged   with   a 
quantity  q  of  electricity,  8^  insulated  but  uncharged, 


and  S  uninsulated,  and  therefore  at  zero  potential.  By 
the  theory  given  above  (p.  38) 

where  ptn  is  the  mutual  coeflScient  of  potential  of  S^  and 
S,  j?jj  (=  l/^ig)  that  of  S^  and  S^,  and  q^  the  induced 
charge  on  8.  But  since  the  potential  of  S  is  zero,  and 
every  element  of  the  charge  of  >Sf  is  at  a  distance  a  from 
the  centre 

I  +  I  =  ,0  or  js  =  -  ?}.     .    .    .     (73) 


Sphere 
under 
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Taking  S^  infinitely  small  and  infinitely  near  the 
Influence  surface  of  the  sphere  so  that  V^  =  0,  we  have  for  this 

of  Electric  cose 
Charge  at  1 

P.2  =--,-. (74) 


External 
Point 


Let  a,  Fig.  19,  be  the  position  of  the  centre  of  (J^,,  -Pa 
point  in  PG  taken  so  that  PV  :  GE  ::  CE  :  CP]  that 


is,  so  that  the  triangles  PEC,  EP^C,  are  similar,  and 
CP  =  a^lf.     Hence  EP  =  r^^a/f,  and  therefore 


Psi  = 


yjjf 


Ml 


(75) 


Klectric  Equation  (73)  shows  that  the  amount  of  the  induced 
Silhmcal  ^^^^^^  ^^  ^'^^  sphere  S,  called  forth  by  a  charge  q  con- 
Surfaces,  centrated  at  P,  is  —  a//.  ^,  and  that  the  potential  which 
this  charge  produces  at  each  point  of  the  surface  of  S, 
and  therefore  also  at  every  external  point,  is  the  same 
as  that  which  it  would  produce  if  concentrated  at  the 
internal  point  Py  while  the  potential  which  it  produces 
at  every  internal  point  is  equal  and  opposite  to  that 
due  to  2  at  P. 
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Passing  from  potentials  to  forces,  the  force  at  every    Electric 
external  point  due  to  the  induced  distribution  is  the   sphmcal 
same  as  that  which  would  be  produced  by  —  ajf.  q  atP',    Surface, 
and  at  every  internal  point  is  equal  and  opposite  to  that 
produced  by  the  charge  of  amount  q  at  P. 

We  can  now  find  the  distribution  on  S.  The  resultant 
force  on  a  unit  of  positive  electricity  at  E  is  that  due  to 

an  attraction  —  -%  p^  along  EP  and  a  repulsion  7^ 

along  PE.     Resolving  these  forces  along  PG  and  EG 

we  have  for  the  component  in  the  direction  PG,  the 

CP         CP   a 
expression  q^pm  —  <7  ly  1*3  /»  ^'^^  ^^"^  *^®  component  in 

the  direction  EG,  —  q  -^^^  4-  q  -757^3 :?  •    Since  PE  =  PE  -. 

^  PE^     ^  PE^f  f 

and  GP  =  a^jf  the  former  expression  vanishes,  and  the 

radial  component,  which  from  the  vanishing  of  the  other 

\    P  —  a^ 
component  we  see  is  the  resultant  force,  is  —  3^  ITji^  • 

By  Coulomb's  theorem,  if  a  be  the  density  at  E,  we  get 
from  this  expression  and  Fig.  19 

The  density  at  any  point  of  the  surface  is  therefore 
inversely  as  the  third  power  of  the  distance  of  the  point 
from  that  at  which  the  inducing  charge  is  situated. 

The  point  P'  is  called,  from  the  optical  analogy  of 
virtual  images  formed  by  reflection,  the  Electric  Image 
of  the  point  P  in  the  spherical  surface  S.  The  external 
potential  and  electric  force  produced  by  the  induced 
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cIciClriBcatioa  on  the  siuface  called  forth  by  j  at  P  « 
those  due  to  a  virtual  charge  of  amount  —  al/.q  a 
urfnce.    t^at  is,  are  the  same  as  would  be  produced  by  this  ehi 

at  /*"  if  the  conductor  S  did  not  exist.  

We  see  easily  that  P  and  P'  are  conjugata  to  ona 
another — that  is,  while  F"  is  the  image  of  1'  for  1 1 
sphere  5  influenced  by  a  charge  at  P,  P  is  the  image  . 
P  for  the  same  sphere  influenced  by  a  charge  at  J'. 
For  suppose  a  charge  5  to  be  placed  at  P'  within  the 
conductor  S  supposed  at  potential  zero,  the  external 
potential   is   everywhere    zero — that   is,   the    induced 
electrification  produces  an  external  potential  and  electric 
force  everywhere  equal  and  opposite  to  that  produced 
by  q.     In  this  case,  since  q  ia  within  S,  y,,  the  induced 
charge  on  S,  is  —  q.     Proceeding  as  before  with  this 
value  of  7,,  we  And  that  the  internal  potential   and 
electric  force  due  to  the  induced  electrification  is  thi 
due  to  a  virtual  charge  —  q^&t  P,  and   that  for  1 
density  at  any  point  £  in  S  we  get  as  before 


=  -? 


iira     ~FM 


=  -? 


I' A.  PA'     ] 


The  induced  electrification  produced  by  any  j 
external  or  internal  electric  system  can  bo  found  if 
determining  the  distribution  due  to  each  point  of  i 
system  and  superimposing  the  distributions.  Heno»a 
electric  system  on  the  other  side  of  the  sphei 
surface  is  determined  which  would  produce  on  l 
same  side  aa  the  given  system  the  same  potwiitial  ; 
every  point  as  is  produced  by  tbo  induced  distribud.  1 
This  system  is  made   up  of  elements  which  are  thf 
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electric  images  of  the  elements  of  the  inducing  system,    Electric 
of  which  it  is  therefore  said  to  be  the  electric  image.       sphScal 
Thus  let  the  system  be  a  series  of  charges  y^,  g^g*  &c.,    Surface. 
at  external  points  F^y  P^  &c.,  whose  distances  from  the 
centre  of  the  sphere  are  /i,  /g,  &c.,  the  charge  on  the 

sphere  is  then  —  a  2  ^;  and  the  density  at  any  point  is 

the   summation   being  taken   for  every  point  of  the 
,  inducing  system. 

If  the  system  be  internal  the  charge  on  the  sphere  is 
—  Xq,  and  the  density  is 

where/' =  P'a 

If  the  sphere  be  at  zero  potential  under  the  influence 
of  both  an  external  and  an  internal  system,  the  charge 
on  the  sphere  will  be  the  sum  of  the  charges  and  tlie 
density  the  sum  of  the  densities  in  these  two  cases 
taken  separately. 

If  the  sphere  be  insulated  and  at  potential  F",  the    Induced 
distribution  is  obtained  by  superimposing  on  the  in-  bution  on 
duced  distribution  just  found  a  uniform  distribution  of  Insulat^jd 
density    F/4ira.      Hence  we   have  for  the   density  in 
this  case 


4'7ra 


L  {r-:S(/'-a«)^|,} 

or  )   .     (79) 


4sTra 


G 


m 
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Joduoeil    according   as  the  inducing  distaibulion  is 
I  bation  on  internal.     Equivalent   expressioua  for  tbe  density  i 
^g*"*"^'  terms  of  the  charge  Q  on  the  sphere  are  easily  obt«ii. 
bjr  substituting  from  the  equation 


r  = 


i 


It  in  instructive  and  easy  to  calculate  from   ' 
expressions   for   a    single    inducing    point-chai^    tbe 
density  of  the  distribution  on  tbe  sphere  at  the  points* 
Dearest  to  and  farthest  from  P,  to  find  when  these  ,i; 
opposite   in   sign,  and  in  tbis  case  to  determinii   ■ 
position  of  the   circular   line  of  aero   density  on  Mm 
sphere  for  given  values  of  Q,  q.  a.f. 
I  Heotrio        We  may  consider  a  single  point-charge  as  on  r  8[ 
"two  "    of  centre  P,  and  radius  h  so  small  Uiat  tbe  distrit^ 
|6i>h«iicii]  on  tjje  small  sphere  may,  so  far  as  its  effect  ( 
I  dnotors    distribution  of  the  large  sphere  is  concerned,  be  ] 
either  as  uniform  or  as  concentrated  at  the  poifl 
:   When  the  radii  of  the  spheres  are  comparable  with  d 
another  and  with  the  distance  between  their  cenUva, 
the  distributions  mutually  influence  one  another,  i 
the  effect  of  either  can  only  be  expressed  by  an  infi] 
series  of  electiio  images.     When  h  is  very  small  < 
pared  vi'itb  «,  all  these  images  may  be  neglected  exe^i* 
the  first  image  of  tbe  smaller  sphere.     We  have  0 


the   respective   values  q,  q  I 


/-«v> 


+  VaiJ,  k: 


the   charge  and  potential  of  the  smalk'r  sphered 
Q{s  Ya-  <f.a:f),   V,  for  those  of  the   Urgui 
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Hence  (p.  32)  the  electric  energy,  Ey  of  the  system  of 
two  conductors  is  given  by  the  equation 


83 


E=lfil-j^)^lir^a 


,  ,  /I  _  a*         \ 


(80) 


The  work  done  by  electric  forces  in  separating  the    Mutual 
spheres  by  a  small   distance  df  will  alter  E  by  an    between 
amount   dE/d/.df,   that   is  -  dEfdf  is    the   mutual     ^^^m, 
repulsive  force   between   the   spheres  in  the   line   of 
centres.    But 

The   force  will  therefore  be  an   attraction,  zero,  or  a      when 

I  •  J-  •■•I  r   ai»  •      1      i.  Attractive 

repulsion  accordmg  as  either  of  the  equivalent  ex-  and  when 
pressions  on  the  right-hand  side  is  negative,  zero,  or  Repulsive. 
positive.  Hence  it  is  an  attraction  if  V  or  Q  is  zero, 
that  is,  if  the  sphere  is  uninsulated,  or  if  it  has  no 
charge  on  the  whole.  Also  if  /  is  but  little  greater 
than  a,  that  is,  if  the  smaller  sphere  be  very  near  the 
surface  of  the  larger,  /"  —  a'  is  very  small,  and  the 
force  is  an  attraction.  If  Q  have  the  same  sign  as  q, 
and  be  greater  than  q,ay{2.f  -  «*)/(/'  -  a"),  or  if  V 
be  positive  and  greater  than  q  ../*/(/*  —  a*),  the  force  is 
a  repulsion.  These  results  explain  the  apparent  anomaly 
of  the  attraction  of  a  small  charged  sphere  by  a  similarly 
charged  conductor,  when  the  distance  between  them  is 
small,  and  the  repulsion  between  them  when  they  are 
at  greater  distances. 

G  2 
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Images  If  d  be  tbc  shortest  distance  of  any  one  of  the  points 
Plane  OT  ^  ^^^  *^^  surface  of  the  sphere,  we  have  f^d  +  a, 
ill  Sphere  and  f*  —  a*  =  d  {d  +  2a).  Hence  if  a  is  very  great  in 
comparison  with  d,  that  is,  if  the  surface  be  an  infinite 
plane  (Fig.  20),  or  if  the  point  P  be  near  the  surface, 
we  have  wlien  F"  =  0 


large 
radius. 


_        I  ^  f/d 


(82) 


Kleotric        Considering  again  the  sphere  of  finite  radius  a,  we 

Plane     havc   for   the   shortest  distance  of  the  image  of  any 

coincident  point-charge  P  from  the  sphere,  the  value  a  —  a^/{d  -f  a), 

Optical     or  d/(l  4-  rf/a).     Hence  if  a  is  very  great  in  comparison 

"*^*     with  dj  this  value  becomes  approximately  d,  that  is  the 

image  is  on  the  normal  to  the  surface  and  at  the  same 


Fk;.  20. 


distanco  behind  the  surface  that  P  is  in  front  of  it.    Also 
since  in  this  case  o /  =  o;((n  +d)  =  1  nearly,  the  image- 
chari^jc  is  —  </  to  the  same  degree  of  approximation. 
The  distribution  on  an  infinite  plane  might  obviously 
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Ben  obtained  at  once  without  considering  the 
B  a  case  of  a  spliere.  For  clearly  Ibe  plane  '3  a  a 
of  zero  potential  for  +  j  at  i'  and  —  y  at  i*',  the 
image  of  P  in  the  plane.  The  electrification  of 
ne  is  therefore  equivalent,  for  all  points  to  the 
the  plane,  to  the  charge  —  5  at  P".  But  the 
force  outwards,  that  is,  from  the  plane  towards 
kce  in  wliich  P  is  situated,  is  —  IqdlPE*,  and  the 
!  density  at  E  is  therefore  ~<idl1-jtPM':  The 
obtained  above  are  thus  verified. 
easy  to  show  that  the  integral  of  this  expression 

B  density  taken  over  the  plane  is  —  ?,  the  value 
It  ought  to  have,  since  the  space  to  the  left  of 
B«  may  be  supposed  inclosed  by  the  plane  and  a 
tor  at  an  infinite  distance.  Let  Ss  be  an  element 
larface  at  E.  The  projection  of  £«  on  a  plane  at 
Dgles  to  P^  is  ts.dIPE,  and  a  cone  with  base  Ss, 

Brtex  P  will  therefore  interoept  on  a  sphere  of 
lilts  and  centre  P,  an  area  8s.  djPE'.  The  integral 
taken  over  the  plane  is  therefore  Sir,  one-half 
I  of  the  unit  sphere,  and  we  get 


2^  JPE~' ' 


two  or  more  conductors  are  electrified  in  the  Muinaliy 
laflu- " 
enciDg 


jW,  the  distribution  on  any  one  is  influenced  by 
.  tbe  others,  and  hence  the  determination  of  the 
iifttribution  becomes  a  problem  of  great  difficulty, 
Ition  of  which  has  not  been  obtained  except  in 
ciues.  These  have  for  tbe  most  part  been 
only  by  the  method  of  Electric  Images  combined 
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Mutually  vdth  the  principle  of  Electric  Inversion,  by  which  the 
encing  Solution  of  any  electric  problem  can  be  transformed 
Con-  into  the  solution  of  any  number  of  other  problems. 
These  methods  are  due  to  Sir  William  Thomson,  to 
whose  papers  we  must  refer  for  full  information  regard- 
ing them.^  We  give  here,  however,  the  solution  of  the 
problem  of  the  distribution  on  two  parallel  conducting 
plane  sheets  of  unlimited  extent  acted  on  by  a  point- 
charge  placed  between  them,  and  a  short  explanation 
of  the  method  of  inversion  with  one  or  two  examples  of 
its  use. 


-*: 


^ 


D 


'j 


U 


B 


Fio.  21. 


Two  Let  A,  B  (Fig.  21)  be  the  traces  of  two   parallel 

l*luiios     conducting  planes  of  infinite  extent  maintained  at  zero 

with  Point-  potential,  on  a  perpendicular  plane  through  J*,  a  point 

iM'twt^n    between  them,  at  which  a  charge,  q,  is  situated.     Let 

a,  /3  be  the  respective  distances  of  P  from  C,  D,  the 

*  £hrtroMati\\9  and  Magnciishi,  pp.  5*2-07,  ami  146-191.     See  also 
Muxwoll,  /;/.  and  Mag.  vol.  i.  sec.  imI.  pp.  22G-260  ct  seq. 
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points  at  which  a  perpendicular  through  P  meets  the 
planes,  and  B  a  point  on  the  plane  ^  at  a  distance 
7  from  C 

If  the  plane  B  were  removed  the  density  at  E  on    Induced 
A  due   to  a  charge   q^   bX  P  would,  (82)   above,  be     bution 
-  q .  a/2^a»  +  y^.     But  the  electrification  of  B,  which  ^'^f^^^, 
would  be  produced  by  the  charge  g  at  P  if  -4  were 
removed,  has  at  all  points  to  the  left  of  B  the  same 
effect  as  that  of  a  quantity  —  g^  at  a  point  /^  distant  /9 
from  D  to  the  right  on  PD  produced,  and  the  corre- 
sponding electric  density  at  B  is  therefore 

q^  a+  2ff 

2^  {(a  +  2y9)«  +  yY 

These  two  electrifications  of  A  produce  respectively  the 
effects  on  the  electrification  of  B  of  charges  —  q,  +  q, 
to  the  left  of  A  on  PG  produced,  the  former  at  a  point 
J^  distant  a,  the  latter  at  a  point  J^  distant  a  +  2/9 
from  C.  The  electrifications  of  B  thus  produced  have  on 
A  the  effects  of  charges  +q,  —  g'  at  points  /j,  /g,  distant 
3a  +  2)8,  3a  +  4/8,  to  the  right  of  A  on  GB.  The 
corresponding  densities  at  B  are  therefore 

_    q_  3a  4-2/8  j^  __3a  +  4^^ 

'lir  {(3a  +  2fiy  +  7*]«'     27r  {(3a  +  4/3)'  -f  y^ 

In  the  same  way  another  pair  of  densities  at  B  could  be 
found  corresponding  to  point-charges  -h  §»  *"  2'>  ^^  ^^^ 
respective  distances  5a  -f  4/8,  5a  4-  6/8  to  the  right  of 
A,  and  so  on. 

The  electrification  of  A  is  that  which  would  if  B 
were  removed  be  produced  hj  +  q  at  P  and  an  infinite 
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Induced    trail  of  images  /j,  /,,  I^  &c.,  of  charges  —  j,  +  j,  —  j, 
bution     '^^•»  ^*  points  to  the  right  of  P  on  CD  produced.    The 
replaced    potential  at  every  point  on  JL  or  to  the  left  of  it  is 
°*  *  plainly  the  potential  due  to  +  g^  at  P,  and  the  image- 
charges  to  the  right  of  P,  and  this  is  equal  and  opposite 
to  the  potential  at  the  same  point  produced  by  the 
electrification  of  A,     Similar  results  hold  for  B. 

The  potential  at  any  point  between  the  planes  pro- 
duced by  the  electrification  of  either  is  that  due  to  the 
trail  of  images  behind  that  plane,  and  the  total  actual 
potential  at  any  such  point  is  the  sum  of  the  potentials 
due  to  +  3^  at  P  and  the  two  trails  of  images. 

To  verify  that  the  potential  of  each  of  the  planes  is 
zero,  let  V  be  the  potential  at  any  point,  E,  of  the 
plane  A,    Then  we  have 

\J2nE  J^^\E) 
where  n  has  every  integral  value  from  0  to  00 .  Since 
J^E  =  PE,  the  first  term  is  zero ;  further  each  series  is 
convergent,  and  the  terms  (which  are  arranged  in  the 
same  order  in  both)  are  identically  equal.  Hence  V  is 
zero,  and  the  above  process  of  building  up  the  electrifi- 
cation of  each  plane  gives  the  required  result. 

Charges        The  charges  and  distances  of  the  images  Z^,  /g,  &c., 

Distonces  ^^^^  gi^'^n  by  the  table 

of  Images.        j^^^^^  j^^_^^  j^^^^ 

Charges  —  q,  +q, 

^f?omT  }  2(^  "  !)(«  +  ^)  +  2/3,       2n{a  +  /9). 
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where    n  has   every  positive    integral    value   from   1    Charges 

.  and 

^    ^  •  Distaiici's 

The  charges  and  distances  of  the  images  e/j,  e/o,  &c.,  ^^  Images. 
are  given  by  the  same  table  when  a  and  fi  are  inter- 
changed. 

By  equation  (82),  p.  84,  we  have  for  the  density  at  E    Electric 

Density 

(2«  4.  i)»  +  2»«  '^y 


"42 


11=00   r~ 


n=0 


{[{2n  +  l)a  +  2n^]'  +  7['3 


+ 


(2/1  +  V)a  -f  2(71  -h  V)P 


m 


{[(2/1  +  l)a  +  2(71  +  \W  +  7'} 


(83) 


where  n  is  any  positive  integer. 

The  density  at  any  point  F  on  B  (Fig.  21)  is  given 
hy  this  equation  when  a  and  fi  are  interchanged,  and  7 
w  taken  as  the  distance  from  D  to  F. 

As  an  example  of  a  case  in  which  the  number  of 
iniages  is  finite,  let  the  conductor  consist  of  two  planes 
at  right  angles  to  one  another,  terminated  by  their  line 
of  intersection,  and  influenced  by  a  point-charge  of 
amount  +  q  placed  at  a  point  F  between  them.  Let 
^.  OA,  OB,  Fig.  22,  be  the  traces  of  the  line  of  inter- 
^on  and  the  planes  on  a  plane  drawn  through  F 
Perpendicular  to  the  conductor.  Let  a  denote  the 
distance  of  F  from  OA,  fi  the  distance  of  F  from  OB. 
The  surfaces  would  evidently  be  at  zero  potential  if 
"^sulated  without  charge  and  a  charge  —  q  were  situated 
^*  ^i  the  image  of  F  in  OA,  and  at  F^  the  image  of  /' 
^  OB,  and  a  charge  +  q  Sit  P3,  the  common  position  of 
^l^e  image  of  F  in  OB  and  the  image  of  F^  in  OA, 

If  iV  be  the  normal  force  at  any  point  B  of  the  plane 


Distri- 
bution on 
Two 
Pianos 
cutting  at 
right 
angles, 
repre- 
sented Ity 

three 
images  : — 
particular 

case  of 
"Electric 
Kaleido- 
scope. ' 
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Pjr - 


^3 


Fig.  22. 


B 


a:  any 


OA,  taken  positive  towards  the  space  BOA  in  which  P 
is  situated,  we  have 


.     (84) 


Siuoo  the  space  BOA  may  be  regarded  as  the  space 
external  to  a  closeil  conductor,  -^'  is  the  actual  force 
just  outside  the  conductor  at  £,  and  we  have  for  the 

t-k-ctric  donsitv  there 

m 

*"  =  -  £  \r£'  -  rjs')    ■   ■   •   ^^^^ 


.     (85  his) 


Siiiiilarly    tlr   tho  dousity  at   anv   point   F  of  OB 

:S       1 I    ^ 

Iv.  F-.j;    i;;  tiu-  drstar'AVs  Cr.  CF',  CQ.  tV  fulfil  the 

IT . ',7' = '.\' .  CY  =  ^'      •     •     -    (86) 
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The  point  P'  is  called  the  inverse  of  the  point  P  with      Geo- 
respect  to  C,  which  is  called  the  centre  of  inversion ;  and  inversion 
similarly  C  is  the  inverse  of  Q  with  reference  to  C,     If 


we  have  any  system  of  points  P,  Q,  &c.,  given,  we  can 
find  in  this  manner  a  corresponding  system  of  points 
P,  Qy  &c.  If  P,  Q,  &c.,  determine  a  surface  or  a  solid 
figure,  P',  C,  &c.,  determine  a  corresponding  surface  or 
solid  figure.  The  system  P',  ^,  &c.,  is  called  the  inverse 
of  the  system  P,  Q,  Ac,  with  reference  to  C  \  and  it 
follows  that  the  system  P,  Q,  &c.,  is  the  inverse  of  P,  Q\ 
&c^  with  reference  to  the  same  point. 

From  what  has  gone  before  it  is  evident  that  any  inverse  of 
point  F  is  the  image  of  the  point  P  in  the  sphere  of  "^^^^  *^  f^ 
radius  a  and  centre  G.  This  sphere  is  called  the  sphere  Sphere  of 
of  inversion  and  its  radius  the  radius  of  inversion. 

In  Fig.  23  the  triangles  CP^,  CQP  are  similar.  Inversion 
From  this  it  follows  that  if  P,  Q  be  two  very  near 
points  the  angle  CQP  is  equal  to  the  angle  P'Q'Q ;  that 
is,  the  lines  QP,  QP  meet  CQ  at  supplementary  angles. 
Hence  the  angle  which  the  inverse  of  any  line  or  surface 
makes  with  any  radius  vector  from  the  centre  of  in- 
version is  the  supplement  of  the  angle  which  the 
original  line  or  surface  makes  with  the  same  radius 
vector.     It  follows  that  the  inverses  of  any  two  lines  or 


— Geo- 
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Results. 
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BurEaces  intersect  at  the  same  angle  as  iju  tlio  orij 
^^1    lines  or  sui-faces, 

Iq  particular  it  U  easy  to  prove  that  the  inverse 
circle  ia  another  circle,  and  therefore  of  a  sphere  aii< 
sphere.     For  let  P,  Q  (Fig.  23)  be  tlie  estreinities 
diameter  of  the  circle,  and  R  (not  shoiva  in  the  figni 
be  any  other  point  on  the  circle,  then  PBQ  is  a 
angle.     The  inverse  points  are  P,  (^,  R.  and  the 
PR'Q'   is   equal  to  a  right  angle  +  the  angle 
according  as  CK  does  or  does  not  intersect  PQ.    H( 
as  .^  is  moved  round  the  circle,  K  moves  round  ant 
circio  which  is  the  inverse  of  the  former. 

Further  the  inverse  of  a  straight  line  is  a 
passing   through  the  centre  of  inversion.     For  li 
(Fig.  23)  be  a  point  on  the  straight  line,  such  tbati 
is  at  right  angles  to  PQ,  and  let  Q  he  auy  other 
on  the  line.    Then  if  P,  Q'  he  the  corresponding  in' 
points,  P  is  fixed  and  CQ'P  is  a  right  angle  for 
position  of  Q'.     Hence  the  locus  of  Q'  is  a  cii 
which  the  diameter  is  CP. 
I       The  inverse  of  an  infinite  plane  is  obviously  a  sphi 
surface  passing  through  the  centre  of  inversion. 

According  as  the  centre  of  invei-siou  is  without 
within  the  original  surface,  the  space  within  the  invn 
is  the  inverse  of  the  space  within  or  without  the  origiu; 
surface,  and  the  space  without  the  inverse  is  the 
of  the  space  without  or  within  the  origiruJ  eur&ce. 

If  CQ  =  r,  00"  =  r.  and  P,  C  be  points  vary  m 
one  another,  PQ'Pq  =  TJr\    Hence  if  r  be  Uie 
of  any  element  U  of  a  line,  Ss  of  a  surface,  tv 
volume,  and  r'  Uie  distance  of  the  corresponding  in 
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elements   SI',   ds\  Sv\  from   the   centre   of   inversion, 
we  have 

BllSP  =  r/r';    Bs/Bs' =  r^jV^ ;    Bv/Bv' ^  r^r'^    (87) 

Again  if  we  suppose  at  the  point  F  (Fig.  23)  a  charge   Potential 
q,  of  which  the  potential  at  Q  is  F(=:  qjPQ),  then  putting    j^y^e 
V    or  the  potential  at  C'  of  a  charge  aqjr  (the  corre-     Point. 
sponding  image-charge  with  its  sign  changed)  situated 
at  the  point  P',  we  have   V  =  aqlr .  FQ\    Hence  by 
the  equations  CP.CP  =  CQ.CQf  =  a\ 

VlV'^r'/a^a/r (88) 

The  quantity  of  electricity  on  an  element  Bs  of  a 
surface  is  a.Bs,  and  on  an  element  of  volume  p.Bv. 
The  corresponding  image-charges  with  signs  reversed    Inverse 
are  aBs.a/r,  pBv.a/r;  and  by  (87)  the  corresponding  Densities 
areas   and  volumes  are   &'  =  8s .  r  */r*,   Bv'  =  Bv.  r'^/r^.   ^^^^ 
Hence  if  a,  p',  q'  be  the  image-densities  and  image- 
charge  corresponding  to  a,  p,  q  respectively,  we  have 

a' /a-  =  a3/r'3  =  r^/a^ ;    p'/p  =  a^/r'^  =  r^/a^ ; 

q[lq^Tla^alr (89) 

The  process  of  inverting  any  electric  system  consists  Electrical 
in  inverting  the  geometrical  aiTangement  of  the  system    de^fiued.^ 
and    substituting    for    every   element   of    charge    the 
corresponding  element  of  image-charge  with   its   sign 
changed. 

If  the  potential  of  any  distribution  on  a  conductor  in 
equilibrium  be  F' at  a  point  P,  the  potential  of  the  inverse 
distribution  at  P  the  image  of  jP  is  by  (88)  Vajr\  where 
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Induced 
Distri- 
bution due 
to  Point- 
Charge  at 
Centre  of 
Inversion. 


T  is  the  distance  of  P  from  the  centre  of  inversion  (7. 
Hence  the  potential  at  P  of  the  inverse  distribution  is 
the  same  as  that  of  a  quantity  Va  placed  at  C.  The 
inverse  distribution,  and  a  quantity  —  Fa  at  C  will 
keep  P  at  zero  potential.  If  then  we  invert  an  equi- 
potential  surface  of  the  given  distribution,  we  shall 
obtain  a  surface  of  zero  potential  of  the  distribution 
composed  of  the  inverse  and  —  Va  at  G,  If  we  take  as 
tlie  equipotential  surface  the  surface  of  a  conductor  on 
which  the  given  distribution  is  in  equilibrium,  the 
inverse  distribution  is  on  a  surface  which,  when  —  Va  is 
at  C,  is  at  zero  potential.  The  inverse  distribution  is 
therefore  the  induced  distribution  on  the  inverse  con- 
ductor under  the  influence  of  —  Va  at  C 

It  foUoivs  that  if  we  invert  any  distribution  which 
gives  at  each  point  of  itself  distant  r'  from  C  a  potential 
Va\r\  that  is,  the  induced  distribution  of  a  system  —  Va 
at  C,  we  get  a  system  in  equilibrium. 


'AV 


I 
I 
I 
( 


Fig.  24. 


Examples.       As  examples  we  shall  invert  (1)  a  uniformly  charged 
sphere,  (2)   the  induced   distribution  of  two  infinite 
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parallel  planes  under  the  influence  of  a  single  point- 
chaige  between  them. 

(1)  Let  the  potential  of  the  sphere  be  F';  its  radius       (i) 
j3;  the  radius  of  inversion  CA,  a;  the  distance  of  0  Spherical 
from  any  point  P'  (Fig.  24)  of  the  image  r',  from '  the     r^*f.*" 
centre  0*  of  the  inverse  sphere  /;  and  the  radius  of  inverted, 
the  inverse  sphere  a.    We  have 

i8  =  ± 


a*a 


/"-"' 


ucoiding  as  (7  is  external  or  internal  to  the  given 
splieie.    But 

Substituting  the  value  of  ^  just  found  we  get 

f-a'Va  ,  , 

''^i-i^^-T-' («) 

according  as  C  is  external  or  internal. 

According  as  C  is  external  or  internal  to  the  given 
sphere,  and  is  therefore  external  or  internal  to  the 
^^verse,  the  spaces  external  and  internal  to  the  former 
^  respectively  the  spaces  external  and  internal  or 
internal  and  external  to  the  latter.  Hence,  according 
^  ^  is  external  or  internal,  the  potential  of  the  inverse 
distribution  at  every  internal  point  or  at  every  external 
P^Uit  is  the  same  as  that  of  a  charge  Va  at  C. 

Also  since  the  potential  of  the  given  sphere  is  the 
^e  for  all  external  points  as  if  its  charge,  Vfi,  were 
5^iicentrated  at  the  centre  0,  the  potential  of  the 
Averse  distribution  is,  by  (89),  the  same  at  every  point, 
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Induced    external  to  the  inverse  sphere  when  C  is  exi 
and  internal  when  C  is  internal,  as  that  of  a  ( 


bntion 
nnder 
Point- 
Charge. 


/=  Vfi.ajCO  concentrated  at  the  image  /  of  the  > 
of  the  given  sphere.  But  C0-±  «*//(/*  -  a"] 
/3  =  ±  a^al(J*  —  a*),  according  as  (7  is  exteno 
internal.     Hence 


a 


Va 


that  is,  the  charge  is  the  image  in  the  inverse  spl 
the  charge  —  Va  at  C, 

For  CI  we  have  CI,  CO  =  a\  or 


C/=  + 


/*-«• 


/ 


that  is,  /  is  the  image  of  C  in  the  inverse  sphere. 
Tlie   results   (a),  (h),  (c)  are  those  obtained 
pp.  78,  79,  80. 


Fio.  25. 


(2)  Let  the  centre  of  inversion  be  P  (Fig.  2! 
radius  of  inversion  unity,  and  let  tlie  planes  ai 


DISTRIBUTION  ON  TWO  SPHERES  IN  CONTACT. 

successive  images  be  inverted,  omitting  the  charge  at 
P.  The  inverses  of  the  planes  are  then  spheres 
touching  at  P,  and  the  distribution  on  either  sphere 
is  the  inverse  of  the  distribution  on  the  corresponding 
plane.  For  the  charges  and  distances  of  the  inverse 
charges  corresponding  to  the  trail  of  images  /j,  /g,  &c. 
ig.  21)  we  have 
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4-  qa 


2ji{a  4  l3) 
a2 
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^here  n  has  every  positive  integral  value  from  1  to  oo  . 

The  table  for  the  imacjes  cT",,  Jo,  is  formed  from  this 
^1  interchanging  a  and  fi. 

The  diameters  of  the  spheres  A,  B  are  respectively 
'^'^^i  c?fit  and  therefore  the  inverse  charges  corre- 
spondmg  to  /j,  Zj,  &c.,  are  within  the  sphere  By  and 
^^^  other  series  within  the  sphere  A. 

Since  the  potential  at  any  point  on  the  planes  or 
"^hind  them  is  zero,  the  potential  at  any  such  point 
^'le  to  the  induced  distribution  on  the  planes  is  equal  bution  on 
^that  of  a  charge  —  q  situated  at  P,  that  is  —  qjr,  where  sphen-s  in 
^  is  the  distance  of  the  point  from  P.  The  potential  at  (-'ontact. 
^^y  point  on  or  within  the  spheres  is  therefore  —  qja,  a 
^<^D8tant  quantity.  Again,  since  the  potential  produced 
"y  the  electrification  of  either  plane  at  any  point  on  the 
P^ane  or  in  front  of  it  is  the  potential  due  to  the  trail 
^'  images  behind  the  plane,  the  potential  at  any  point 
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Two      on  or  external  to  either  sphere  produced  by  the  distri 

Sont^t!'^  bution  on  the  sphere  is  the  potential  at  that  point  ( 

the  trail  of  images  within  the  sphere.     It  follows  th« 

the  charge  on  each  sphere  is  equal  to  the  sum  of  th 

image-charges  whose  positions  fall  within  it ;  and  tb 

the  distribution  thus  found  is  the  equilibrium  distribi 

tion  when  the  spheres  are  freely  electrified  in  contact. 

Charge  on       Denoting  the  charge  on  the  sphere  B  by  Qb,  and  th 

Spliore.    radii  of  the  spheres  AyBhy  r^,  n  respectively,  summin 

the  image-charges,  and  substituting  in  the  result  V  f( 

—  gja^  aj27\  for  a,  arl2r^  for  fi,  we  get 

(J      _.r  "^    J  1 1  1 

=  y  1&-  "5" i (9C 

where  n  has  every  positive  integral  value  from  1  to  oo . 
A  similar  expression  with  r^,  r^  interchanged  hold 
for  (3.^. 

The  capacities  of  the  spheres  are  of  course  obtaine 

by  dividing  Qjj  and  Qj  by  V, 

Ekctric        Multiplying  the  expression  (p.  80)  for  the  density  f 

at  aiiy     ^^Y  P^i^^  of   the  plane  A  by  rir^/r'^,  where  r'  is  th 

Point,     distance  from  P  of  the  corresponding  point  U  on  th 

sphere  A,  making  the  above  substitutions,  and,  besiJc^ 

putting  «■*(!  /'/-'-  —  l/47'i2)  for  7-,  we  get  for  the  density  at  - 


__  2Vr,W  "^"  f (2n  -f  l)r,  +  27ir^ 


t 


TT        ;^,  [[-r- {(:>/l+l)v^+:^/^rl|H4'/V-V,--v•'-•/•o-]^ 


(271  +  \)r. -h  2(71  +  \)r^ 


[r'  [{2a  +  Ijrg  +  2(7i  +  l)ri;-  +  4:ri'rJ  -  r'='?v]?_ 
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This  expression  is  convergent,  and,  when  the  value  of   Electnc 
r  is  not  infinitely  small,  the  density  at  any  point  can  ^^^y  pJint. 
be  approximately  calculated  from   the   potential,  the 
radii  of  the  spheres  and   the   distance   of  the  point 
from  P. 

For  r'  =  0  the  expression  (91)  fails,  but  since  the 
resultant  force  acts  outwards  at  any  point  on  either 
sphere  at  right  angles  to  the  surface,  it  follows  that  it 
must  be  zero  at  any  point  infinitely  near  the  point  of 
coatact ;  and  hence  the  density  there  must  be  zero.  The 
density  is  a  maximum  on  each  sphere  at  the  point 
diametrically  opposite  to  the  point  of  contact. 

The  density  at  any  point  on  B  is  obtained  as  before 
by  interchanging  r^  and  7'2. 

The  charge  on  each  sphere  is  the  diSerence  of  the 
sums  of  two  harmonic  series,  and  cannot  be  obtained 
in  finite  terms.  Each  series  is  divergent,  but  the 
two  taken  together  as  in  (90)  constitute  a  con- 
vergent series,  and  hence  the  charge  can  be  approxi- 
nwitely  calculated  for  given  values  of  V,  r^,  n.  The 
expressions  agree  with  those  given  in  a  diflerent  form 
by  Poisson,  who  first  attacked  this  problem,  and  solved 
It  by  a  direct  but  recondite  method.*  It  is  interesting 
^^  note  that  equations  (90)  and  (91)  give  the  alge- 
braical theorem   that  the  integral  of  the   expression 

M(m&ir€s  tic  VJnstittUf  l'  partie,  p.  1.  See  also  Plana,  Mt moires 
^  ^Aeadtffiin  des  Scimces  de  Turing  Serie  II.  t.  vii.  p.  71,  for  a  fuller 
J**velopment  of  Poieson's  method  and  results.  A  sketch  of  the  method 
^  giveu  in  Mascart's  TraiU  (TJ^lectriciU  St^ique,  t.  i.  p.  272.  It  is 
^  to  convert  the  expression  for  Qb  in  (90)  into  a  definite  integral 
^S^c^  with  the  result  given  by  Poisson  for  this  cose. 

H  2 


-   ' 
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Charge  in  on  the  right  of  (91)  taken  over  A  is  the  expression 
two  Erjual  ^^  *^®  right  of  (90)  with  Tj,  r^  interchanged. 
Spheres.        When  a  =  fi,  r^  =  r^  and  we  have 

C^  =  Cii=rri(l-i  +  i-i  +  &c.) 

=  Tri.loge  2  =  693147.  Fti    .    (92) 

or  the  charge  on  each  sphere  is  to  the  charge  of  the 
sphere  when  alone  in  the  field  and  at  potential  V,  as 
lege  2  is  to  1. 
Cafie  of        If  r^  be  small  in  comparison  with  r^, 

One 
Sphere  _ 

Small :  Qb  =  — 7^  +  irtl     2    W^    .   ^^  =  ^^2»     (^^ 

since  5! ,-  =1.     The  cliarffe  is  therefore,  nearly, 

-^  n\)i  4-1) 

the  free  charge  which  the  sphere  would  have  if  alone 
and  at  potential  V,     The  mean  density  is  V^\irr^, 
Ratio  of        On  the  same  supposition  we  have 

Mean 
Densities.  ^  Vr.   «="  1  Vv^  IT^  ,..x 

and  the  mean  density  is  \  Vu^l^irr^,  Thus  the  mean 
density  of  the  small  sphere  is  to  that  of  the  large 
sphere  as  7r-/6  (=  1*645)  is  to  1. 

Hence  when  a  small  conducting  ball  is  brought  in^^ 
contact  with  a  large  electrified  spherical  conductor  so 
as  to  receive  a  charge  which  can  then  bo  removed  od 
the  ball  and  measured,  the  electric  density  at  the  point 
before  contact  is  to  the  mean  density  on  the  ball  as  1  is  to 
]  '645.   The  same  result  will  hold  whether  the  conductor 
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be  spherical  or  not,  provided  its  curvature  be  continuous 
round  the  point  of  contact  over  a  distance  great  in 
comparison  with  the  radius  of  the  ball,  and  of  amount 
small  as  compared  with  that  of  the  ball. 

Many  other  interesting  examples  of  the  power  of  the  Problems 
method  of  images  are  to  be  found  in  the  solution  of  the  inversion! 
problem  of  two  concentric  uninsulated  spherical  con- 
ductors under  the  influence  of  a  point-charge  between 
them,  and  the  derivation  by  inversion  of  the  induced 
distribution  on  two  mutually  influencing  spheres ;  the 
solution  of  the  latter  problem  by  a  direct  application  of 
images  and  Murphy's  principle  of  successive  influences  ; 
the  determination  either  directly  or  by  inversion  from 
the  result  of  p.  90  [eqs.  (85)  and    (85   his)]  of  the 
distribution  on  two  spheres  which  cut  one  another  at 
right  angles ;  the   distribution  on  a  spherical   bowl,* 
and  other  important  cases.     For  these  the  reader  is 
referred  to  the  works  mentioned  above,  p.  99. 

*  For  the  spherical  bowl  see  Thomson's  Electrostatics  and  Mag- 
*<<wm,  p.  178,  which  contains  the  famous  original  solution  of  the  problem. 
The  subject  has  recently  been  considered  by  Mr.  E.  G.  Gallop  {Quarterly 
Jo\tpud  of  Mathematics,  No.  88,  February  1886,  p.  229)  in  an  essay 
*hich  merits  special  attention  as  containing  the  most  exhaustive  treat- 
nient  which  the  problem  has  yet  received. 
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SPECWIC  IXDOCTIfS  CAFJCtTr. 
SOIVTIONS  FOR  SlifFLE  CJSES  OF  DIFFEBSA'T  J 
/-V  ELECTRIC  FIELD. 

jbialn^        A   remarkable   oualog)-  between  th«  tiieor^  of  t^ 
ThooiT  of  ''o^daction  of  heat  in  solid  bodies  and  the  theory  »'' 
Hmi      Statical  Electricity  was  pointed  out  by  Sir   Willi  "' 
tinDKu.i    Thomson,*  and  made  by  him  a  means  of  establit' 
■nieon-  iif  many  of  the  most  important  theorems  of  electros  i 
•uiie*.     According  to  the  theory  of  heat  conduction  giii  ti 
Fourier,  the  flow  of  beat  per  unit  of  area  per  un 
Flutpf    ''""^  (which  we  here  call  Jl'ux  o/  haif),  across  a  j.l 

slab  of  homogeneous   material  the  opposite   faces  *: 
irhich  are  maintained  at  two  different  auiform  tempei 
atures,  depends  only  on  the  difference  of  temperatnrc 
between  the  faces,  the  distance  of  the  faces  apart,   > 
the  nature  of   the  material;   and  takes  ptacu   iu   -■ 
duection  from   the  surface  of  higher  tempcrulni 
that  of  lower  temperature.     Thus,  if  the  tiiicknr- 
the  slab  be  x  centimetres  and  v,  v'  the  uniform  ( 
pf^^rutiires  of  its  faces,  the  quantity  of  heat,  Q,  condij. 
in  a  second  of  time  from  the  face  of  temperaturf 
that  of  temperature  v',  across  one  square  centinu  . 
is  given  by  the  equation 

«-''"-i^ 

*  Hujiriiit  of  Papers  on  Elcolrost«lics  and  Magiieci«ai(  p.  U  a 


THEOBY  OF  FLDX  OF  HEAT. 

-pre  /:  is  a  constant  (aJways  positive)  t!epending  on 
-1";  materia].  From  the  fact  that  there  is  tbe  same 
flui  of  beat  inwards  across  one  face  tliat  tliere  is 
i^utwiirds  across  the  other,  and  therefore  also  across 
■•'I  intermediate  parallel  sections,  it  follows   that  the 

||i-ilioD  of  temperature  from  one  face   to  tht;  other 

■  "iiiform. 

Tlie  constant  h  is  called  the  Tlunnnl  Ccmdtietivity 
'  tlie  substance.     In  bodies  whicli  have  a  ditferent 

■  iJ'.'i'ular  structure  in  different  directions  (that  is 
■■nil  are  not  isotn-pic  •  in  structure),  such  as  un- 
I  lii'aled  glass,  or  a  piece  of  olberwise  isotropic  glass 

tiirted  by  flexure  or  by  pressure  unequally  applied 
its  surface,  aJl  crystals  except  those  of  the  cubic 
R-in,  fibrous  materials,  &c,,  the  value  of  A-  is  also 
'^-trent  in  difffreut  directions.  We  shall  consider 
i-'  the  flow  of  lieat  in  a  solid  body  f'ut  which  th<j 
'lit-  of  k  is  the   same  in  all   directions  and  at  all 


Tliernml   -i 


I  temparaliire  vnry  continuouBly  over  ench   of  two  yXitk  of 

ctitins  in  Ibe  \inAy,  and  rroni  one  Bi-ctioii  t'l  Uje  otiier,  Heat  in  * 
t  neuv«s»ril;  witli  h  uuifumi  (^ndient.     If  llie  sections      Uonio- 

".(■rv  close  togetlier,  tlie  lieviati'in  of  the  temperature  RenaoiiB 

.1   Tinifonnity  alonf;  nny  line  drawn  normally  from  laotroriio 

■  liiT  way  be  neglected,  and  if  a  sufficiently  ainull      Solid. 

.   In  eocli  section  at  the  extremity  of  that  Htraiffht 
i!ioa  from  uniformity  of  tenripernture  over  that 

-  .   be  negteoted.      TakiDf;  equal  areas  in  the  two 

I  f.  tiich  nny  ^ivea  cjunlity  in  at  all  pointa  Ihe  aame  in  all 
.  <■!  to  )•<>  itntropU  as  to  that  naality.  The  tnnn  inotropie 
I  I  ly  Oanrhy  ;  tho  term  aototropit,  from  oiiJAai,  tarit- 
limulJ  try  Thnmxin  and  Tait  is  the  ii»mtiTe  of  isotropic, 
.  kiilly  b»  homiigenfoaii,  thai,  b  iijiial  cnliic4il  iiorlioiis 
rt>  of  lli«  twdy  which  bsTU  tbeir  Bides  in  the  uniB 
Iru    iirptiftcly  Biinilnr   and   y»t    tlw    body   way   bo 


^m 


L 


*•  *r.T 


Mciiori*.  e4^:-L  u.rs  aciH  ia  iry  £:3f&»:c  ind  <t  1 
lii/.e  iir;L'«:  ir*  c«^iii,:*ri**^s  with  il*  •ii<;«Zx.'«  vf  :be 
%p%rt,  ifc*  mar  te^:**rr    i}*    e£«ct  of  tbe  reaun^lei 

oXMT,  ar.'i  aj-pS*  tii^  reec'.t  obcaixKd  ahove.  Iteootis^  e 
by  f/f,  «ud  theT  di^«sc«  apart  bv  d>.  %:id  ficrinz  H 
'j'iaij'Jty  of  beat  coiAa^Uyi  f-CAi  c!i«  to  the  oUter.  ve  ha 

dO^   "  t  J  44 


Wrii*^  i.'i 


If;  tl.*:  liriiit.  tber»-fore.  we  Lire  for  tlie  fl-i  in  any  din 
at  a  fioKit  ID  a  so'.id  at  wLich  tlie  tenip'eniure  is  r,  t 

-  L  —,  and  th<:  flow  i»er  unit  of  time  across  an  elemer 
fh  at  ri;:}it  angles  to  the  direction  of  x  and  passing  tin 

iioirit  ih  -  K  —  fiM, 
ax 

Nnw  #on«id«i:r  a  srna'.l  paroileleiiiped  of  the  material  « 

|i4r;ill<:l  to  tlirt.'f:  rf:C'tan;ru]ar  axes  of  j".  /;.  r.  and  bou 

<-d;^i*s  of  Icii;^»Ijs  Vjr,  Vj^,  //r.     Let  the  ternfMrratniv  at  t!.e 

llj«;  |i.'irallrrl<r|>ii.(.*d  be  r,  tlien  the  tern [>eniii; res  at  tl.e  c 

ill"  jr,  z  i'iir«;>,  art* 


^/r 


T 


l>iil<-i<-ii 
tiiil 

IvjIlillMiII 
t'iMII'l. 


r  —  i  —  //r,     and     r  +  ^-  —   '/j-. 
'  dx      '  'U 

'J'h"  total  fhiw  from  1«  fi  to  rifrht  across  tl-e  Jeft-liand  y. 
tli<.r<-fof«* 

(ix  ax 

aiirl  ufroHH  the  o])positii  face  in  the  .same  direction  is 

-    ^-  —   ( t'  -J-  4  —   dx)  (h  >1z, 
Ux  '  ax 

Tliii  I'xri'Ms  of  the  outflow  above  the  inflow  in  the  direct 
i-t  ihi'i'cfiin; 

—  /■    .   .  dx  dy  dz, 
dx' 

rinci'iMlin;;  ill  th(^  Kamc  way  for  tlie  other  two  pairs  of 
HJdcM,  we  ^et  for  the  total  excess  of  the  outflow  above  tl 
the  value 


.  /r/-V         d'h    .    dh'\   J     J     J 
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B  generation  of  lient  within    l)ifr<;rcn> 

V  (li)wa  in  lliim  fluv,fi  out         tini 

inal  (japucity  of  tlie  soliii  per    Eiiuntinn 


B'dittD^cd  we  get  tiie  time-rale  of  rise  of  tempern 


dl 


V/J* 


^  + 


rf)'' 


J7) 


w  of  temperature  in  the  subnlance  of  tlie  iiriani  i»  not  to 

tie  Kxceaa  must  be  curried  oS  or  trniisfornieil  witliiu  tlie 

rt  ilseir.     If  tlie  outfluu'  is  equitl  to  Die  inflow  there  in 

If  geovralii^n  hit  absorption  of  lieiit,  and  no  I'Jiange  occurs 

btcmp^Tnttire  of  t)io  I'liNni.   Inoluding  tlie  cuse  of  generation 

HiFat,  and  putting  ^iiixdj/di  for  tlie  heat  generntoil  witbin 

"  I'riMa  per  unit  of  time,  ho  that  4n-^  is  the  mean  vnlue  over 

^'  |iriaiu  (if  the  time  »[«  of  generation  of  heut  per  unit  of 

jliiniB,  we  have  when  tliere  ia  no  change  of  temperature   in 


(d'v 


d->v 


+  4n;*  =  0   . 


(D7a) 


Bihe  ume  ■way  if  Jpjdv,,  dcjdv^  be  tlie  rate  of  variation  of 
jpcntnre  along  Dormnls  driiun  into  twn  media  from  a  point 
RwifMa  Mpnrating  them,  and  if  k;,  k,  be  the  condnctiviliee 
Vnmpeotive  niedia.  tlie  qunntity  of  heat  eondueted  away 
Blkftnrfhce  along  Uie  norma]  per  unit  of  time  per  unit  of 
9 11*  -  kid»ildr,,  kjdrJdf^,  Bnd  this  must  be  equal  to  the 
■tat«af  gcueiatiun  of  lieat  at  the  aiirfiice  per  nnit  of  area. 
Tting  lie  latter  by  4ir/»,  we  have  the  surface  equation 


+  i,^'^^  + 4x^  =  0. 


(976) 


B  if  we  consider  thf  case  of  a  dJstribiilioD  of  Aimlo^'y 
,  lieftt  sources  and  a  corresponding  system  of  ^Jj?",'^ ' 
r&tures  in  the  conducting  medium  surrounding  Matiou  of 
llwliioVi  also  remain  constant  with  the  time,  that        *"" 
e  in  wbicli  aoiirces  have  existed  and  given  out 
0  long  at  a  constant  rate  that  the  medium  has  at- 
4  a  permanent  state  as  to  temperature,  wc  obtain  an 


,  tonlly 


equation  which  correspouils  exactly  to  PoisisoD'a  equatid 
and  holds  for  nil  voIume-sourceB,  positive  or  De^tJM 
tliat  is  where  heal  is  supplied  tu  ilje  body  or  cairied  fl 
and  corresponds  to  Laplace's  equation  at  all  other  ptai 
for  there  n  =  0.     A  surface  diSereotial  eqna^n  (f 
corresponding  exactly  to  (26)  above  has  also  been  tami. 
by  an  exactly  similar  process,  for  a  surface  distrihutioD  >.>l 
thermal  sources,  and  we  have  seen  that  in  this  case  \h 
rate  of  generation  of  heat  per  unit  of  area  correaponJf 
to  electric  surface  density  multiplied   by  4ir.     Hencv 
taking  temperature  as  the  analogue  of  electric  poleniiftl, 
and  rate  of  generation  of  heat  per  unit  of  volume,  it 
per  unit  of  area,  as  the  analogue  of  electric  volninL- 
density  or  electric  surface  density,  multiplied  by  4ir, 
the  fundamental  differential  equations  arc  the  same  w 
the  theory  of  heat  conduction  in  a  body  in  a  permanc"' 
state,   and    in    that   of   a   system   of  electric   chan;'- 
surrounded  by  an  insulating  medium.     Further,  sim' 
to  a  given  system  of  sources  corresponds  one,  and  on'' 
one,  system  of  temperatures  at  all  poiuts  of  the  coi;- 
ducting  mediura,  and  these  temperatures  mustbezti 
at   all   points   infinitely  distant  from    the  source,  rli- 
electrical  and  thermal  theories  are  identical,  and  eve  i 
solution   of   a   problem    in   one   is   capable   of   faei  i '  - 
interpreted  as  the  solution  of  a  problem  in  the  othi^' 
that  is,  to  a  given  distribution  of  heat  sources  and  tbg 
resulting   temperatures  in  a  conducting  medium  n^^H 
rounding  them,  corresponds  an  exactly  simiUr  distS^^i 
bution  of  electric  charges  and  their  resulting  potentift'^ 
at    different    points    in    an    insulating   medium,  an ' 
couvercely.     Many  electrical  theorems  are  thus  capalil' 
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of  being  established  as  analogues  of  known,  and  indeed 
obvious,  thermal  results. 

For  example,  consider  a  single  constant  point-source  of  heat  in 
ft  mediam  of  conductivity  /{:  in  all  directions,  and  let  the  total 
bett  generated  at  the  source  in  unit  of  time  be  Q.  Plainly  this 
qaintity  of  heat  must  flow  out  of  every  closed  surface  described 
round  Uie  source.  By  what  has  been  shown  (p.  104)  above,  we 
li&Te,  for  the  total  flux  across  a  spherical  suiface  of  radius  r 
having  the  source  at  its  centre,  the  value 


Examples : 

Single 

Point- 

source  in 

Isotropic 

Medium 


»nd  therefore 


iur^t  i"  =  Q, 
ar 


dv  ^    Q       1 
7r       4nk  '  ?' 


Hence  integrating  we  find 

_  Q 


V  = 


.  i  +^, 


when  r  <■ 


oc,    V 


0,  and  therefore  C  =  0.     Hence 

Q      1 


identical 

with 

Single 

Pomt- 

charge  in 

Isotropic 

Dielectric. 


V  = 


\vk 


(98) 


*"*t  18  the  temperature  is  inversely'  as  the  distance  from  the 
centre.  Putting  it  «  1,  we  see  that  v  is  also  the  potential  at  a 
point  at  a  distance  r  from  an  electric  charge  Q/4»r  concentrated 
*^*  point. 

The  principle  of  superposition  holds  for  temperatures     Super- 
^  Well  as  for  potentials,  and  we  have  for  the  temper-  position  of 
^tiire  at  any  point,  and  for  the  flux  of  heat  at  any  turesand 
P^int  and  in  any  direction,  the  sum  of  the  temperatures    ^^^^• 
^^d  the  sum  of  the  fluxes  in  the  particular  direction 
i^e  to  the  several  sources  separately.     Now  consider 
••he  flow  of  heat  across  any  closed   surface   inclosing 
P^  of  a  constant  system   of  sources   of  heat  in   a 
Mediam  which  has  attained  the  permanent  state.    All 
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ThermiU    the  beat  which  flows  in  across  the  enrfftce  from  i 

rf'St^ic  without  the  surface  must  flow  out  again  elsGwhei 

IndiiciioB.  tiie  whole  heat  generated  witliin  the  surface  must  fk 

out  across  it.   Hence  if  —  kdrldv  be  tlie  flux  of  heat  alai 

the  normal  outwards  across  the  surface  at  any  eleme 

dSf  the  total  flow  outwards  acrusK  the  whole  surfao 

duced  by  the  whole  system  of  sources  is  |  |   —  it  j 

taken  over  the  surface,  and  this  must  be  equal  \ 
whole  quantity  of  heat  genei^ated  within  the  i 
We   have   therefore   a  theorem    for   heat    cow 
corresponding  to  (13)  of  p,  12  above. 
UntbEDniil      Surfaces  of  cijua]  temperature,  or  Isothentinf  & 
""   ""^   correspond   to   equipotential  surfaces  in  the  cl« 

analogue,  and  the  flow  of  heat  across  any  such  i^nr  f 
is  at  every  poiut  along  the  normal.     Now  it  is  evi< 
that   the   temperature  at  any  point  without  any  j 
thermal  surface  inclosing  all  the  sources  is  iudep^ri 
of  the  position  of  tht-  sources  within  it,  pravid(w| 
temperature  of  the  surface  remains  unchanged :  i. 
we  may  therefore  suppose  the  sources  distributeii  ■  ■ 
the  surface  so  as  to  fulfil  this  condition.     If  tii'- 
done  the  temperature  at  every  point  within  tli' 
thermal  surface  must  be  the  same  as  at  the  sui! 
for,  as  there  are  no  sources  within  the  surface,  tb<'  ' 
outwards  from  within  is  on  the  whole  xero,  and  H 
fore  the  total  flow  from  the  external  isothermal  »iii : 
within   is   Eero,  and   so   on   for  successive   isnthcn 
surfaces  within.     Hence  there  is  no  flow  of  hen 
where  within,  that  is,  the  temperature  is  constonf^ 
If  then  V  he  the  temperature  at  the  surface,  a 
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tbe  amount  of  he-at  geuerated  in  unit  of  time  per  unit 
m&u  any  element  tfe  of  the  surface,  the  temperature 
St  my  [oiut  Kt  distance  r  from  ds  is,  by  the  result  found 
(p.  107)  tibove,  fi.da/kr.     Hence  the  total  temperature 

al  ;in;  point  b  ,   /  /  -  ds  taken  over  the  surface,  and  this 

uiiitbe  equal  to  v  for  auy  point  either  on  or  within 
tbe  isothermal  surface. 

Now  since  the  temperature  of  the  surface  and  the 
exlenial  temperature  remain  unchanged  the  flux  of 
liftil  at  every  external  point  remains  unchanged.  Hence 
the  flai  from  the  surface  outwards  is  —  kdvjdv  at  each 
point  as  before,  and  since  the  flux  is  noi-mal  to  the 
^urliice  this  must  be  equal  to  the  value  of  ^  at  the 
puinl  in  tiuestion.  We  bave  therefore  the  result  that 
*  distrihulioa  of  sources  of  heat  over  the  iaothermal 
surface  such  as  to  give  intensity  equal  to  —  hdvjdv  at  each  ] 
P"int  will  produce  the  same  external  system  of  temper- 
stDte*,  From  this  we  get,  putting  k  =  1,  the  important  .' 
dcctrical  theorem  proved  in  pp.  2D  and  73  above. 

Sufaj  we  have  considered  the  medium  surrounding  [ 
'■tc  couductors  to  be  vacuum,  and  we  have  defined  unit 
'!":uwity  of  electricity  on  this  aupiwsitjon  as  that  [ 
'I'^iiility  of  electricity  which  placed  at  unit  distance 
'■"ii  an  equal  quantity  would  be  repelled  with  unit 
■"'"ce.  But  in  all  cases,  eveu  in  a  so-cnlJed  vacuum,  say 
'"■moat  complete  that  can  be  made  by  the  best  air- 
l"iiii|i  on  the  Sprengel  or  Geiasler  principle,  there  must, 
"'t'tttlin^  to  the  theory  proposed  by  Faraday  and  now 
''mhI  universally  accepted,  be  a  medium  or  didrdrk 
*iiicli  traosmits  the  electric  inBuence.     To  this  view 
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1  FanuJay  was  led  by  the  results  of  Lis  own  e; 
,  which  proved  that  the  pheiiomena  of  el 
iaduction  depend  on  the  nuturo  of  the 
mediom  interposed  between  the  eonduotor 
gave  a  theory  of  the  action  of  the  medium 
since  been  fully  worked  out  inatbeinatically  bj 
Maxwell,  and  others.  It  would  be  out  of  pU 
give  deUiila  of  the  theoretical  investigation; 
writers ;  we  ahall  merely  state  briefly  such 
for  the  most  part  will  be  of  use  to  us  in  th 
of  measurements  which  follow. 
SjipciHo  The  consideration  of  tlie  propagation  ( 
C»[*rlty  miction  through  a  medium,  as  due  to  a  p 
^.  of  •  of  its  particles  along  the  lines  of  force  so 
Diuleoirie.  ,  "^  -     1       ,  ,.    .        ■ 

becomes  oppositely  electnhed  at  its  extivmi' 

that  the  transmission  of  electric  force  dop 
certain  characteristic  property  of  the  mi 
precisely  the  same  way  as  the  rate  of  ild 
in  a  substance  depends  on  the  thermal  i 
of  the  material.  We  have,  in  the  nketch 
logy  between  heal  conduction  and  electrosti 
above,  put  k  =  1,  in  interpreting  electrically  t 
The  beha%'iour  of  different  media  can  lu 
accurately  expressed  by  supposing  each  no 
have  at  every  point  a  quality  which  ia  ths 
of  thermal  conductivity  in  the  jiarolle]  tl 
i.s  called  the  .'^imjle  hiductm  fujiocity  of  thd 
We  shall  see  when  we  come  to  deal  with  i 
tliat  precisely  similar  considerations  apply  ta 
media.  Also  we  shall  see.  chap,  il,  Lhnl  U)« 
Flow  of  Electricity  is  completely 
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1  Heat  Conduction,  or  that  of  the  motion  of  an 
■  iicnflipressible  fluid  under  certain  conditions. 
:U  most  of  the  esperimeutal  itivestigations  hithcrtd 
iiaJo  have  been  on  media  which  have  the  same  electrical 
■M\(\es  in  all  directions,  we  shall  give  here  only  some 
'.' wral  coDsidenitioDa  regarding  such  cases,  and  shall 
'ii.ii  !pH;ia]ly  with  such  questions  regarding  crystals 
iiiii  Dthw  bodies  of  leolotropic  structure  as  may  arise. 

I'lie  llinnnnl  wiBlogy  shows  clenrly  how  the  reanlts  given  ahave 
'  I'lmwijihinof  luiit  Bpedlie  iiiducUve  uapacity  {or  viieuuni  aa  we 
'■■■iinte  mii-L  a  medium  for  bravity),  nre  to  be  iiioditit'd  in  tlio 
' ""  of  iTiy  olhiT  ineiliiim,    We  Uavo  seen  that  tlio  tolal  flow  uf  p 
lii-dicroHftcycliiSGil  surface  ill  maediiimof  tbermalcoudiictivity  ^ 

'i«  -  I  ItJt.dt/Jn.   Denoting  the  specific  inductive  capacity  by 

(.  'nliaro  for  ttio  lotnl  qaatitity  of  electrieity  within  any  closed 

"nbBc  in  iho  elrelric  field  tha  vnlue   -  --  f  f  A'  -   d>;  and 

"■  '^  (V  is  novf  thti Electridnduedon  across  the  element  rf», 
'  -  frjro  the  conipanerit  olectrio  force  at  riplit  angles  to 
Tlie  induction  is  thus  a  directed  quEiDtity  whioli  has 
'iL  in  an  isotropic  medium  the  same  direction  as  tlie 

' '      .  '  ihiis  in  rJl  the  investigations  above  to  substitute  for 

'     r.  -ul  fonvs  -  rfr/rfj,  &c.,  the  eipresBiona  -  EdFldf, 

ire  r«ll"'d  the  componaila  of  hlectric  Indvjclion),  to 

I.  (»  ■.(piiKi-Hble  t«  the  case  of  an  isotropic  niedinm 

h .     For  example  In  Green's  Theorem,  p.  63 

■  ■■luntioii  (if  energy  by  putting  U  =  /■", 

I'  force  between  two  (jiiantiiieii  g,  q'  uf 
1 1  aX  points  at  distuiice  t  apart  in  sucli  a 

rr-  tliat  jU9t  I 

-   lo   the   ieolliermid   surfuceB,  so  in  an 

■  direction  of  the  resultant  electric  in- 

Mi-.t  in  general  the  same  aa  the  direction 

:  u  I'lirce  at  the  some  point    Hero  also  the 
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Modified    two  theories  are  parallel,  but  it  is  beyond  our  limits  to  ei 
Form  of    into  them. 

Poisson*8        We  also  get  at  once  the  modified  characteristic  differen 
Equation,   equation  for  a  medium  of  specific  inductive  capacity  K,  vary 

from  point  to  point,  but  the  same  in  all  directions  at  any  « 

point, — 

and  at  any  electrified  surface  in  the  medium, — 

'^^l^'i!)^  "'"'■■  ■■■•> 

Surface     ^^  the  electrified   surface   be   a  surface  of  separation  bet« 
Eolations,  two  nunlia  (»f  specific  inductive  capacities  A'l,  A'j,  the  sur 
equation  is  by  (976)  above 

dF  dV 

A\  p  +  K.  Y-  +  47r(r  =  0.       .    .    .    ( 

i\iso  of         In  the  case  of  a  field  occupied  in  different  regions  by  medi 

sovrral      ditftTont  specilic  inductive  capacities,  the  characteristic  cqua 

^lotli.i  in    |s;  to  bo  applied  with  tho  corresponding  vahie  of  the  A's  in  < 

s»unt«       roirion,  and  the  surface  equation  (101)  at  each  separating  siiri 

..^.p*^*^'..         It  is  t«>  be  obsorveil  that  the  electric  densities  p  and  a-  are 

*  /'"\       ^^^^^   electric  densities  which  exist  in   the  form  of  an  ele( 

**'!    X  x^    chari:re  conveyed  to  the  medium  or  placed  on  the  surface,  am 

Fhvtriti«"\-  ^^^^^  inchide  the  electrification  of  the  medium  in  consoquenc 

induct  iv»n. 

We  may  put  the  theorem  of  (101)  into  words  as  follows. 

If  X^,  X.,  be  the  normal  forces  at  infinitely  near  poi 
on  opix^site  sides  of  the  surface  of  separation  betW' 
two  isotropic  media,  each  force  being  reckoned  in 
direction  from  the  surface,  A'^,  A'o,  the  specific  induct 
capacities  of  the  respective  media,  and  if  there  is 
electric  charge  on  the  surface  except  that  due 
induction,  then 

A;i\\  +  AVV2  =  0.    .     .     .     (101/ 


tUMlS. 


TRCE  AND  APPARENT  ELECTRIFICATIONS. 
is  equation  may  be  written  in  the  form 


0, 


(102)   M<dUii 


^A\.  (103) 


Field. 


iir         A'j  '       4ir  A"j       ~*    '■       'aiid"Aii-   ' 

Ttiis  value  of  c'  is  the  electric  aurfiice  density  wliich  Electrifici- 1 
Would  esi.st  an  the  aeparating  surface  of  the  media  if     '"""^ 
"■■ich  dad  unit  speci6c  inductive  capacity  and  JV,,  N^ 
'"■iractual  values,  and  has  been  called  by  Maxwell  *  the 
■:"irml  electric  density  on  the  surface.     If  a  distri- 
■  ■■■">a  of  this  density  be  made  over  the  surface  of  the 
'["ce  occupied  by  K^,  and  the  specific  inductive  capa- 
ntiis  ffj,  A'j  be  made  each  unity,  the  same  electric  force 
■nl!  bfi  produced  at  all  points  internal  or  external.     For 
'■  listributiou  if  made  gives  the  actual  values  of  N  at 
'  '  suriace.  and  equation  (99)  will  plainly  be  satisfied ; 
"1  «Te  have  seen  that  under  these  conditions  there  can 
Diily  one  value  of  the  potential  at  any  jwint. 
If  ihis  apparent  elect riiicat ion  be  removed  during  the 
■  'imof  the  inducing  force  by  bringing  every  part  of 
■■'■  surface  to  zero  potential,  say,  by  pasaiug  a  flame 
"■'  il,  and  the  inducing  force  be  then  removed,  there 
'II  iippi.rar  R  true  electrification  equal  and  opposite  to 
This  fact  has  been  used  by  Sir  William  Thomson 
'iplain  the*  phenomena  of  pyro-electricity  shown  by 
"  iiain  crTala]s.t 
U'«  toay  jjgg  u-rit«  for  PoiMon'B  eqiialinn,  (99)  above. 


T^    + 


rfyi 


^+^p   - 


(104) 


■  i».  aad  May.,  vnl.  i.,  iai  ad.,  p.  9b. 
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di   dx        df   dg      f:   ds 
\i  K  is  roHBtant  the  liistl 


8tJ|uati( 


Tlie  vnltie  of  p  given  by  (106)  is  tlint  required 

Bpecific  inductive  capacity  unity  to  produce  tlie  buiv 

E,f».t»D  »P'rf»'«iinll."ct.d'«dJb)-tted.t»ily,. 

of  LirifB  suffacD  nf  sepiration  la  not  at  nght  loiglwt 

of  Force.    "^  ffroe,  than  resolving  the  forces  M  two  inliQitGlf 


e  f  1  =  r,,  nt  QVPry  point  of  the  Buifarc, 


where  df^liki  denotes  rale  of  VAri«tion  of  polentinl  Ii 
pni'itllel  to  the  siirfnce  of  supnnitioii,  nrid  in  rim  pinni 
of  force  and  the  normnl.  Hence  if  fl,,  S,  be  ilie  ■ 
the  lino  of  force  makes  with  the  Dumiid  in  die  filvl^ 
seooud  medium  respectively,  wa  have 


d^j     rf., ' 


tan& 


.  ■"'.I 


nnd  tlicrefore 


tniifl,  =    -'  I 


Com-  Tlie  line  of  foroe  thus  iindprcne*  ft  Bpecies  of  i 

pnrison  of  wtiich  the  tangcntB  of  the  nngles  of  incidcne«  bi 

Elcctm-  are  related  ns  are  tlie  sines  of  the  (^urreapotidhig  a 

tutic  md  refniclion  of  lieht.    It  is  lo  be  observed  thftt  sccordin 

OpiicKl  of  reiractioii  of  lines  of  force  they  t-aii  eliow  nothing  ui 

Refrac-  to  the  outicHl  phoiiomonon  of  total  reflection,    ITiia 

""n*  iliuBtrated  in  Fig.  26. 


FIELD  CONTAINIKG  TWO  DIELECTRICS.  '  IIB 

■  If  Ihe  tartaee  of  separutioD  between  two  media  be  at  right 
"tIwIoiIib  lines  of  ftrce  in  one  nie.iftiro,  it  is  by  oqualion  (107)  al 

M  ttglcD  111  tlie  linea  of  force  in  tlft  other,  that  is,  tbe  surface 

■  Bjaipoientid  surface.  |f 

e  apparent  electrification   and   the  force  at  any  EmiurleB, 
i  easily  found  in  the  following  simple  cases, 
IB  instroctive  to  consider. 


^^m 

^K^ 

lif^ 

imi 

g^ 

PJ  Two  isotropic  media  A.  B  (Fig.  26),  of  specific  (i)  Two 

aiv«  c&pAcities  A',.  K^,  have  a  piano  surface  of     *'^'^,"j  ■ 

^'WiatioB,  ami  a  point-charge  of  amount  q  ia  situated  bv  Plaua  J 

1  poiul  i'  in  the  medium  ^  at  a  distance  d  from  the  S""***- 

'IS  of  veporation.   The  normal  force  due  to  the  charge 
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Two  y  is  at  any  poiut  E  in  the  plane,  q .  d;PE*  in  the 

sopMnted  t'ioD  from  AioB.    Hence  if  a  be  the  apparent  s 

by  Plaue  density  at  E  we  have  the  eqaations 

Surface.  ^ 


But  by  (103) 

1    K.-K. 

Hence  we  have 


PE* 


PE" 


^S=T- 


2k; 


A',  +  tC„ 


1^ 
PE' 


The  force  at  any  point  in  the  meditim  -4  is  i  i 
fore  by  the  principle  of  electric  images  (p.  84;  ■ 
which,  if  A  and  B  were  replaced  by  a  single  meti 
of  unit  specific  inductive  capacity,  would  bo  prodii 
by  the  charge  q  at  P,  and  a  charge  of  amo 
q{Ki-IC^I{Kj  +  E',)  at  the  image /'of  Pin  the  pla 
and  the  force  at  any  point  in  5  is  that  which  wo 
be  produced  in  the  same  circumstances  by  a  ^ 
Sy^j/CiT, +  A-j)ati'.  ■ 

The  directions  of  the  lines  of  force  (or.  as  th^pR 
rather  to  be  called,  lines  of  induction)  for  the  ivi'^' 
K^  =  5,  A"|  =  3,  are  shown  in  Fig.  26,  which  reiir 
a  section  of  the  electric  field  made  by  a  plane  piw 
through  P  and  cutting  the  plane  of  eeparatij 
mally.      The    closed    curves   which    surronnc 
sectioDS  of  cquipotential  surfaces,  and  the  IJ 


5  COHTAIFING  THBEE  DIELECTRICS. 

t  angles  are  the  Unea  of  induction.  The 
surface  nearest  P  in  the  diagram  is  a, 
lere,  and  the  surfaces  interior  to  it  are  omitted. 
e  distances  between  successive  eqnipotential  surfaces 
the  left  show  how  the  electric  induction  KiF  varies 
D)  point  to  pot»t  in  the  medium,  and  the  lines  of 
(action  are  so  drawn  that  if  the  diagram  were  rotated 
)ut  the  line  PP'  tlie  field  on  the  left  of  the  plane 
separation  would  be  divided  by  the  eiiuiiwtential 
faces,  and  those  generated  by  the  lines  of  induction. 
)  cellular  spaces  each  containing  the  same  amount 
the  electrical  energy,  considered,  as  io  p.  34  above, 
taving  its  seat  in  the  medium. 

)ii  the  right  of  the  separating  line  the  curves  are 
i-ontinufttions  of  those  on  the  left  into  the  second 
iium.  The  equipotential  surfaces  are  here  spherical 
aces  with  P  as  centre,  and  the  lines  of  induction 
ight  lines  radiating  from  P. 

"be  apparent  density  for  any  given  electric  system 

!   ■t^urse  obtained  by  superimposing  the  densities 

i  "jnd  for  the  several  elements  of  the  system. 

It  is  easy  to  apply  the  principle  of  images  to  find 

foire  and  potential  at  any  point,  and  the  density  of 

apparent  electrification,  in  certain  simple  cases  of 

e  or  more  media  occupying  different  regions  of  the 

-  :■  field.     For  instance,  let  the  infinite  planes  AB 

-7)  be  surfaces  of  separation  of  three  dielectrics 

'^mpletely  occupy  the  field,  and  let  the  electric 

I  be  a  point-charge  at  P  in  the  medium  between 

I'  aies.     Let  the  specific  inductile  capacity  of  the 

.  to  the  left  of  A   be  denoted  by  A',,  of  the 


ECparutfld 
by  PlriDB 
Suifac*. 


(2)  T>T( 
DielectrieB 

KopsrHtod 

by  u  Pluno 

ijivar  of  « 

third. 


InHuenca 

of  Point- 
ChnrgB  in 
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Two      medium  to  the  right  of  B  by  K^  and  that  of  1 
separated  niedium  between  the  planes  by  K^  and  write  ^  ; 

tiiird,     parent  electrifications  of  the  planes  A,  B,  can  be  bu 

under 

Influence 

of  Point. 

Charge  in 

one 


— ♦- 


B 


^2 


Fio.  27. 


up  by  considering  the  apparent  electrification  on  ^  c 
directly  to  the  charge  q  at  P,  then  the  apparent  elecl 
fication  of  B  due  to  (^  at  P  and  the  electrification 
A  already  found,  then  the  electrification  of  A  due 
the  electrification  of  B  already  found,  and  so  on.  ^ 
get  in  this  manner  the  result  that  the  potential,  a 
therefore  the  force  at  any  point  whatever,  produced 
the  apparent  electrification,  is  that  due  to  a  series 
charges  of  the  amounts  and  in  the  positions  specified 
the  followinsf  table : — 
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Charges  equivalent  to  Apparent  Electrification. 


/. — Pl<inc  A. 


PotL 


Ml?, 


a. 


Positions  (Fig.  27). 
f/*!  or  /g,        J2  or  /j,        J^  or  7^,  &c. 

Charges. 

/^l/^2S'»  /hV25»  /^iW^i  &c. 

Distances  from  plane  A. 

a  +  2)8.        3a  +  2A       3a  +  4y8,  &c. 


Total  charge  on  plane  A  =  '-V ^-^?. 

^  ^  1  -  /^lM2 

The   &C.S  here    indicate   that  the  series  are  to  be 
continued  to  infinity  according  to  the  law  indicated. 


Apparent 

Electri- 

ficntion  of 

Planes — 

(1)  When 

Charge  is 

in  Middle 

Stratum : 


IL— Plane  B. 

The  same  table  with  /  written  for  J,  J  for  /,  ai^  for 
/iji  Ai^d  fi^  for  fAiy  a  for  y3,  and  y3  for  a  throughout. 

In  these  tables  alternative  positions  are  given  for  the 
chaiges.  Of  these  the  first  in  each  case  in  the  first 
table  and  the  second  in  each  case  in  the  second  table, 
or  vice  versd,  are  to  be  used  in  calculating  the  potential 
( Vi  or  V^  at  any  point  according  as  the  point  is  on  the 
left  of  A  or  the  right  of  £,  and  the  second  in  each  case 
in  both  tables  in  calculating  the  potential  ( V)  at  any 
point  between  A  and  B.  If  Q  be  any  point,  we  have  for 
the  potential  in  each  of  the  three  cases  the  values — 
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The  expression  for  V2  is  obtained  from  V^ 
fii  for  fi2,  f^  for  /jLi,  and  /  for  J  throughout. 
(2)  When       Let  P,  the  position  of  the  charge,  be  in  th 
in  o^of  ^^  ^^^  ^®f^  ^f  -^>  ^^^  1®^  ^^  *^^s  case  K,  A^i, 

the  Side 
Dielectrics. 


P 


E        F 


B 


Fig.  28. 


the  specific  inductive  capacities  of  the  media  ii 
from  left  to  right.  We  have  the  following 
which  1,^= {K-K\)!{K+  K,),  /.,= (A'l  -  K^JK^K 
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Appannt 

[JIVALENT  TO  APPARENT  ELECTRIFICATION.    Electrifi- 
cation of 

Planes — 

Plane  A,  when 

Chai^is 

Positions  (Fig.  28).  the^ide 

/f         Y  T         T  Dielec- 

2,  J 2  or  ij,  ./j  or  /^.  tries. 

Charges. 

Distances  from  plane  ^. 
•  -  a,  4/9  -  3a,  6/8  -  5a,  &c. 

*e  on  plane  A  =  ^^ ---• 

Plane  B, 

Positions  (Fig.  28). 
/j  or  e7"2,  /g  or  J'g,  7^  or  J^,  &c. 

Charges. 
^+/^i)Mi/^2'2'»(1+Mi)/^iV2'?»-(1+Mi)MiV2'»&c. 

Distances  from  plane  B. 
i/S  -  2a,  5^  -  4a,         7^  -  6a,  &c. 

M2  (1  -<•  /h)  ? 


je  on  plane  -B  = 


1  +  /A1/X2 


^^2  be  as  before  the  potentials  at  a  point  Q 
:>{  specific  inductive  capacities  K,  Ki,  K^y 
ire  have — 


\ 


f  1  J.  M 

uuitorm  eit.<-  apparent  eiecw  , 


DIELECTRIC  SPHERE  IN  UNIFORM  FIELD. 

density  of  the  apparent  electrification  at  that  point  of 
^^^  separating  surfiEU^,  and  0  the  angle  which  a  radius 
^Wn  to  the  point  makes  with  the  positive  direction 
of  -y.  Taking  N^,  N^  in  the  direction  from  the  surface 
^^  toth  sides  we  get  by  (101  his)  and  (102) 
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Condition 

satisfied 

by  Normal 

Forces  at 

Surface. 


K. 


or 


i'co8^  +  A'i  +  p  (-^cos^  +  iVj)  =  0; 


^         1    ^i'^ 


47r 


JTo 


{F  cos  e  +  N^) 


=  _  _L  .  -^2"  ^1  r- 


47r         ^1 


(- ^  cos  e  +  iV^a)-    •     (112) 


7^^  is  the  surface  characteristic  equation.     The  dis- 
^*>Ution   supposed  formed   in  the  following  manner 


Apparent 

Density 

given  by 

"Couches 

de  Glisse- 

ment." 


Fio.  29. 

^tisfies  this  equation  at  the  surface,  and  Laplace's 

^nation   at   every  internal   and   external   point,   and 

^ves  therefore  the  apparent  surface  density  for  the 

<2ase.      Two  equal  spherical  volume   distributions  of 

electricity  of  uniform  density  p,  one  positive,  the  other 

n^ative,  and  of  the  same  radius  as  the  sphere,  are 

placed  in  coincidence ;  then,  according  as  JTg  ^  greater 

or  less  than  JTi,  the  positive  or  the  negative  distribution 


ELECTROSTATIC  "I 

13  displacctl,  Fig,  29,  in  the  direction  of  F  ihroiigli 
finite  distance  a  leas  than  the  sum  of  the  nuhi. 
positive  volume  distribution  of  meniscus  shape  is  tb 
formed  on  one  side,  a  oegiitiv^  distribution  preds* 
similar  on  the  other,  and  in  the  space  occupied  fay  *■ 
coincident  parts  of  the  distributions  there  is  zero  elect 
density.  Now  let  the  diKtanco  a  be  diminished  ind* 
oitety  and  the  density  of  the  volume  distributioo 
increased  so  that  pa  remains  equal  to  its  former  vali 

Lawof  Drawing  then  any  radius  making  an  angle  9  with  t 
oBity-  Jirection  of  ^,  we  have-for  tbo  thickness  of  the  sti4t« 
in  the  direction  of  the  radius  the  value  a .  cos  6.  Hem 
writing  o-J  for  ap,  the  surface  density  at  the  extrenii 
of  the  radius  is  o-'^iCosd.  Its  value  is  i 
according  as  ff  =  0,  or  180°. 

Foree  itt        The  fore©  at  any  internal  point  P  due  to  thaf| 

inUttial    ^^"^''"1  is  plainly  the  resultant  of  the  two  fornea  ( 
Point  Aw  the  two  spherical  portions  of  the  volume  distribn^^ 

butiui.     which  have  C.  C  as  centres  and  P  a  common  point 
their    surfaces.      These   forces  are   in   inagiiitTi'l'-    ' 
speotively   4/3  .  irp .  CP,   4/3 .  irp .  CP,  and  act    ■ 
directions   shown   in   the   figure,  and   therefon 
resultant   acta   in   the  direction  CO".    Putting  it    j 
this   resultant   taken   positive   in   the  directioD^H 
we  have  ^H 

4 


■  W 


R  =  -\-KpCC  = 


ni 


ltit«n)al        It   ig   therefore  constant  in  magnitude.     Ti 
"     "   yithin  the  sphere,  is  therefore  also  I 


Umfom.    forcc,i'+Al 

in  magnitude  and  direction. 


DIELECTRIC  SPHERE  IN  UNIFORM  FIELD. 

By  (113), 

4       ,  4 

-STj  =   3  ^^'o  cos  5  =  g  TTO-', 

'S'fuicli  gives  by  substitution  in  (112) 


'''=L&-;^-J"''^''<''''^- 


Therefi 


ore 


and 


jj  =  -  r:*— ^:i  F, 


m  • 


^+^  =  M7fV/- 


Fig.  30. 


125 

iDternal 

Field 
Uniform. 


(114) 


(115) 


(116)    Resultant 
Internal 
Force. 


Hence  according  as  K^  is  greater  or  less  than  K^  the 
force  within  the  sphere  is  less  or  greater  than  the  force 
f  without. 

The  directions  of   the  lines  of  force  outside  and 
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Besaltant  inside  the  sphere  are  shown  in  Fig.  30  *  for  the  case 
Foroe*    of  ^2  =  2*8A^i,  and  radius  of  sphere  =  I'la ;  in  Fig.  81 
for  K^  =  '^Kj  and  radius  of  sphere  =  l'34a. 


<— 


1/ 
Fig.  81. 

Case  of        If  the  sphere  is  of  conducting  material,  ^2  =  00,  and 

iug  Sph^ere  ^  +  -^  =  0,  as  it  ought  to  be.     In  this  case  also  we 
in        have 

Uniform  o 

''■«"•  a'  =  i-  Fcosff.      .... 


(117) 


The  directions  of  the  lines  of  force  for  the  case  of  the 
conthicting  spliere  arc  shown  in  Fig.  32.*  The  radius 
of  tlie  sphere  is  a/V2  =  '79ifa, 

*  The  equation  of  the  curves  external  to  the  circle  in  Figs.  80, 

tilt   0—%   IS 

The  oontrt.  of  the  circle  b  tlic  origin,  and  the  curre  XX,  which  in  eub 
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The  potential  energy  of  the  dielectric  sijlierc  in  the    Potential 
filiform  field  is  found  simply  by  calculating  the  work   i)ici^tric 


"One  by  electric  forces  in  the  relative  displacement  of  Sphere  in 
*he  imaginary  volume  distributions.    If  r  be  the  radius     Field. 

^^^  19  a  straight  lino,  ia  the  axis  of  x.  In  Figs.  80  and  32,  y-  i.s 
^^^'yvhcre  less  than  6*  ;  in  Fig.  31,  y*  is  everywhere  greater  than  Ir, 
r*^^  let  of  cunres  is  drawn  for  a  constant  value  of  a  which  is  indicated 
**o%  the  diagram,  and  values  of  b  equal  to  0,  '2a,  •4a,  'ea, . .  . .  1  '^a, 

ij?  ,^igi.  80  and  32,  the  curve  for  h  =  »/5/\/2.  a  =  l'Z75a  is  drawn. 

fua  cnrre  has  a  pair  of  double  points  through  which  the  circle  in 

^-  82  passes :  in  Fig.  80  these  points  fall  within  the  circle  and  ai-c 

"**^  shown.    In  Fig.  82  the  circle  has  radius  =  a/^/2  =  •794a  and 

^^  orthogonally  all  the  curves  except  that  on  which  are  the  double 

^^ti :  in  Figs.  30  and  31  the  radii  of  the  circles  are  1  *la  and  1  *34a 

^Pectively.    [Se«  Sir  W.  Thomson's  BeprirU  qf  Papers  on  Elcdro- 

^^^  and  Ma^putism,  p.  492,  from  which  these  Figures  are  taken.] 


Spbcnt: 
Uaifaa 


EIXCTttOSTATIC  THH)Er, 
of  tbe  spheie,  the  total  qasntity  of  electiidtjr 
positiTe  rolume  distribution  is  4/3. vpr*. 
done  hf  electric  forces  in  disf^Aciiig  tliis  thronj 
tanc«  a  is  iS.vpr'.Fa.  Hence,  if  £  be  the  e 
tbe  ^here  i»  the  JUid, 


Vnruibla 


Conduct- 
ing 


=  -r' 


A'  -  A', 


2A',  +  ir,-'  ■    ■   ■ 

This  expression  has  been  obtAinetl  for  a 
field,  but  it  will  also  bold  for  a  variable  field  if 
small  that  tbe  valae  of  F  is  sensiblv  constant  ii 
tude  and  direction  at  every  point  of  tbe  sphere. 

On  this  supposition,  tbe  rate  of  diminution 
any  direction  p  in  a  variable  field  is  given 
equatioa 

"      AT,    rf(n 


dv 


-=/  = 


SA",  -1-  A", 


dv 


and  this  must  be  the  total  electric  farce  on  tbe  i 
Writing  X,  y.  2  respectively  for  v  in  this  for 
get  JC,  Y,  Z  the  component  forces  in  the  dire 
these  variables.     The  direction  of  the  resultant 
the  sphere  is  that  for  which  d  {F')idv  ia  a  i 
and  in  which  /"  increases.     The  direction  thei 
which  the  sphere  tends  to  move  is  tjiwards  a 
maximum  value  of  /" ;  that  is,  in  which  the  vala 
numerically  greatest  without  distinction  of  sign. 
For  a  conducting  sphere  (IID)  becoraea 
dE      ^-d[F^ 


dv  ' 


dv 
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I  tlie  sphere  tends  to  move  in  the  same  direction  as    Fone  in 

^lielectric  sphere.  "^^^^^^ 

ie,a6  we  have  seen,  there  ia  no  place  of  maximum  (2)' 


imum  potential  in  space  not  occupied  by  any    S|ilii;rc. 


^nf  ihe  electritication,  a.  point-charge,  or  small  sphere 

5iiiipui(eil  uniformly  electrified,  would   nowhere  be  in 

I'if  equilibrium  except  in  contact  with  some  part  of 

""-*  flectrification  ;  and  the  pi'opoBition  may  be  extended 

K electrified  body.     Hence  in  the  caaea  here  con- 
the   Rpberes  move  along  the   line   of  greateel 
m  of  force  towards  a  place  where  the  force  13 
""iii'Tically  greatest.     Generally,  ihh  ia  the  direction 
liith  all  bodies  of  small  dimensions,  placed  in  the 
j^tJie  field  without  cliaige,  tend  to  move. 
%(119)  and  (120)  {A\~K,)i{iK:^-i' K^  is  the  ratio 
p  force  on  a  dielectric  sphere  of  specific  inductive 
fity  ATj  to  the  force  on  a  conducting  sphere  of  the 
iftdiua  placed  at  exactly  the  same  place  in  the 
III  specific  inductive  capacity  A',. 
B  relation  has  been  used  by  Boltzmaun  for  the 
iDioaUou    of    specific    inductive    capacities    (see 
I  VII.). 

pBhall  now  apply  the  results  stated  above  to  one  or 
bportant  cases : — 

liu  eleHnc  field  consists  nf  two  regions,  one  Vacunm 
1  by  equipoti'utial  surfaces,  and  filled  wiih  a  f""''.''"™' 
"fine  of  specific  inductive  capacity  K  the  same  in  all  Dielctiiis 
'tiling,  and  the  other,  tlie  remainder  of  the  space  ^''jj,^' 
'nil  the  zero  equipotential  surface,  occupied  by  a  Cap.  K. 
'■''-Iiic  of  unit  specific  inductive  capacity.  It  is 
■nictjve  to  refer  this  example  directly  to  the  thermal 
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analogy.  The  atialogae  of  the  elect.rifieci  system  i> 
geometrically  corresponding  system  nf  heat-BOurwji  ■'■"' 
isothermal  surfaces  in  a  medium  of  conductivitj'  t.*'  i 
where  unity,  except  in  a  region   bounded  by  iaotlun  ■ 

Therinsl  surfaces,  where  the  conductivity  is  f;.  Suppuse  i- 
'*'"'*'  whole  medium  at  first  of  unit  conducliiity,  ■! 
that  then  a  medium  of  conductivity  k  is  substim 
for  the  former  medium  in  the  space  referred  to,  "I 
everything  else  remains  unaltered.  The  effect  vi  ■- 
Iroduclng  the  medium  of  (say)  higher  conductivity  i 
diminish  the  difference  of  temperature  between  tk 
inner  and  onter  surfaces  of  the  new  medium  | 
ratio  of  1  to  k,  since  everywhere  in  that  medid 
flux  along  a  line  of  flow  becomes  -  kdvjdr.  i 
the  generation  of  heat  is  unchanged,  must  be  e 
the  fonner  value  of  —  dvjiir.  Hence  also  the  flax  « 
point  which  is  not  in  the  now  mwlium  ii 
and  we  have  therefore  at  every  such  point  the  Si 
dioiit  of  temperature  as  before,  and  tliurcroreai 
same  dtffert-nce  of  temperature  as  before,  betwee 
point  of  the  system  of  sources  sad  the  inner  » 
th<^»(>wm(Htium,  nnd  between  any  point  in  theoi 
ftwo  uf  the  now  m^um  and  tbo  sorEace  of  xero  it 
tyre.  If  llit'n  the  tempiTature  of  tbo  inner  bi 
ftwmerly  p.  and  that  of  the  outer  stirfuce  r',  the  t 
ture  of  any  point  of  the  source  lias  be*n  lowered  I 
iutrodui-tioD  of  the  niediutn  of  conductit-itj  A  1 
amount  (r-  r')rt- -  l),'t-. 

In  j«\xi»ely  tht>  stuno  way  in  ti 

Loweriii^   if  ito  clectTic  c)iarg\-s  too  kept  : 
t^rc*  nt  pircry  point  inud«  or  out.- 


KrTnt  of 
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altered,  and,  at  every  point  within  the  substance 
5  medium  itself  is  changed  from  its  former  value 
^jKy  and  the  potential  of  any  part  of  the  electrified 
Q  is  lowered  by  the  amount  (F—  V'){K-'\)IK, 
!  V  and   V  are  the  respective  potentials  of  the 
and  outer  separating  surfaces  of  the  media, 
the  new  medium  fill  the  whole  space  between  the   Capacity 
ified   system   and   the   surface   of  zero  potential     denser 
0,  the  potential  V  of  any  part  of  the  system  has  j)- j^^'L 
diminished   in   the   ratio   of  1    to   K^  and    the  ofSj). Ind. 
3  of  the   whole   system   necessary  to  produce  a      *^'*     ' 
potential  at  any  part  of  it  has  therefore  been 
sed  in  the  ratio  of  A'  to  1 ;  that  is,  the  electro- 
capacity  of  the  system  has  been  increased  in  this 

3  same  results  would  be  obtained  by  imagining  Dielectric 
Qedium  of  inductive  capacity  K  replaced   by   a  equivalent 
im  of  unit  inductive  capacity,  and   the  internal  ^^jstribu^*^ 
external    surfaces   of    the   region    electrified    so     tion  of 
the   surface   density  at    any  point  of   the  inner     tiicUy. 
;e  is 

K^ldV 


+ 


— > 


47r      dv 

it  any   point   of    the   outer   surface 

A"-!  dV 


47r      dv 

dVjdv  is  the  rato  of  variation  outwards  along  a 
f  force  passing  through  the  point  taken  in  the 
ise  just  inside,  in  the  second  case  just  outside,  the 

K  2 
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Diaicctric  region  in  qnestion.  Those  being  eqitilibriui 
cqaivalftit  bntions  woold  Qot  alter  the  actual  diittribnt 
toSurfco  tJie  force  ioside  and  outside  the  region  at  i 
tinu  «r  would  ba  tlie  same  as  before,  while  within  th 
,^'.^'  it  would  be  diminished  at  any  point  in  the 
"'■'  '*'     1  to  A'. 

Wo  see  in  the  same  way  that  if  the  specific 
capacities,  instead  of  being  1  and  i'  were  rc! 
A',  and  A'j,  the  difference  of  potential  betweei 
sides  of  the  layer  JC^  would  be  less  than  it« 
the  saiae  space  occupied  by  the  medium  A 
ratio  of  A',  to  K^,  and  the  density  of  the  i 
diatribntion  described  in  the  last  paragrap 
be 

A',  -  A',  <t  V 


for  the  inner  surfiice,  and  for  the  outer  surface 

_  ^'■-  -  ^'i  '^  z 

\v        dv 

ConcimBcr  (2)  The  same  method  applies  to  the 
u"'lli^e'r»  '^*'ld  composed  of  dielectrics  of  inductive  ( 
of  djfiereiit  ^'^_  A',,  A'^,  &c.,  each  bounded  by  equipotential 
and  arranged  in  this  order  outwards  froui  the  • 
system,  which  we  suppose  in  the  me<]iur 
be  trbe  potential  of  any  part  of  the  electrifie 
F,  the  potential  of  the  outer  surface  of  JC. 
inner  surface  of  A',,  V^  the  potential  of 
surface  of  K^  and  the  inner  surface  of  K^, « 
Then  if  K^  alone  were  replaced  by  vacuaai 
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I  become  A',(F—  V■^)  the  other  differeDCea  of 
nial  remaiiiiiig  the  same  as  before ;  if  K^  were 
Irepkiccd  by  vacuum,  V^  —  V^  would  become 
-  V^,  and  90  on.  Hence,  if  all  the  media  were 
I  by  vacuam.the  potential  of  any  part  of  the 
i£ed  system  would  be  changed  from  V  to 

Ar,(r-  Fj  +  Kiv,  -  K^  +  &c. 

IT.  if  ^  be   the   new  valu 
■lifj   of   the    system    and 


CoQiIfiiiMr 

ofdllferetit 
Diflec- 


of  the   electrostatic 
"    its   former    value 
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PC   _ V 

M;i:(well  *  has  considered  a  dielectric  medium  Bur- 
'iiding  an  electrified  system  us  in  a  state  of  strain 
'•T  stresses  consisting  of  a  tension  (as  in  a  stretched 
■'-■  or  cord)  acting  at  eiich  point  along  the  direction 
'  <'i'^  electric  force,  and  an  equal  pressure  at  the  some 
^l  in  all  directions  at  right  angles  to  that  of  the 
Ic  force.  The  amount  of  the  tension  and  pressure 
a  taken  in  units  of  force  per  unit  of  area)  at  any 
|ftt  which  the  electiic  force  is  i*  in  a  medium  of 
c  inductive  capacity  A'  is  KF'j&it  ;  that  ie,  equals 
I  above)  the  electric  energy  of  the  medium  per 
f  Tolume  at  that  point, 

',  he  baa  regarded  the  electric  charge  of  the 

B  aa  the  surface  manifestation  of  a  change  which 

]ilace  in  the  medium  when  the  electrification  was 

This  change  be  has  called  EU':ti'k  Displacement, 

•I  Mag.,  »oL  i..  «ec.  v6.,  \\x-.  B9— 67ao3  153-160. 


Muxwvll'l 
Throry  of 
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and  consists  in  a  passage,  across  every  surface  tliail 
the  medium  so  as  to  enclose  The  electrified  syelcmJ 
Eleciric    quantity  of  electricity  equal  to  the  charge  on  Llie 
wint.      80  that  the  introduction  of  a  charged  system  v 

closed,  space  does  not  produce  any  change  in  I     

quantity  of  electricity  witbiu  the  space.     Thus  wlien 
one  coating  of  a  condenser   is  cbnrged  posiliwly  ■ 
equal  quantity   of  positive   electricity  passes  toivWJ* 
the   other  coaling  across   every  intermediate  t 
and  the  charges  on  the  coatings  are  to  be  rcgiinloj 
tlie  charges  of  the  surfaces  of  the  separating  diel« 
If  any  change  take  place  in  the  charge,  a  carresjioiuli'"-' 
change  takes  plat^e  in  the  displacement.     Hence  ^i  ■ 
a  quantity  of  electricity  is  transferred  from  one  coaiu^^ 
A,  to  the  other,  B,  as  when  chartre  or  liiacharge  Ukes 
place  along  a  wire  connecting  them,  an  equal  quantity 
of  electricity  crosses  every  section  of  the  dielectric  fmn* 
B  towanis  A.    If  therefore  we  regard  the  process  of  ' 
placement  as  an  electric  current,  the  dielectric  and  ' 
wire  constitute  a  closed  circuit  round  which  a  cor 
passes  so  long  as  any  change  in  the  electric  state  ul  ' 
syRtern  is  taking  place. 
Surfflci'.        The  magnitude  of  the  electriu  displacement  is  A'/"  •- ' 
'  EhSL"'^  and  the  disphicement  across  any  element  Sm  of  a  siiri' 
luduoiion.  drawn    everywhere    at    right    angles    to    the    line; 
induction  is  K^'Ss/i-rr.    The  integral  of  this  expra 
taken  over  the  surface  is  the  whole  quantity  of  electd 
in  the  form  of  a  charge  within  the  surface. 

The  ratio  4Tr/Arof  the  electric  force  to  the  dccff 
displacement    Maxwell    has    called    by    analogy 
Co-rffinml  of  Electric  ElwUicUn  of  the   medium,    i- 


nne; 
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of  the  electric  elasticity   a  force'  opposing  the    Electric 
lement  is  set  up  which  restores  the  medium  to     ^  ^^*  ^* 
•mer  state  when   the  electric   force  is   removed, 
conducting  wire  this  elastic  force  is  continually 

way,  and  being  restored  by  the  displacement 
ually  going  on/  which  therefore  constitutes  an 
c  current. 


CHAPTER  n. 
Sr  OF  FLOW  OF  SlECTSrC/Tr. 

8UTH»   I. 

0£ySR,a.  CONSWERATIOXS.    STEADY  i'LOtV 


HiTBERTU  we  have  been  dealing  with  thii  tW''  ' 
phenomena  of  electricity :  it  is  noceasary  now,  WU 
entering  on  the  sabjt^t  of  even  purely  statical  iiteasui 
roeiits,  to  briefly  consider  some  of  the  phenomena  ''' 
laws  of  current  electricity.  We  shall  not,  huwcver,  li'  i 
deal  with  any  part  of  the  gr«al  subject  of  elect i  ■ 
nii^aclism,  bat  reserve  that  for  a  special  chapLer  |i" 
liminary  to  an  account  of  tlectromagnelic  meaaureme i.' 
"""'  When  two  conductors  are  brought  into  contact  eit':' 

ntlin);  directly,  or  by  means  of  an  interposed  conductor  ' 
lerEiiut-  contact  with  both,  there  ensues  in  all  cases  in  wln' 
T  librium    the  two  conductors  are  of  the  same  material  (if  nr.>i 

•bite  of       ,,  .      .  .    . 

j  Xlortiin    all  cases  whatever)  an  equalization  of  their  potenti 

'     This  eqimlizntiun  does  uot  take  place  inBtantaneon 
although  for  most  practical  purposes  the  time  d'lH' 
which  the  change   takes   place   may  be   regardinl  "' 
infinitely  short.  ^ 

[■  In  every  such  case  there  is  a  diminution  ( 
Icieutric  electric  energy  of  the  conductor  which  is  nl  the  fa 
^"utn!'  Potential   accompanied   by  a   fall  of  its   potentid 


^"llLVr.E  FROM  ONE  EQCILIBEIUM  STATE  TO  ANOTHEH.  1! 

■  nase  uf  tbe  electric  energy  of  the  other  ronductor    Himinu- 
'111  a  rise  oT  its  polential,  anO  a  dimiiiutioQ  uf  the    Electric 
tltilric  energy  of  the  whole  system.     To  estimate  these  F^erRyrf  1 
chajiges  in  a  specific  case  we  shall  suppose  that  the 
cocdiictora  are  brought,  without  any  change  of  position, 
into  contact  by  means  of  a,  thin  conducting  wire  such 
tliat  ifj)  capacity  may  be  neglected  in  comparison  with 
''rat  ,if  either  of  the  conductors  connected.     After  con- 
I  tiierefore  these  may  be  regarded  as  one  conductor 
I'll  charge  equal  to  the  gum  of  the  separate  charges 
uclbre  contact,  and  capacity  equal  to  the  sum  of  the 
'^parate  capacities.     Let  then  Q„  Q^,  be  the  charges  of 
Ine  conJuctors  before  contact,  A',,  ATg,  tiieir  capacities. 
TliB  energy  before   contact  was  iQilfC^  +  J6|/A';,; 
II -t  contact  it  is  i{Qj  +  Q^YJ(lLi+K^.     The  ditiiinu- 
""  <>{  energy  is  therefore  given  by  the  expression 


(ftlWl 


^JC, 


(1) 


I'h  is  essenljally  positive. 
1  lie  energy  representeil  by  this  expression  is  trans-  ^5''j,*''^'°jj 
■I  "ltd  into  heat  which,  when  no  magnetic  or  chemical      lUl 
""rk  is  done,  takes  the  form  of  heat  given  out  pai'lly 
'"  "lie  intermediate  conduct-or,  partly  in  the  conductors 

Klves,  and  partly  in  a  spark  wlien  the  contact 
pasaage  to  the  new  state  of  equilibrium  may  P""''""  1 
ic  to  oocupy  a  longer   or   a   shorter  time   ac- 
winlinn  tfl  tbe  arrangement  adopted.     For  example,  if  " 
■   MEidiiotora  be  the  opposite  plates  of  a  condenser, 
D  joining  conductor  be  a  long  thin  wire  wound 
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into  IV  helix  coobuuing  an  iron  core,  tbe  time  U 
annul  a  given  diffL-reiice  ol  jMtentiaJ  between  t' 
(luctors  may  be  mado  so  long  as  to  b&  capabl<a  of  if 
measurement. 
uic        During  the  time  of  transition  there  is  a  flow  of  fl 
""      (ricity  from  one  conductor  to  another,  and  this  it 
is  called  an  Eltdrie  Current. 
M»»»nro  of      The  average  Strength  of  Current  over  any  a 
^Sll"'  of  the  conducting  wire  is  measured  by  tJie  limit  U 
which  the  ratio  of  the  quantity  of  electricity,  whicf 
the  cross-section  in  a  small  interval  of  time,  to  tl 
oitude  of  the  interval  approaches  as  the  int4?T\-al  is  uU'li 
smaller  and  smaller;  that  is,  it  is  the  time-rate  o[  3<f< 
of  electricity  across  the  section.     Hence,  in  all  o 
\vhich  the  current  may  he  regarded  as  having  tl 
value  at  any  one  instunt  over  every  ci 
time-rate  at  which  one  conductor  loses  and  at  I 
the  other  gains  charge  is  equal  to  the  currentJ 
shall  see  later  how  current-strengths  may  be  mei 
experimen  tally, 
l^finition       Ti,p   current   has   the   same  value   at   every  j 
of  SiMily  .  ,         .  ,-  ,  ■  .5 

Current,    section  when  the  capacity  Of  the  connecting  cimuin 

negligible  in  comparison  with  that  of  each  of  Uif  r 
ductors  connected,  and  also  when  the  current  is  if" 
that  is,  when  its  value  for  any  one  cross-section  '■ 
not  vary  with  the  time;  but  in  many  cases  nf  cmr 
of  very  short  duration  the  assumption  of  the  fuliilii 
of  tiiia  condition  must  be  regarded  as  giving  nsw 
which  are  only  approximately  true,  and  in  other 
for  example  that  of  a  submarino  cable,  cannot  b 
at  all. 
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VHifn,  liowever,  tliis  conditiou  is  fulfilled,  we  see  that 

fi't  tlefitiric  current  may  be  compareci  to  a  current  of  an   , 

"  '"uiprcssible fluid  between  two  vessels  comDiunicating 

>  1  rigid  caua),  whicL  opens  only  into  the  vessels  and 

I.I  [jt  full  by  ihi;  cuiTCDt.  Tlio  differooce  of  potentials 
'"nten  the  conductors  is  analogous  to  tbe  difference 
i  iinasures  between  the  two  vpssels,  and  the  current 
'  fra  nny  section  of  tlie  conductor  to  tbe  time-rate  of 

'>^  of  liie  fluid  across  any  section  of  the  channel. 
^'re  llie  flui<l  is  inconipressible  and  tbe  channel  is 
'pi  full  and  unaltered  in  dimensions,  the  time-rate  of 
I  «,  however  it  may  vary  with  tbe  time,  will  have  at 
■'ly  mie  instant  tbe  same  value  at  every  cross-section. 

Tlie  time-rate  of  loss  of  energy  at  any  instant   is  l 
I ''iniy  equal  to  the  product  of  the  current  and  tbe  dif- 
■inioeof  potentials  between  the  conductors.     Deuotini; 

'"■  potentiab  of  the  conductors  by  K,  and  V,.  aud  the 

iitsot  or  lime-rate  of  loss  of  charge  by  7,  and  using  A 
■■'  'IfQote  time-rate  of  working,  or  Adh-Uy,  we  have  for 
ilimcase 

A  =  ^r^-  r,)7. (2) 

^is  expression  is  of  course  precisely  similar  to  Uiat 
''I'icb  m  the  bydrokinelic  analogy  expresses  the  late  of 
"'irking  of  the  current  of  fluid. 

Tlie  flow  uf  ele<:tricity  in  bodies  is  also  exactly  analo- 
'-""is  tu  tlie  conduction  of  beat  and  to  the  diffusion  of 

'I'liilsand  gaseB,and  the  mathematical  theory  common 
'"  'liese  two  classes  of  phenomena  may  be  used  also  to 
-■"■  iMultB  in  the  electrical   problem.     We  shall  sec 

'"""  that  tbe  amount  of  flow  depends  on  the  nature 
"  tl'B  Mibetance  exactly  as  the  flow  of  boat  depends  on 
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tlie  thermal  conductivity  of  the  subatonoc. 
we  take  a  difference  of  temperature  as  the  an 
a  difference  of  potentials,  rate  of  flow  of  heat 
area  as  the  analogue  of  an  electric  current, 
ductivity  of  a  substance  for  heat  (taken  as  inc 
of  temperature  according  to  Fourier's  suppo 
the  analogue  of  a  quantity  which  we  call  Ih 
EUntric  Uoniluctivity  of  a  substance, 
equations  of  heat  conduction  bodily  to  the  thee 
of  electricity.  For  example,  the  theory  given  i 
v.,  Gliapter  I.,  for  electrostatic  in<luction  in 
media,  can  beat  once  translated  into  a  theory 
flow,  or,  as  it  is  also  called,  conduction  of  elee 
different  media ;  and  we  shall  see  below  that  t 
of  thatsectiou  are  available  without  modifical 
The  analogies  va  have  referred  to  are  onl 
those  which  exist  between  the  mathematical 
electricity  and  magnetism,  the  raotion  of 
eluding  diffusion),  and  the  conduction  of  hei 
seems  highly  probable  that  some  of  these  anJ 
consequences  of  hitherto  undiscovered  mutua 
of  the  phenomena. 

It  la  found  experimentally  by  Dittasaring  n 
cute  electrometer,  that  between  any  two  cro 
A  and  fi  of  a  homogeneous  wire,  which  is  not 
in  a  magnetic  field,  and  along  which  a  stead 
pf  electricity  is  kept  flowing  by  any 
exists  a  difference  of  potentials,  and  that-  il 
be  of  uniform  section  throughout,  the  dtf 
potentials  is  in  direct  pro;Kirliun  to  tlielcng 
between  the  cross-sections.     It  is  fuundt 
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ilifference  of  potentials  between  A   and  S  is  kept    Electrii 

t,  and  the  length  of  wire  between  tLem  is  altered,       „/ ., 

renetbof  tJie  current  varies  inversely  as  the  lenjrth  „  H"' 

r  ,..,,,         ■      -      .  ,    ,     ^.„   Conductor. 

ewire.     Again,  if  the  length  of  wire  and  the  dif- 

f  potentuls  between  A  and  B  be  kept  the  same 

Ulthe  eroas-sectional  area  of  the  wire  is  increased  or 

kiihed,  the  current  is  incTeascd  or  diminished  in 

^Wnie  ratio.    Hence  the  wire  ia  said  to  oppose  to  the 

■freal  a  retiuUance  wluch  is  directly  proportional  to  the 
':1b  of  wire  between  the  two  cross- sections,  and 
'■raely   proportional    to   the  cross-sectional   area  of 

It  for  any  particular  wire  measurements  of  the  current 

"iMj|;th  in  it  be  made  for  various  measured  differences 

'  ["iteotials  between  two   cross-sections,  the  current 

-■''^oglhs  are  found  to  depend  only  on,  and  to  be  in 

^^e  proportion  to,  the  differences  of  potential  so  long 

^^kre  is  no  sensible  heating  of  the  wire. 

^017  be  put  for  the  strength  of  the  current  flowing  in 

■'  "ire  of  resistance  R   between  two  cross-sections  at 

'•^iitials  V^,  V^  respectively,  these  results  are  all  ex- 

I'lrawiJ,  imd  unit  resistance  is  defined,  by  the  equation 

y,  -  K 


M 


(3) 


mi  is  ec^uivalent  to  a  relation  given  by  G.  S.  Ohm," 
Eu  lience  called  Ohm's  Law.  Ohm  used  the  expres- 
l"GeraUe  der  Elektridtat "  for  a  quantity  which, 
'  earlier  works  which  appeared  after  the  publication 
is  "Ssay,  was  called  "  Difference  of  Tensions,"  but 
P  ft*  OaltaKU^  K'Oe  mathaiuUUch  btarbeitet,  Barlio,  1627. 
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RiiMJiivi-  which  is  now  recognized  as  jiroportiouiil  to 
'fciI."  ^^*^  '*  •*  ^''"  usual  to  give  a  apecial  name  to 
iWneJ.  of  potontinls  wheD  considered  in  conuection 
flow  of  electricity.  Thus  the  name  Eledromtt 
is  frequently  given  to  the  difference  of  potentials 
two  points  or  two  equipotential  surfaces  in 
geneous  conductor,  when  thus  considered  with 
to  flow  of  electricity  from  one  to  the  other, 
accordiince  with  custom  and  aulliurity  the  Ujn 
thus  employed.  A  somewhat  more  generftl 
which  the  term  is  used  will  presently  bo  ( 
It  is  to  he  carefully  remembered,  however,  tha 
motive  force  is  not  a.  force :  the  two  words  must 
lot/ether  as  a  single  term  having  the  meaaing 
to  it  in  its  delinition. 

A  constant  difference  of  potentials  may  1 
taiiied  between  the  extremities  of  a  hom 
conductor,  and  therefore  also  a  currfnt  mnint 
the  conductor,  in  several  ditTerent  ways:  for 
by  a  voltaic  battery,  a  thermo-electric  pile,  or  a 
electric  or  nia^ueto-electric  machine.  Fartici 
ganliug  different  forms  of  voltaic  bal  lyrics, 
practical  construction  of  other  electric  genera 
given  in  various  treatises ;  at  present  we  deal  o 
principles  wliich  are  generally  applicable,  reae 
consideration  later  tbeir  applications  in  p 
cases, 

Equatiou  (3)   is  not  fulfilled  in  general  h] 

diictor  made  up  of  different  homogeneous  part 

■  end  to  end.  or  hy  a  conductor  moving 

;e  of  u  magnetic  field.     For  si 
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(3a) 


bere  Tj,  V^  denote  as  before  the  potentials  at  the 
:tremities  of  the  conductor,  and  R  the  sum  of  the 
sistances  of  the  homogeneous  portions  of  the  conductor 

the  former  case,  or  the  actual  resistance  of  the  con- 
ictor  in  the  latter.  The  conductor  in  such  cases  is 
id  to  contain,  or  to  be  the  scat  of,  an  electromotive 
w  E,  or  (as  frequently  in  what  follows)  an  electro- 
)ti?e  force  JS  is  said  to  be  m  the  conductor.  The  total 
Jctromotive  force  producing  a  cuiTent  in  the  conductor 
now  Fj  —  Fj  +  E.  Since  in  a  heterogeneous  conductor 
)  applies  in  the  first  case  to  every  part,  except  any, 
wever  small,  which  includes  a  surface  of  discontinuity, 
e  electromotive  force  is  said  to  have  its  seat  at  the 
rface  or  surfaces  of  discontinuity.  In  the  other  case 
Jctromotive  force  has  its  seat  in  every  part  of  the 
nductor  moving  in  the  field,  according  to  a  law  which 
'  shall  afterwards  discuss. 

In  a  circuit  composed  of  different  homogeneous  con- 
•ctors  let  adjacent  points  be  taken  on  opposite  sides  of 
<Jh  surface  of  continuity,  and  let  the  difference  of 
'tentials  between  the  pair  of  points  in  each  conductor 
'  Pleasured ;  the  sum  of  these  differences  taken  in 
der  round  the  circuit  is  equal  to  the  sum  of  the  parts 

^  contributed  by  the  discontinuities.  For  going 
^nd  in  the  direction  of  the  current  from  a  point  (not 

a  surface  of  discontinuity)  to  the  same  point  again 
i  have  Fi  =  V^  and 
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But  donoting  the  successive  homogeneous  conductors 

their  onler  round  the  circuit  ty  the  suffixes  1.2,..,  " 
»F^     and  the  differeuces  between  their  extremities  by 
]errcu*t.  K,  -  V\.  Tj  -  F'j V^-V\ 

and  the  correBponding  resistances  by  H^.R^, . . .  .JU'' 

have 

Hence 

>;(r-  r')-jP.   ...-..! 

E  is  callud  the  total  electromotive  force  in  tho  rimn' 
or  simply  the  electromotive  force  of  the  circuit. 

Iii<JhffiJtfVWtft.  will  be  found  an  account  of  ex]XTi 
meiitiJ  methods  used  for  the  verification  of  Ohm's  Li- 
and  details  as  to  its  application  to  chains  of  conduct  ■ 
of  diSereut  substances.  We  will  consider  hen  a$  < 
example  of  the  principles  just  stated  its  applicatiort  i 
the  case  of  a  simple  voltiuc  cell  composed  of  two  pU('  • 
dissimilar  metals  connected  by  a  liquid,  for  exfli)i;<! 
copper  and  zinc  immersed  in  hydrochloric  acid,  ;■ 
connected  externally  by  a  copper  wire. 

Lot  c  and  z  denote  the  copper  and  zinc  plates.  /  '! 
liquid  between  tliem.  By  the  theory  of  tlie  vuli  < 
cell  now  generally  adopted,  there  is  a  certain  Inn! 
difference  of  potential  on  the  two  sides  of  tho  juniti 
of  the  diaaimilar  metals,  and  on  the  two  sides  of  >■  i 
junction  of  a  metal  with  the  liquid.  We  nmy  snp[" 
for  simplicity  the  plates  to  be  such  tliat  thoy  add  ' 
sensible  resistance  to  the  circuit,  and  that  tbiTefon:  ■ 
potential  may  be  taken  as  the  same  at   every  jxmu 
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Let    Fj  (ionote  the  potential  of  the  copper     Owe  or 

;  F»  the  poteutiaJ  of  tliu  copper  wire  close  to  ita    \^^^ 

"liin  with  the  zinc  plate;   Fu  the  potential  of  the      •^^■ 

im   of   the   liquid  close  to  the  zinc  plate;    and 

■lie  potential  of  the  stratum  of  tiie  liquid  close  to 

im  copper  pl&te.     The  difference  of  potentials  between 

Ko  points   in  the  copper  conductor  near  ita  ends  ie 

hfrpfriTe  fa  —  Fi.  and  that  between  the  two  isdes  of 

!:i]iiid  is  Fu  —  Vh-     Both  of  these  differences  are 

'  u'.tiDd  the  current  flows  from  the  copper  plate  to 

-  ;mc  plate  through  the  wire,  and  from  the  zinc  plate 

I  liie  copper  through  the  liquid.     Further  it   is  an 

:periaieDtal  fact,  as  we  shall  see  later,  that  tbe  current 

roRS  any  cross-section  is  the  same  at  every  part  of  the 

rait.    Calling  R  the  resistance  of  the  copper  con- 

Ctor  joining  the  plates,  and  r  tbe  resistance  of  the 

f  the  oell,  we  have  by  (3) 


J^"" 


'-  Ji+r 

L  —  Fi,  is  the  finite  difference  between  the 
il  of  tlie  copper  plate  and  that  of  the  liquid  in 

irilh  it,  and  Vu  —  Vi  is  similarly  the  difference 
L  tbe  potential  of  tbe  liquid  in  contact  with  the 

e  and  that  of  the  extremity  of  the  copper  wire 
I  to  tbe  zinc  plate,  and  tbe  sum  of  these  two 
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diSerences  constitutes  what  is  c&lled  the  EI(eti 
Force  of  the  cell.    Calling  this  E,  we  have 


7  = 


■g 

S  +  r 


Any  other  case,  however  more  complicated,  i 

treated  in  a  similar  maoDer. 
Disiribn        If  F  be  the  difference  of  potentials  between 
Potentinl   points  in  the  copper  wire,  R  the  resistance  of 
in  Circuit,  between  these  two  poiuts.  and  r  the  remainder 

resistance  in  circuit,  we  have  from  the  equations 


y=-p 


B       R-\-r 


A=Vy  = 

0(1  for  the  whole  circuit 


By  (7)  the  activity  in  any  wire  not  contaid 
electromotive  force  can  always  be  found,  whatevo 
the  arrangement  of  which  it  forms  part.  The  acti^ 
in  the  different  parts  of  more  complicated  circuits 
taining  electromotive  forces  of  different 
be  considered  in  the  chapter  on  the  Measurei 
Electric  Energy. 


ELErrROHOTIVE  FORCE  OF  VOLTAIC  BATTEEV. 
li  instead  of  a  single  cell  we  have  a  battery  of  several    Electro- 
flails,  il3  electromotive  force  is  found  inexactly  the  same  Kotcb  unil 
mauner  by  summing  all  the  finite  differences  of  poten-  ^""T"*  "^  I 
ii»l  lit  rtie  surfaces  of  separation  of  dissimilar  substances   Bnticry; 
">  tfie  cirtuit.     Hence  if  there  be  n  cells  in  the  battery 
iiii'd  in  series,  that  is  to  say  the  zinc  plate  of  the  first    Amuige- 
■'■I  joined  to  the  copper  plate  of  tLe  second  cell,  the    ™'"'.'''^ 
■■"^  plate  of  the  second  to  the  copper  plate  of  the  third, 
nuJ  80  cm  to  the  last  cell,  the  total  electromotive  force 
<if  the  (irraDgeraent,  if  the  cells  have  each  the  eloctro- 
"  ■"■Its  force  S,  is  n£.     If  the  copper  plate  of  the  first 
'  iiud  the  zinc  plate  of  the  last  be  joined  by  a  wire, 
' '  a  denote  as  before  its  resistance,  r   the  internal 
'Mnianee  of  each  cell,  a  current  of  strength  7  given  by 
till:  eijiiation 


(8) 


'ill Bow  in  the  wire.     This  equation  may  be  written 


B  ebows  tliat  when  n  is  so  great  that  E/n  is  sraall 
ttiparisoD  with  r.  little  is  added  to  the  value 
f  farther  increasing  the  number  of  cells  in  the 


Emethod  of  Joining  single  cells  in  series  is  ndvan-        ,n) 

•  when  2t  is  large,  but  when  M  is  comparatively  Armnge- 

It  foils  as  shown  above,  and  it  is  necessary  then  to  Mnltiplo 

llh  I*  as  much  as  possible.     The  value  of  r  is,  for        *^' 
B  which,  as  is  generally  the  case,  each  plate  nearly 
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Amai^  coren  the  ciose-secticin  of  the  liquid,  nearly 
Ma1ti|lt  ioveise  ratio  of  the  ares  of  the  plates,  ami  <: 
■*"^  the  distiuic«  betweea  them.  Heuce,  by  iacn 
uea  of  the  plates  and  placing  them  as  close  U 
jxifisihle,  the  resistance  may  be  diminished, 
cell  of  small  resistance  may  be  fortued  of  seve 
cells  by  putting  all  the  copper  plates  into  met 
noction  with  one  another,  and  similarly  all 
plates.  Several  compound  cells  of  large  aur 
made  may  be  joined  in  series.  The  eleotromo 
of  each  compound  cell  will  be  £  as  in  a  simpla 
if  m  cells  be  joined  so  as  to  form  one  comp 
its  reaistaooo  will  be  r/m.  If  n  of  these  compi 
be  joined  in  series,  we  have,  calling  the  total 
resistance  R. 

_     nE     _     mnE 


Cundiiioii       -[f  j^  |jp  ^Qt  ^q^  great,  and  we  liave  a  propel 

lliLxlmutn  of  cells,  it  is  possible  to  arrange  the  battery 

thMueh    "'^y  ^^''^  "■  tuaximum  value.     There  bein^ 

givon      in  the  battery  the  numerator  of  the  above  ? 

"  docs  not  change  when  the  arrangement  of  cells 

and  therefore,  in  order  that  y  may  hare  itai 

possible  value,  m  B  +  ti  t  must  be  mode  as 

possible.     But  identically, 

As  the  last  term  on  the  right-hand  side 
with  tiin  lunmgvmeiit  of  the  battery,  it  is 
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rwill  have  its  smallest  value  when  JmB  —  'Jnr 
jes,  that  is  when  mJi  =  Hroi]i=-  nrlm.or.ia  words, 
D  llie  total  esteroal  resistance  of  tlie  circuit  is  equal 
e  internal  resistotice  of  the  battery.  It  may  not 
aible  io  practice  so  to  join  a  given  battery  as  to 
ful£l  this  conditioQ,  but  if  the  strongeet  possible  current 
ii  rquiretl  it  should  be  fulfilled  as  nearly  as  possible. 
Tliis  method  of  arrangiog  the  battery  is  called  joining 
i-  ill  multipU  arc, 

II  U  to  be  carefully  observed  that  this  theorem  applies  Condiiitm,J 
«ily  lo  the  case  ia  which  we  have  a  given  battery  and  y^ 
[e  to  arrange  it  so  as  to  produce  the  graUrst  current  Camnt  I 
hgh  a  given  external  rGsiatancc  li ;  and  the  fallacy 
lobe  avoided  of  supposing  that  of  two  batteries  of  g^^J.'^'jH 
m  «lectiomotive  force,  but  one  having  a  high,  the 
IT  a  low,  resistance,  the  former  is  better  adapted  for 
Hiing  through  a  high  external  resistance.  Nor  is 
OKtliod  of  using  the  battery  to  he  confounded  with 
|tQ09l  camntnical  method.  By  this  arrangement  the 
Ot  rale  of  working  in  the  external  part  of  the 
Ril  \i  obtained;  for  by  (7  bis)  the  total  rate  of 
jfting  b  nEy,  and  the  part  of  tbia  which  belongs 
external  comluctor  is  miiEyUKvtE  +  nr),  which 
^  muiinum  under  the  same  conditions  as  y.  As 
'I  energy  ia  thus  given  out  in  the  battery  itself  as  in 
P^ilemal  resistance,  and  it  is  plain  that  for  economy 
Bttle  as  possible  of  the  energy  of  tlie  battery  must 
eat  io  the  battery  itself,  and  as  much  as  possible  in 
l>oHuDg  part  of  the  circuit.  Hence  for  econnmical 
ing  the  internal  resistance  of  the  battery  and  the 
uice  tif  the  wiles  connecting  the  battery  with  the 


::•& 
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^xidur  ji&n  c«f  Tl*r  oifuii  most  lie  made  as  small  \ 
pjasbjr,     Wr  &L^  rerorD  v>  this  qaestion  in  a  k^ 

rxiKFT  of      Wr  sTikVi   &;>w   cc»ii9der  sboitly  the  theoiy  ai 

iS^*^  FTsiifriii   'I'f  nnehi  cc>Ddiicion    Ikomogeneous  wires 
'-:--      '^.zrf-.'nii.    sc^rLi:-!.      in    whioh     steady    currents  i 


r:.i.  M. 


'.:  C'L- 


•••«  ^>  >  • 


It  Li5  l»een  statoi  alvr.ve  that  when  a  stead v  cun 
is  k-i»:  So^^-inj  a?r:«s5  anv  cross-section  of  a  coiidu( 
the  currvi*:    sir^nirth  is    the  same  across  everv  o 
<iiCii>ju  itf  tli»i  conductor :  or,  in  other  words,  that 
fio»v  o'"  f*k'Ctncity  at  any  instant   irito  any  portio 
tiio  coii-iuotor  is  equal  to  the  flow  uut  of  the  same 
tiori.     Tiiis  is  what  is  called  the  pi'inn'j'lr  "f  contii 
fi-   apfilied   to  the  case  of  a  sfdnJi/  flow  of  electri 
By  the  s.mio  principle  we  have,  in  the  case  in  w 
sti-arlv  currents  are  maintained  in    the  various 
(tf   a    network    of  conductors,  the  theorem    that 
total   flow  of  electricity  towards    the  point   at  v 
sevrTal    wires   meet    is  equal    to   the  total  flow 
that  point.     Thus  the  current  arriving  at  A  (Fi<: 
hy   th(i  main  conductor  is    equal    to  the    sum  of 
currents  which  flow  from  A  bv  the  arcs  which  co 
it  with  7A 
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8  law,  if  two  points  A  and  J3,  between  which     Eaui- 
)  of  potentials  V  is  maintained,  be  connected  Resistance 
iS  of  resistances  r^  and  r^,  the  current  in  that    ^^[^.j*  j^ 
8  Tx  will  be  V\r^  and  in  the  other  V\t^.     But      Arc, 
whole  current  flowing  in  the  circuit  we  have 
ciple  of  continuity 

V       V       V 

the  resistance  of  a  wire  which  might  be  sub- 
•  the  double  arc  between  A  and  B  without 
J  current  in  the  circuit.     Hence, 


1        1  _  1 

^1         ^2   ""  ^ 


11=     -1^2 

n  +  ^2J 


(10) 


►cal  of  the  resistance  iZ  of  a  wire,  that  is,  l/iZ,  Definition 
conductivity.  Equation  (9)  therefore  affirms  diictivity. 
iductivity  of  a  wire,  the  substitution  of  which 
Tg  between  A  and  B,  would  not  affect  the 
the  circuit,  is  equal  to  the  sum  of  the  con- 
&f  the  wires  r-^  and  r.^.  From  equation  (10) 
the  resistance  R  of  this  equivalent  wire  is 
2  product  of  the  resistances  of  the  two  wires 
their  sum. 

we  were  to  substitute  two  wires  having  an 
resistance,  so  that  A  and  B  should  be  con- 
i  Fig.  33,  by  three  separate  wires  of  resistances 


i 


'IK 


I 
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r,.  r^  r^  we  AoaU  bave  in  thtr  Mnte  miiiaa 
cumat  io  r,,  F/r, ;  ia  r^  K/r.;  ia  f,  I'c,  uttl 


Total 
EI«"tro- 

Cinuit  in 
ItMwDrk 

iliicton. 


^ iVi — 

r,  j-j  +  r,  r,  +  f  ,  r. 

Generally,  if  two  points  A  ami  £  ate  connecHn 
multiple  arc  consisting  of  n  separate  wires,  the  ««' 
■  tivityof  the  wire  equivalent  to  tie  tnnltiple  aicfur' 
tion  is  equal  to  the  smn  (^  the  condactivities  of ' 
connecting  wires;  and  its  resistance  is  eqnkl  ti' 
prodoct  of  the  »  resistances  diTidod  hy  the 
the  difff.rent  products  which  can  be  formed  from 
resistances  bv  takiog  tfaem  n  —  1  at  a  time. 

As  a  simple  example,  we  may  take  the 
number  n  of  incandescence  lamps  joined  in  tnult 
If  the  resistance  of  each  lamp  and  its  Gonnection; 
the  equivalent  resistance  between  tbo  main  cornli 
the  resistance  due  to  the  latter  being  neglcctc^J. 
(U)  r'ln  r*-'  =  r/».  Thus  if  r  be  CO  ohms  wbi 
lamp  is  incandesceDt,  and  there  be  twenty  louip^ 
resistance  to  the  current  will  be  3  aiims. 

By  the  cnnEid«-atioDs  stated  above,  wt 
from  Ohm's  law  tho  following  important  theorei 
any  closed  circnil  of  condnctors  forming  [muI 
liuear  system,  the  sum  of  the  products  obtained  h 
tipljdng  the  current  in  each  part,  tnken  ih  order 

•  Thw  UiKohun  luid  tlie  sj.plieiUou  of  Uic  priacij.lB  of 
»«ii.  Bnt  »Utod  Dxnlleltlr  by  Kitolihoff,  Povg.  Aait.  BiL  JS. 

rt-_       ^Kl J       ^      An  '  t-  -—I 


idti^ff^^ 

ips.  [ 

L  off 


n 
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ciFCidt  by  its  resistance,  is  equal  to  the  sum  of  the 
Emotive  forces  in  the  circuit.  This  follows  at  once 
an  application  of  Ohm's  law  to  each  part  of  the 
luit,  exactly  as  in  the  investigation  in  p.  145  above  of 
electromotive  force  of  the  circuit  composed  of  a 
i  aud  a  single  conductor. 

is  an  example  of  a  circuit  containing  no  electro- 
'ti?e  forces,  consider  the  circuit  formed  by  the  two  Examples, 
res  (Fig.  33)  of  resistances  rj,  r^  joining  AB.  We 
^e,  for  the  current  flowing  from  A  to  B  through  r^, 
i  value  V/Tj^  ;  the  product  of  this  by  r^  is  F ;  for  the 
rrent  flowing  from  B  to  A  through  rg  we  have  —  F/rg, 
d  the  product  of  this  by  rj  is  —  F:  the  sum  is 
-  r  or  zero.     As  another  example,   consider  the 


^&^  Kg.  34,  of  resistances  r^,  r^,  r^,  r^,  r^,  between 
®  two  points  A  and  B.  By  what  we  have  seen,  if 
*>  K,  Vc,  Yd,  be  the  potentials  at  A,  B,  (7,  D, 
5^vely,  the  current  from  A  to  (7  is  {Va—  V^jr^, 
»m(7to2>(F,-  FrfVr^andfromJJto^  (Fd  ''Va)lr^, 
JDce,  taking  the  sum  of  the  products  of  these  current 


I 
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Problem 
of  Two 


Strengths  by  the  corresponding  resistances  for  the  circuit 
ACDAj  we  get 

»^a  -  r,  +  r,  -  Fii  +  Fi «  r.  =  0. . .  (12) 

To  illustrate  the  use  of  the  principles  which  have 
I'oiutH     been   established,   we   may  apply   them   to   find  the 
j'.iiw.l  by  current  strength  in  r^  (Fig.  34)  when  r^ contains  a batteij 

*       fc  "^  III  Ik  ^^  —    — 

of  Five  of  electromotive  force  E,  Let  r^  be  the  resistance  of  the 
ductore.  battery  and  the  wires  connecting  it  with  A  and  -B,  and 
let  7i,  72.  &c.,  be  the  strengths  of  the  currents  flowing 
in  the  resistances  r^,  rg,  &c.,  respectively,  in  the  directioM 
indicated  by  the  arrows.  By  the  principle  of  continuity 
we  get 


73  =  71-75') 

74  =  72  +  75    ' 


7«  =  7i  +  72 


J 


(13) 


Aiijilyinj,'  tlic  second  principle  to  the  circuits  BACi, 
AVl>A,  CllDC,  and  using  equation  (12),  we  obtain  the 
tliri'i'  I'cpiations, 


7,  .'•,  +  '•;  +  /•,..)  +72'"e-75'*j 
7i  'i 
7i  •■.! 


+  7i'"e-7r.'*j  =^) 

-72'2  +  7i''s  =<^   j- 


(14) 


l\limiiruiiiLr  y^  and  7.,,  we  find 


»  1.  ^ 


D 


n 


.    (15) 


«  .» 


•■.-    s+'V^  •••...'•:- '4  ('•2  + '•4) -1- 
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By  substitoting  for  7^  in  the  second  and  third  of  Problem 

uations  (14)  its  valoe  7^  —  7^,  we  get,  Points 

joined  by 

7x  {r,  +r^  +  %r,                      -y^r,^0\       ^^^^  Network 

7l  (ft  +  »-4)  -  76  ('"8  +  ^«  +  J-b)  -  76  »•«  -  0   J  Cod. 

'lom  these  we  obtain  by  eliminating  7^, 


ductors. 


U  (Ti  +  *•«  +  »•«  +  ' «)  +  (Ti  +  '•«)  ('3  +  ^4) 


(18) 


ij  means  of  equations  (15)  and  (18)  we  can  very  easily 
cdve  the  problem  of  finding  the  equivalent  resistance 
f  the  system  of  five  resistances  r^,  ro,  &c.,  between  A 
tdA  B.  For  let  R  be  this  equivalent  resistance,  since 
'^  M  the  current  flowing  through  the  battery,  we  have 
%^ Ej{t^  +  B).  Substituting  this  value  of  7^  in  (18), 
quating  the  values  of  75  given  by  (15)  and  (18),  and 
crfving  for  R,  we  get 

It  follows  from  Ohm's  law,  and  the  theorems  which   Principle 
ave  been  deduced  from  it,  that  any  two  states  of  a  ^^  Super- 

.  .       position. 

^tem  of  conductors  may  be  superimposed;  that  is, 
36  resulting  potential  at  any  point  is  the  sura  of 
ae  potentials  at  the  point,  the  current  in  any  con- 
uctor  the  sum  of  the  currents  in  the  conductor,  and 
le  electromotive  force  in  any  circuit  the  sum  of  the 
ectromotive  forces  in  the  circuit,  in  the  two  states  of 
6  qrstem. 
The  following  result,  which  is  a  direct  inference  from 
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the  foregoing  principles,  apd  can  be  veriticil  by  ei[<i 
luent,  will  be  of  use  in  what  immediately  riJlowR. 
Result  or  Any  two  points  in  a  linear  circiiit  wliicJi  **■  - 
Pri^J^B  different  potentials  may  be  joined  by  a  wire  iriUn 
altering  in  any  way  the  state  of  the  system,  praul 
the  wire  contains  an  electromotive  force  e*jiw!  ' 
opposite  to  the  difference  of  potential  between  tin' ' 
points.  For  the  wire  before  being  joined  will  la  >  ■■■■ 
gequonce  of  the  electromotive  force  have  \ht  s-n. 
difference  of  potentials  between  ita  cxtiemitics  n»  "  ■ ' 
is  between  the  two  points,  and  if  tlie  cod  of  iW  « 
which  is  at  the  lower  potential  be  joined  tn  ihi:  [■  i 
of  lower  potential  it  will  linve  ihu  polenti^  of  !l 
point,  and  no  change  will  take  place  in  the  syateBi.  I ' 
other  end  will  then  be  at  the  potentiiil  of  the  n''" 
point,  and  may  be  supposed  coincident  with  that  l""" 
without  change  in  the  state  of  the  system.  Tli''  "' 
system  thus  obtained  plainly  satisfies  the  priiidpl' 
continuity,  and  the  theorem  of  p.  1 52  abo\'c,  nnil  is  i^i  - 
fore  possible ;  and  it  can  be  proved  that  it  i»  ibf  "■ 
possible  arrangement  under  th<^  condition  that  tlii; '' ' 
of  the  original  system  shall  remain  unaltered. 

As  (I  particular  case  of  this  result  any  two  poinii 
a  linear  circuit  which  are  at  the  same  potuntii 
be  connected,  either  directly  or  by  a  wire  of  anjj 
ance,  without  altering  the  state  of  tbo  ^tem. 

Foriher,  it  follows  that  if  an  olectroinotivc  forc«  a 
conductor,  A,  of  a  linear  system  can  produce  no  o 
in   another  conductor,  B,  of  the  Bystem,  oitber  cw 
ductor  may  be  removed  without  altering  Iho  C 
the  other.    For  lot  the  conductor,  A,  he  i 


pomii 
orcwino" 
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utials  at  the  points  of  the  system  at  which  it  was   itesnlt  of  I 


'  iwo  points  in  a  linear  system  between  which  there 
I  ilifference  of  potentials  may,  without  altering  the 
I  ■  of  the  syBtera  in  any  way,  be  joined  by  a  wire 

■i'  li  contains  an  electromotive  force  equal  and  opposite 
liii-  difference  of  potentials,  we  may  suppose  the 

■iiluctor   replaced  with  an  electromotive  force  in  it 

.111  10  the  difference  of  potentials  now  existing 
"een  the  two  points,  and  its  presence  or  removal 
!  not  affect  the  current  in  any  part  of  the  system. 
■  ■  '  iho  same  result  may  be  attained,  of  course,  without 
lioving  the  conductor,  by  simply  placing  within  it 

■■'  required  electromotive  force,  and  this  by  hypo- 
i.iis  does  not  affect  the  current  in  the  other  conductor. 

iTjce  the  removal  of  the  conductor,  A,  does  not  affect 
current  in  the  other.     Again,  by  the  first  reciprocal 

'■■Jiion  beiow  (p.  159),  if  an  electromotive  force  in  A 
ii  pioiltice  no  current  in  B,  an  electromotive  force  in 
'in  prr^ijce  no  current  in  A.     Hence  the  same  proof 

"■"n  that  B  may  be  removed  without  affecting  the 

■^•■■iit  in  J. 

It  J,  B,  C,  D  be  four  points  of  meeting  in  a  net-  Tlieonma 

't  <if  linear  conductors,  in  one  wire  of  which  joining  "la'jl''^  I 

''''  there  is  an  electromotive  force,  while  CD  is  con-    of  Con- 
■'m|  by  one  or  more  separate  wires,  the  network  can    ''"'^'°"' 
reduced  to  a  system  of  six  conductors  arranged  as 
fifr 34.  and  such  that  ihsv/ireaAB.CJ),  the  currents 
'^ll■m,  and  the  potentials  at  their  extremities  remain 

"  iiaugtd.     For  currents  will  enter  any  one  mesh  of 
"IP  network  at  certain  points  and  leave  it  at  certain 
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ThBorenii  other  poiaU.     Oqo  of  the  former  poiuts  mttl 
iTl^rtiTOrl  V^'^^^  of  maxirmim  potential  in  the  luesb.  oi 
of  Gin-     latter  the  iJoint  of  minimum  potential.     The 
the  mesh,  therefore,  consists  of  two  parts  joinu 
two  points,  and  to  any  point  in  one  of  the 
correspond  a  point  of  the  samo  potential  ju 
part.     We  may  therefore  suppose  evcrj-  poii 
in  coincidence  with  points  of  the  same  pot«nti 
other ;  that  is,  the  mesh  replaced  by  a  single  wil 
the  two  points,  and  such  that  the  current*  en 
leaving  it  by  wires  joining  it  to  the  res!  of  ih 
and  the  potentials  at  the  points  of  janctioBr 
altered. 

Since  the  only  electromotive  force  is  in  the  M 
the  current  must  enter  the  network  at  onS 
extremities.  A,  say,  and  leave  at  the  other i 
A  and  B  are  therefore  the  points  of  maximii 
minimum  potential  of  the  network.  Hence 
replace  the  meshes  of  the  system  one  by  nne  l) 
wires,  keeping  CD  unaltered  until  we  have  reda 
network  to  two  meshes,  one  on  each  side  of  C 
nected  by  single  wires  to  A  and  J!  resjiectirelj, 
mesh  and  connecting-wire  can  be  replaced  by  ti 
joining  A  and  S  respectively  with  CD,  and  tti 
whole  system  is  reduced  to  an  equivalent  systen 
form  shown  in  Fig.  34.  We  can  now  deduce 
simple  »yst«ni  relations  for  the  currents  and 
in  the  nmducUirs  AB.  CD.  which  will  hold  (^ 
ixinductors  in  the  more  complex  sj-stem. 

Let  tltfl  etis:tit>motive  force  bit]ti-rtA  stippow^ 
in  .^  be   trtuisferred   to   Ci>,  while   the 


nPROCAL  RELATIONS, 

nwntained  unaltered.     The  value  of  y^  will  ■nKrowma 

d  from  (15)  by  retaining  the  numerator  un-  iri^"iwor1t 

I  interchanging  r,  anJ  r.,  r,  +  r„  aud  r,  +  t-,,    j'  f-""' 
.  „  ,  .  ductorH. 

id  rj   +■  r,  in  D.     But  these  mtercuaugea 

lect  any  alteration  in  the  value  of  D,  and 

sew  value  of  7^  is  equal  to  the  former  value 

tice  the  theorem : — An   electromotive  force  j^^^^ 

ei  in  any  conductor  Ci  of  a  linear  system,  ReUyj 

nrrent   to  flow  in  any   other   Cj,  would,  if 

p.  cause  an  equal  current  to  flow  in  Ci. 

rrangement  is  such  that  when  the  electro-  Conjaa 

B  is  in  C|  the  current  in  C'm  is  Eero,  the  current 

bo  zero  when  the  electromotive  force  is  in 
10  electromotive  force  in  one  will  produce 
En  the  other.  The  two  conductors  are  in 
id  to  be  conjugate. 

easily  obtain  another  important  theorem, 
Dnductors  AC,  AD,  BC,  BD,  CD,  in  Fig.  34 
ftrded  as  the  reduced  equivalent  of  a  network 
In,  at  one  poiut  of  which,  A,  a  current  of 

enters,  and  at  another  point  of  which,  B, 
Eurrent  leaves.  Multiplying  the  expression 
''si  "^  S^"-  '°''  ^^  difference  of  potentials 

Bnd  2)  the  value 


_y£dTi 


iir'_)_ 


.(20) 


I'lesistaBce  of  the  system  of  five  conductoni, 
h  points  CD,  is 


ife. 


'», 


'Jl^ 


..+  ■•■  +  u)  +  t'l  +  'JC',  +  ri> 


THBOBT  or  riJOW  OJ  lUXTMClTT. 

I  and  if  s  cnmnt  at  amoinit  7,  eater  it  C  onci  leave  .'■ 
D,  tbe  difference  of  potrntikk  between  C  and  D  <n. 
be  eqtod  to  this  cxprcssioa  miilti[ilied  by  7^.  Tb< 
jBwhict  moItipUeti  by  r^'{r^  +  rj  is  the  differonn'  ■: 
potectula  bet«««A  C  ood  A,  util  multiplied  !':< 
r^(r,  +  r^  is  Hm  difienare  of  pot^ctiala  betwwi: 
(^  and  £.  Henre  Uw  dt&i«nce  of  potentjiUa  between: 
A  Hid  B  it  tlw  *Ufl(B«iira  of  Uwx  prodacts,  or 

7.^»"^■^  -  '■t^J 

^JTi  +  ••,+  *■,  +  O  +  C^  +  fJC**  +  r^' 

the  same  v^ne  as  that  given  in  (SO)  for  the  difiWn" 
of  potentials  between  C  vaA  D.    Hence  tbe  theorem  - 

1  If  to  a  current  eoteting  at  one  point  A  of  a  liurib- 
system  and  leaving  at  smitheT  point  B,  there  comraci! ' 
a  certain  difTerenoe  of  potentials  between  two  oUi'T 
points  C  and  D,  thra  to  an  ei^ual  current  enlcring  li' 
system  at  C  and  leaving  at  D  there  will  correspfi'ii 
tbe  same  difference  of  potentials  between  A  and  B.' 
The  following  result  b  easily  proved,  and  iafretjutsiiii 

e  useful.  If  the  potentials  at  two  poinu^.  B,  of  a  lin" 
system  of  conductors  containing  any  electromotin:  into- 
be  V.  V  respectively,  and  R  be  the  equivalent  re«stiiii 
of  the  system  between  these  two  points,  then  if  a  «rit' 
of  resistance,  r,  be  added,  joining  AB.  the  curroBt  -'■ 
the  wire  will  be  ( K  —  V)!{E  +  r).  In  other  wonb  lli 
linear  system,  so  far  as  the  prodaction  of  a  current  1- 

*  The  thwircnis  jnut  prored  hiva  been  obuincd  in  diffitrcot  •W ',' 
RiKhboff  (Fogs.  Jm.  M  7S.  18*7,  Mid  Oa.  JlAa,uL  p.  !S),  ui' 
MMWfU  {JSL  aiut  May.  vol.  }.,  p.  8"!)  ftwq  a 

graent  ih>'oi7  of  >  Uhmt  tjaiem. 
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iiled  wire  is  concerned,  may  be  regarded  as  a  single  Effect  of 
i.iL-tor  of  resistance  ^  connecting  the  points.^  Band  „{'„  gjugie 
lioiug  an  electromotive  force  of  amount  V—  V.  YJreto 
l:t  the  points  A  and  B  be  connected  by  a  wire  System. 
'  -iistance  r,  containing  an  electromotive  force  of 
^iiil  V  —  V  opposed  to  the  difference  of  potentials  J 

ten  A  and  S,  no  current  will  be  produced  in  the  I 

ftod  no  change  will  take  place  in  the  system  of  con-  1 

'■■rs.  Now  imagine  another  state  of  this  latter  system  1 

iiductors  in  which  an  equal  and  opposite  electro- 
;vc  force  acta  in  the  wire  between  A  and  B,  and 
:-  is  no  electromotive  force  in  any  other  part  of  the 
■  ■■\».    A  current  of  amount  (K-  V)JiJi  +  r)  will 

in  the  wire.  Now  let  this  state  be  superimposed 
MP  former  state,  the  two  electromotive  forces  in  the 
■'  will  annul  one  another,  and  the  current  will  be  J 

iiMgcd.     The  potentials  at  different  points,  and  the  I 

)'riU  in  different  parts,  of  the  system,  will  be  the  I 

1  if  the  cfirreaponding  potentials  and  currents  in  the  I 

states,  and  will  therefore,  in  general,  differ  from  I 

u  vfhich  existed  before  the  addition  of  the  wire.  I 

~ '  far  «B  have  cormidered  only  caseR  of  steady  flow  in  con-      steady 
'in  wTiicli  lira  culled  linear — that  in,  Ganducloro  for  which  it  is    Flaw  in 
''iiicDl  to  consider  the  total  cnrrent  flowing  from  one  eqiii-       Soa- 
'i.J  siittfino  to  another,  and  when  no  eleclroniolive  force  hns      Linear 
-  jiiJsiUon  of  the  conductor,  to  lake  the  ratio  of  the     Condnc- 
'  potcDtiaU  of  the  siirfaceti  to  this  total  current  as        toia. 
1ii't««en  tlie  Rurfacea.     It  is  of  importance,  how- 
iiinparison  of  oxperimnTit  with  theory,  to  cousidar 
bHuiiiiiiiumi  of  the   flow   throiii^hont   conductors,   nnd   the 
h«f  Lbc  cquipotenlial  surfaces  in  different  caseR,  and   for 
^bpose  it  ia  Decesiary  to  find   llip  diffi^rentinl  eqimtioti  of  i 

Bfantlsl  for  tlie  cue  uf  sleaily  flew  in  any  one  mediuni,  and  J 

^Ba  madinm  to  Mtotber,     W«  shall  tonsider  only  isotropic  J 


r  OF  now  or  electricit\'. 

tprim  alMiTe  (pp.  103-105)  for  liid  Ben 

•  famlvn^nUl  prinpiplf  "f  ii-ti-"- 
WRte  of  flaw  ot  eloc-Cridly  at  any  tmin  t    - 
dbMIMCi  »  dincUj  pcoportion*!  to  t!io  gramrni  <' 
t&at  pcwgc  anl  in  tlut  dircctinn.  we  have  for  tlie  ft  s^ 
prr  unit  of  dtoo  per  nnh  of  «rM  in  roch   of  Tlir.         .  '  i^ 
,   netaBgnlu  dtr«ctiana  in  an  imtrojuc  medium  tiic  valun 


-*v 


,/r 


-.? 


.rf''. 


r  ai&M  tbe  Bow  ukn  pUce  in  Ibe  dirertiMi  to  which  r£ 
I  n«  ceetEcient  i  is  Ui«  ^MWfitr  Otm^udintf  «t  Iho  iDttCfui,  I 
d  by  tha  raciprm^  ol  ilio  rasistuir*  h«tw««a  two  iqn 
rntim«tTE  caba  of  tbe  cabBtancct 
If  DOW   on   elementary  r«ctangiilar  paivlhl 
■  lw«tas  cdgw  of  longiha  ^.  ly,  dt,  u)d  hs  cfhItv  at  r,  j,J 
|«>M)naac  within  il  no  i>)ectn>mati*«  forco,  weg«tfottMfl 
"■^trtcboti  of  t  ipto  tit«  olctnent  the  roluo 


out  o 

(- 


')*^ 


r  Mrf  liT  th*  flow  out  of  the  element  bctoks  tlie  AppwHe  h 


+  li-^J.}!,i. 


-<s 


-'te  +  ^  +  i^  )<■*''■ 

» is  straily  thia  mnsl  be  e*T«,  and  we  have 


thkt   is,  t.tipUr«*s  Mjnnlinn  holds  for   this    case.    Tho  U 

density  is  lhert^forE  lero  in  ihe  inwrior  of  such  a  eondoclel 

At  any  point  of  ■  surfnce  which  wpsrst«a  a  tiipdium  d 

^  dnctivity  *,  from  one  of  cdDdiiclirtty  t^  wc  have  the  eqoati 


«itiiTe(fr/<^.</r/rf*,.  1 


B  Iho  rales  of  varintion  outwanla  from  ' 
;,  v,  liritwn  from  the  point  in 
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;  {}  =  0,  we  gft  for  Hie  equ»tian  at  tliR  Hiirfnre  sepnratm); 
ling  meiliiim  from  one  of  zero  conduL-tivily  C 


=   0  . 


m  ■ 


i'luatiou, 


nnpoiipiit  of  flfic  st  right  anglea  to  the  Hnrfiiee  is  zcvo 
point  on  )be  siirfnce. 

Be  mrfnce  of  sepamtioti  between  the  medin  there  be  nn 
iti,ve  force  S  acting  from  the  medium  of  conductivity  ij 
!  conductivitj  *„  -we  have  besides  (22)  the  equation 

r^  -  F,-  E=0 (24) 

^  ire  the  potentials  lit  tJie  point  but  on  opposite  aiHes 
iface  of  sepOFBtion. 

differtmtial  eqnatinas  nre  preci^uly  similar  to  the  e<iiia- 
tiliiMi  fpp.  102  et  »eq.)  for  electrostatic  pheiiuniena  from 
Ml  nnalof!}',  md  the  solutions  nre,  vith  the  sutistitiitinn  ' 
'the  uialo^iies  of  certain  quantities,  at  once  interprelable 
of  oleclncity.  These  stibstitntions.  are  specific  con* 
tor  Bpecitic  indnctiva  capacity,  flow  of  electricity  per 
«ii  per  unit  of  time  for  electrostatic  induction,  and  line 
t  flow,  for  hue  or  tube  of  force, 
11  consider  in  addition  one  or  two  simple  and  interesting 

anaUr  space  contained  within  two  cylindric  surfiices  is  Partiealnt  ■ 

ll  »  conduiitias  liquid,  and   the   inner   and   outer  sur-  Cases  of 

ntaintiiined  at  Riven  potentials ;  it  is  required  to  find      Flow, 
htnce  of  the  liquid  for  conduction  between  these  two 

!r  sni]  outer  radii  of  the  space  be  denoted  by  r„  ft, 
istance  of  any  point  from  the  common  asis  by  r.  Wo 
the  flow  as  everywhere  radial  between  the  two  cylinders. 
vqaation  (21)  becomes 

rfT  ,    1  >IF 


dr' 


■  dr 


=  0. 


(25) 


ir  potentials  we  linve  by  (27) 
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Psrticalkr  tind  therefore 


=  Jlogp  . 


"""■  But  if  (  be  tlie  length  of  Uie  cylinder,  F^  the  gmttt  w 
and  k  tlie  nppcilii;  condnclivity  of  tlie  Ii<|iii(I,  Ui*  HW 
in  -  -ivilr.  dyjdr  or  -  2ntU.     Heoco  we  liitirQ 

-  -hiliU       2nil  '<«  ,j    ■    ■    ■    ■ 

The  expresiion  on  the  right  is  the  toltl  reBintunite  nftl 
for  powiufttion  between  Ihe  two  cjrtindera,  and  dsiienda  Mil 
ratio  [>f  the  two  radii,  and  not  on  their  ab«i>1ule  amoiiDt 
is  the  case  of  the  column  of  liquid  between  two  cotzial  e 
plniOH  in  A  voltaic  cell,  This  result  mi^ht  hare  boon 
b.v  interpretalioQ  from  the  eanntion  for  K,  p.  56  abflrVCi 
Small  '  2.  Two  iiniill  highly  uunituuling  spherical  eleotndM 
SphnriFol   different  putcntiaU  are  buried  in  *n  iiifinftely  "' 

Eluotrodia  doctor  of  t-ompirBtirely  milcli  lower  epocifio  conaiMi] 
"  it  18  required  to  find  the  resistance  hetween  the  aphatefc 
mte  f  iig  potential  of  each  ephore  must  be  nearly  the  aome  1 
.lum.  g„(  j,g  ntnaa,  and  if  the  distance  apart  be  ereat  in  cM 
with  the  potential  at  uny  point  in  llie  ueiglilKiiirhooil  < 
will  be  nearly  ia  inverse  proportion  to  the  diBtaooe  of  I 
from  the  centre  of  the  Bphere.  Thna  if  f,,  T,  b*  the  pi 
of  ihn  siiheres  in  order  of  magnitude,  and  f^,  r,  tkil  t 
potential  nt  auch  a  point  wnll  be  F,/r  in  one  cas«  and  f^ 
other  if  r  be  tlie  diatanee  of  the  point  IVoui  tlie  spbmv 
lion  ;  and  the  corretponding  outvai^  gra^teBto  <(  I 
dtyi;  JV/Jr  will  be  -  r,//»,-  F^/r'.  This  pm.  ft|  tte 
of  Hie  eleclrodca  the  values  -  Fjr,*  and  -  FJr^.  Tb« 
flow  (h>tu  the  spliere  of  hi^'her  puteotini  is  tlivrefiwe  4« 
ilip  innan)  fl(.w  over  the  other  —  t^f^  Uence  if  y  b« 
Dnmnt,  we  hare 

y  =  e«*;r,  -  r^ 

For  the  (oIaI  mistance  A  Id  cotnlactioa  from  otH  nh 
othwr  m  get 
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BOia  "eftrlhing"  of  telegrnph- wires  nud  otlier  conductors,  for 
br  that  ihc  resielance  between  two  electrodes  buried  in  the 
ii  prtctically  independent  of  their  distance  apart 
tie  c«iiiiuctor  were  Bepnriited  into  two  purts  by  a  plane 
g  diroii^b  tlie  centres  of  the  spheres,  tlic  resintance  between 

jDiupherical  electrodes  in  each  part  would  bo  double  tbttt 

|by  ^),  or  l/jri. 

!  BARie  owe  aa  in  2,  except  thai  the  electrodes  are  circu-  Small 
»  Suppoaing,  as  beforel  the  electrodes  to  beat  a  dtBtunce  Disiv 
ni  compuison  with  eitlier  disc,  tJie  distribution  of  potential  Elau'-ro-fea  I 

Bnedium  surrounding  either  is  tlie  same  appruxiinalely  as         '" 
A  be  if  the  electrode  were  alone  and  chari^ed  in  nil  iiiliuit«    Jj' . 
a.  I^tri.r,  be  the  radii  of  the  discs,  f,,  /'.their  pntcniials 
brof  nta^itude.  It  tr  be  the  electric  surface  density  at  any 
tn  tlie  HUr^e  of  the  disc  at  potential  Z',,  then  the  outwaid 

■  component  of  electric  force  —  d/'/dv  =  4na.    Hence  iiite- 

■  oTcr  the  whole  disc  (both  faces),  and  putting  Q  for  the 
i  thus*,   -  ids.  (tr/dv—iwQ.  But  the  total  outward  flow 

i-*|d».  rfr/rfi.  =  4»j(-C  =  8tr,r,  [by  (55)  p.  53  above].     In 
le  way  tioni  tbo  otlier  disc  y  =  iiriQj  =  -  Bfcr^,.     Ueuce 

y  =  4i[r.r,  -  r^j  =  (r,  -  fj/je. 

■  r,r,=  -  r,r,  IbiF  gives 


.  (31) 


We  infer  tLat  the  parts   of  R   due   lo  the  respective   discs 
■■   1,'Mt.  iind  l;Btry 

'I' tlie  dices  lie  in  the  bounding  surface  conduction  taltcs  place 

'"ni  «ii1y  ooe  fact.-  of  each,  iind  the  value  of  if  is  twice  that  just 

""""bed.  _ 

Ini*  nniilt  jEivos  an  inferior  limit  to  ths  correction  to  be  made  Correctital 

^  'ii*  ri'sislance  of  a  cylindrical  wire  wliich  is  joined  to  a  larRd         liir        j 

"""■  iif  riii'tril,*     Let  tbo  junction   he  made   by  a  thin  disc  of    Mna-iiva   L 

'—'-•'        '  TuL'ting  matter.     Tlieendof  the  wire  will  bo  brouKht    Elontrmial 

■  Mdl,  and  therefore  its  conductini;  power  up  to  llie  Jo'"*'  t"*^ 

■I"  use  of,     Hencenn  inferior  limit  lo  the  correction       """ 

.      ..  uf  l/4tr,  to  the  resistance,  or  if  L'  be  the  conduc- 

■     J  ^;  1-^  Hire,  of  vfr/ik  to  the  length.     Lord  Rayleigh  b.ia 

i 'ti^i-Z  k'r/t  aa  a  superior  limit  to  the  addition  to  the  length. 

ISm  UaxwcU,  El.  and  Mag.  voL  i.  pp.  308,  SS7  (soo.  ed.}. 


VARIABLE  FLOl 


VARIABLE  FLOW. 


ith  cases  in  whirh  tl  _ 
is  Eero,  and  have  «eFn  <'i" 
s  to  iJiat  of  Ibe  Blud>'  <<' ' 
ttses  of  vkriftble  flow  un ! 
effect  of  elei-'truiii.iK'"''i' 
The  11..  . 


TWolilfl        HiTBsnTO  we  have  been  dealing 

Row  of     rate  of  vnrintton  of  the  electriu  floi 

Eleotrioity  the  theory  of  eucL  casea  is  analogo 

of  lieat      We  shill  now  consider 

the  condi^ons  stitted  above  that  m 

I  peristaltic  induction  is  taken  iiito  i 

^H  cases  is  also  analogous  to  tliat  of  the  How  of  1i>/,' 

H  have  only  to  modify  Fourier's  solutions  for  the  v.i. 

^F  heat  to  suit  the  particular  electrical  problems  whi'  i 

important  to  solve.    The  justification  of  this  prooesn  i?  ui  v<  < 

ns  in  otiier  cases,  to  be  found  in  the  agreeiuenl  of  llie  inBulis  ■■■ 

those  of  experiment, 

rrohlemof      We  consider  first  the  following  problem,  which  is  lliat  - 

Single,      single-wire  telegraph  cable  ; — A  liomogeneous  wire  of  unit' 

wire  sob-    uroas-seotion,  covered  uniformly  with  a  ooating  of  inatnfi  i' 

tirrsne  or  comp'irativBly  small  conductivity  the  eil«mal  surf  ace  of  nl 

Bttlnuarine  j^  fcept  at  sero  potential,  has  one  end   brought  to  a  polvi 

Cable,      f  ujliljing  soma  specified  law  of  variation  and  em'sting  for  a  i-i 

interval  of  time,  wliile  the  other   end   is   maintained    at   : 

potential  ;  it  is  required  to  find  the  potential  tmd  current  ni 

point  in  the  wire  at  any  specified  instant,* 

^y  The  equipoleniial  surfaces  in  the  wire,  it  is  evidunt,  will 

,'.       differ  sensibly  from  planes  at  righl  angles  to  tlie  axis,  ai^l 

may  therefore  take  the  potential   ns  having  the  soinp  vnln' 

every  point  of  any  such  cross-section.    By  Ohm's  Luw  th< 

of  elentricily  across  a  croas-nectton  at  whieh  Ibe  potential 

is   (p.  162  above)    -    k/ir/dx.     Let  A.   B.    C  be    ifirt-e   it 

sections  in  the  wiie  in  the  order  from  Ipft  to  right,  und  lei 

distance  of  B  from  A,  and  of  Cfiom^B,  be  very  enmll  and  n 

to  ilU,  so  that  Si  is  the  dislnnee  of  C  from  A.     If  tIF/ii*  U. 

gradient  uf  puleuiiul  at  if  the  gradient 


jy 


*  The  electrical  conatanta  of  the  sending  and  receiving  a] 
heie  neglected.      In  prat-ticu,  escept  in  the  tata  i4  a  lac 
oonstauts  must  bo  tukou  into  aueoant.     Soma  fiuthor 
thia  subject  will  be  given  in  a  later  chapter. 


Konling  ae  the  upper  or  luwer  sign  is  taken.  Taking  now 
^lUIlveDienee  k  as  llie  cooduttivity  of  ttie  tonductor  iier  unit 
piingrfi,  we  liave  by  OIuu'b  law  for  tbo  flow  towards  Uie  right 
^  xA  and  C  (CBpectively  the  eiproBBJuns 


^d- 


^Vht  Row  acriMH  the  outer  aiuface  is  proportiond  to  file 
oca  of  pot«iitiiila  between  the  wire  and  the  cxterriftl 
B  of  the  coating,  that  is  to  K,  Jf  we  rtenote  by  A  the 
idDctJvily  of  unit  length  of  the  coating-,  the  time-rate  of  loss 
alurtce  >i'rom  the  loternl  surface  of  the  portion  between  J  und 
b  iF&f.  The  torn)  rats  of  loss  of  charge  from  this  portion  of 
[wire  is  equul  to  the  excess  of  the  rate  of  loss  across  C  anil 
f  lateral  surface  ttbove  the  rftle  of  gain  acrosE  A,  and  is 


,rf'r 


eu  +  Af-Bx. 


The  effect  of  loss  of  charge  must  he  to  lower  the  potential  of 
clenicnt  between  A  and  C,  und  the  rate  of  fall  of  potential 
t  be  raual  to  the  last  expression  divided  by  tlie  electrostatic 
city  of  the  element.  By  (60),  p.  56,  the  capacity  of  the  wire 
ir  unit  of  length,  if  of  circular  section  and  covered  with  a  coaxial 
<L»ul«ting  coating  also  of  circular  section,  is  1/2  log  (j/a),  where  tf 
-  ibe  internal,  i  the  external  radius  of  tise  covering. 

Liecoting^  this  by  e,  we  have  for  tlie  capacity  of  the  element    ■ 
<: .  &r.     Dividing  the  rate  of  loss  of  charge  by  this  number,  and 
eqitAtuig  the  result  to  —  dFjdt,  the  time-rate  of  full  of  potential,    ) 
^^B  get  Ui«  differential  equation  c 


dt 


(32) 


t'Tliis  18  nrccifcly  the  same  us  the  eiguation  of  the  linear  motion 

%JbfM  tfiren  by  Fourier,*  and   hit)  HoluCions  are  immediately 

ic»hfc.     It  is  of  course  for  4  =  0  a  particular  case  of  (97), 


'   Thiarit  Attalyliqae  de  la  Chalntr,  Chap.  11.  Art.  105. 
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This  eqnfttioii  may  be  aim 
it  becomes 

di 


by  writing  F  «  t-*^,  «^ 


e'd^ 


^ 


Cable  of 
Fiuite 

Integral 

for  one  end 

at  constant 

potential, 

and  the 

other 

at  zero 

IK>tential. 


wbich  IB  tbe  differential  equation  for  i  »  0  or  the  cue  of  t^ 
leak^f^.  A  solution  for  the  latter  case  can  be  converted  ii^ 
one  fur  any  value  of  k  by  simply  multiplying  the  potential  fouo^ 

Sir  William  Thomson  has  given  the  name  diffusivitjf  to  tb^ 
quantity  k'e,  and  denotes  it  by  c  The  quantity  k  correqpondi  ^ 
what  for  thermal  radiation  he  has  called  emt«tpi(y.* 

To  integrate  (32)  for  the  case  proposed  above^  let  first  tbc 
end,  X  =  0,  of  the  cable,  to  which  ue  battery  is  applied,  b< 
brought  suddenly  at  time  /  =  0  to  potential  Fq  and  kent  at  th*^ 
potential  ever  afrer.  Let  s  be  measured  At>m  that  ena,  and  le 
/  be  the  length  of  the  cable.  The  potential  for  x  »  /  is  likevi0< 
always  zero :  and  tliere  is  a  continual  approach  with  lapse  o 
time  to  a  state  of  uniform  variation  of  potential  with  resistaoc* 
frr)m  one  end  to  the  other.  These  conditions  are  fulfilled  and  tb.* 
differential  equation  satisfied  by  the  solution 


r=  r„ 


S-x)^k/^  -  f-(l-x)y/k/Ke 


«lv^fc/«tf  _  t-ly/k/te 


<=« 


-atAit/ti 


+  r^t-Mic  ^  Ai€  sm  -,  , 


<=i 


/ 


.  .  (^ 


where  i  is  nny  integer,  and  jc  is  written  for  kjc. 

It  only  reinainfl  tu  detennine  the  constant  Ai,  so  that  when  t 
only  infinitcHimally  greater  than  0,  F  =  Fq  for  x  =  0,  and  = 
for  every  other  value  of  x.    Putting  /  =  0  in  (33)  we  get  tE- 
equatiun 


4  =  00 


.     .    iirx 
Ai  sin  —  =  — 


wliich  must  hold  for  every  value  of  x  greater  than  serC 
Multiplying  both  sides  by  sin  (Jirx/l)dx,  where  j  is  any  integer 
and  integriting  from  jr  «  0  to  x  =  /,  we  get  on  the  left  (sinc^ 


•  Eneyel,  Brit,,  Art.  "  Heaf,  8  71. 
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term   viuiishes    eicept   that    for  which   j  =  i)   At.tl^i 
1  Uie  right  -  iir«/<;/(.V«  +  iP).     Hence  (33)  beootnea 


■r,- 


-^'v-x'-SivrxT.' 


-(VU/liBi 


Mnea  on  tbe  right  is  convergent,  and  admits  gf  easy 

!,  it  &  mny  be  tnki 


(34) 


.  l- 


-  2r„  V  1  . 


nmthia  we  obtttin  the  current  yftt  distance  jt  frum  the  end  Current! 
0  (tike  sentliDg  end)  hy  finding  ~  k4y/dj.     We  tliua  get         diitiincej 


y.ir. 

7^~ 

,lVj,/.,  _  , 

-i^ii.7  "' 

fttnl/P  en 

*'»n»=  /aaJ  A 

=  0,  111 

B  beeoinea 

-f" 

{.  +  . 

%  {-  D* 

,-lt,i,tt^ 

(37) 

'MIy  convfrg^nt  Bene*  which  gives  tlie  eiirrent  at  the  end 
'C^  T«c«iviDg  end)  when  tlie  leaknge  is  zero. 
'•  oidinnlw  of  curve  A,  Fig.  36,  calcixlnted  from  (37),  jrive 
UluM  of  y  for  differrnl  vulues  of  (  fts  abnciHsiB.  Tlie  final 
'  <•!  the  current  is  taken  as  unity ;  and  a,  the  unit  of  tlia 
'<4«b«cif>*)^  ia  for  tlje  reaaun  suited  below  made  to  reureaent 
!'>/■'( .  log  |.  The  Slim  of  the  Heriee  on  the  nglit  a|>pn>a<:b«i 
•  U  made  innrv  nnd  niore  nearly  xero.  Hence  the  current  at 
>d  of  tliH  cable  IB,  08  was  to  be  eijiected,  xero  immediately 
Ibo  fini  coutHcL    It  dues  not  difier  Henaibly  from  aero 
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Betarda-  until  the  first  terra  of  the  series  is  greater  than  J,  that  ii  jMi 
tion  of  is  greater  than  P/n*K.\og f.  This  value  of  t  has  been  called bji 
Signals.  Sir  William  Thomson  the  retardation  of  the  cable.  After  the 
interval  of  retardation  has  elapsed  the  current  increaaei,  u  d 
shown  in  tlie  diagram,  rapidly  at  first  and  more  and  Bon 
gradually  afterwaids  towards  the  valae  kyjl^  which  it  reidNi 
when  ^  =  00 .  This  agrees  with  what  we  ought  to  expect,  Mi/ 
is  the  resistance  of  the  whole  cable  and  Fq  the  difEensoe  o 
])otential  between  its  extremities :  the  state  of  the  cable  ip 
prooches  a  uniform  gradient  of  potential  from  end  to  end. 


Fiu.  35. 


Graphic        i^»r\'e  ^O  f:ivo!«  the  current  at  the  receiving  end^  for  diffci 

Solutions    values  of  /  as  abscissa*,  in  the  case  in  which  the  sending  en 

indiffeivnt  brxui^lit  sudiioiily  to  potential  F^  and  maintained  at  that  po 

cases.       tial  lor  an  interval  of  time  a^  or  twice  tlte  retardation,  ana  t 

brtMi^ht  sudiienly  to  zero  potential  and  kept  so  ever  after. 

hai*  Ihvm  constructed  by  compounding  with  A  the  same  curv 

A  drawn  on  the  opposite  side  of  the  line  of  abscissfle  and  begim 

at  a  distance  d  to  the  rijrht  of  zero.     Curves  (2)  and  (3)  j 

similarly  the  cum*nts  for  the  cases  of  contact  at  the  same  consr 

potential  lasting  iutcrvalt^,  rei^pectivcly,  four  times  and  six  ti 

the  rctariialion. 


COSDITIOS  OF  SIMILARITY  OF  TWO  CABLES. 

■<)(«)  gives  11 
ntiuitel}'  eliort. 
Uenlly 


irrent  at  time  /  due  tu  +  Fi,  establislieil 
=  0,  and  Ft-,  the  uuireiil  due  to  -  ^o 
le  <  =  r.    But  if  r  is  very  small  we  may 


'S  (-■)'* 


jincideB  with  the  other  curveB  from  (  =  0  to  (  =  a/2, 
ri  riiM  rapidly  to  a  maximum  which  it  reachua  wheti  ■n^KljC  a 

Kuitiiidcrilig   the  digtrihulion   of   potential  in   two   cahlee   of  Condiliiali 

^  J,  /*  with  the  same  poteotial  at  the  sending  eude,  we  see     of  '■imi- 

■t  p«inls  *,  y,  fulfilling  tlie  coDdition  xjt  =  y/i"  will  be  nt  the     Isrity  iii 

a»potsntiftl  for  the  same  value  of  t  if  «/<*  =  e*//^,  Uiat  ia,  the  t«o  ™lil™ 

^MMd  will  Uttve  the  eume  retardwion  only  if  the  diffuBivities  ofdiff"=nt 

pWtliB  aqunres  of  the  lengths  of  the  cables.     But  diffusivity    ""tf"*^ 

*"''  =  lire,  wLere  r  is  the  resiBtauce  of  unit   length  of  tbe 

'i  li«nce  in  order  thnt  the  retardation  at  distances  j:  varying 

iBlmgtha  of  the  different  cables,  or  at  the  reL'eiving  ends, 

\l  nuaiu  constunt  re  must  vary  inversely  oh  tbe  square  of  the 

Ipb  of  [be  cable.     Tills  Dieons  practically  tliat  the  diameter  of 

■  eonduL-lor  atid   llie  external  and  internal  diameters  of  the 

„  ..._jt  be  doubled  when  tlie  cable  is  doubled  in  length  in 

vtLit  the  speed  of  signalling  may  remain  unchanged.* 


r  lUt  rnniluiion  wiw  given  by  Sir  William  Thomson  ia  the  enrly 
^ttSo^nwring  Talegniiihy,  wbeii  the  first  Atlantic  i^bte  was  buing 
1>  tnil  the  ncoguition  of  its  validity  by  those  iiitcrvtrted  in 
■uMtakini^,  led  to  the  adoptian  of  copper  of  the  highest 
u*«Nidoctivity  tor  the  condooton  of  the  caUes,  and  of  materiitl 
BUglcnr  Bjwci&c  indoctirc  capicity  with  bigh  resiatanca  for  the 
Bg-  This  liu  giv«D  liu  to  a  DBW  industry,  the  nianufactnre 
""nmurd*!  scsIb  of  iirai-tiiBJly  pum  copper,  now  carried  on  to  an 
u  RIcnt.  The  wifntific  enierimetils  made  in  order  to  find 
lit  SMHuIb  luiT«  tddcd  greatly  to  knowledge  of  eleetrical  pro- 
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;  both  sides  of  this  equation  by  dn  and  integrating 
t  to  «  between  the  limits  0  and  1  (on  the  left  within 
integration),  we  get 

Vi^sina(fa=   Ji  (    2€-*»*»  rf»  =  ^ir  T  c-f*  rfy. 

Jo  Jo 

e  last  integral  in  the  form    /    c-^^  dx,  and  putting 

Jo 
at  the  superior  limit  we  have 

r=  ro(l  -  A    ('  ^-^dz)    ....     (41) 

vir  Jo 

sn  shovm  by  Sir  William  Thomson  *  that  Numerical 

<=ao  Calcula- 

=  2^  ^  ^_(2<+iy>/4a»  cos  (^*'  +  ^>^  +  R^  Pot^StUls. 


<=o 


m  integer,  and  R  a  quantity  which  is  insensible  if  a 
that  to  the  degree  of  accuracy  to  which  the  value  of 
^  f-a3/4  may  be  neglected, 
iplying  both  sides  of  this  equation  by  f{z)dz  and 

between  0  and  z  we  can  evaluate  /    ^—^^f{z)dz  in 

Jo 

which  /    f{z)  cos  {iirzla) .  dz  can  be  easily  calculated. 

Jo 
)  =  1  we  get 

<=« 

.   V  «-(«+l)3ir2/4a2  sin  ^'^*-+  ^^'^^  4-  S. 


(2.  +  l)VS^,t 

insensible  if  a  fulfils  the  condition  already  stated. 

is  rapidly  convergent,  and  a  very  few  terms  suffice 

numerical  value  of  the  integral  to  a  high  degree  of 

ig  thus  the  values  of  V  for  different  values  of  t  and 
Ine  of  Xy  and  plotting  the  results  with  values  of  i  as 
id  the  corresponding  values  of  V  as  ordinates  we  get 

vnd  Phys,  Papers,  vol.  ii.  p.  56,  'On  the  Calculation  of 

e"     f{z)  dx,* 


in 
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tlie  curve  A,  Fig.  36,  whinh  therefore  repreeenta  tl 
putential  at  [lie  distance  r  from  the  urigjn  after  tbe  eiti 
of  poleiitinl  >^,  nt  the  origin. 

If  tho  potential  at  tbe  origin  be  maintained  at  ^foratiiaWii 
.  of  timer,  and  be  then  brought  to  zero  and  kept  suever  aftw.ili 
for  Sliort  potential  at  any  section  at  distaiicc  x  may  be  supposed  prodDM 
OoDtocta.  by  auppouing  impreaaed  at  the  origin  a  potential  f,  frflni  t  ■» 
'"  /  =  r,  and  a  potential  —  W^  from  (  >=  t  to  (  =  <b  .  This  oil 
supposed  done  by  connecting  for  an  int(^^val  r,  at  thu  To' 
=  (^  of  the  cable  one  lemiiaal  of  a  suitable  battery  wbv 


~7        \  \ji 


Flo.  88. 

resiatanee  is  small  compared  witli  that  of  tbe  cftbl?^  whU^  ■ 
other  terminal  is  connected  with  the  enrlli,  tlion  diaconn. 
the  battery  and  keeping  both  ends  of  llie  eablfi  in  c.jnln.i 
tbe  eirth.  The  curve  of  potential  for  the  ft.nner  of  tlir^c  . 
that  for  the  latter  is  ainiply  A  drawn  on  the  oppoiriiB  nidc  ■■ 
line  of  ubacTSsm  and  beginning  nt  a  diatance  >  to  tbe  n.  ' 
zero.  The  resultant  obtained  hy  compounding  these  two  ■  n 
ahowa  for  tbe  case  conaidered  the  variation  of  potential  ac  diMCii 


"CURB-SIGSALLINa"  THROUGH  CARLES. 


lis  mnnner  are  Graphi 
ii^lU.  (3)  for  Solution 
2a,  3a  on  the    for  SI 


n  Ifi9  Drigtii.  Potential  curves  (Irnwn  in 
in  in  Fig.  36,  (1)  for  r  =  j'/4«,  (2)  fur  i- 
^3('/4r,  that  is  for  v&laes  of  r  respectively 
1)  of  the  dlagmm. 

«  s«n  be  drawn  in  a  Bimilar  mannor  for  otlier  cobeh  ;  for 
It)  the  caiie  of  potential  at  tlio  origin  +  V^  for  an  interrn! 
n  -  Fo  for  an  equal  interval,  then  +  ''o  f'"'  »"  infervnl  a, 
nd  sero  pnleDtial  ever  after.  This  curve  would  he  drawn  by 
^mponniiing  with  the  curve  A,  Fig-.  3G.  three  other  cnrvea,  hb 
((ill(iffi^_n  negative  curve  with  ordinates  double  llione  of  A  for 
tlio  utnt  abscissK,  and  starting  at  ^  =  3ii,  a  positive  curve 
pmriinlf  the  same  as  the  laet  in  ordinates  and  ahscisBB,  and 
Inrting  nt  <  =  fia,  and  laatlj-,  a  negative  curve  precisely  tjie 
"ine  u  A  starting  from  /  =  la.  Another  important  caae  is 
'Im  b  which  the  potential  at  the  origin  is  Fg  for  eny  3a,  then 
-  fjfor  2fl  and  zero  ever  after.  The  curve  for  this  case  would 
^  tlmwn  by  omitting  the  last  curve  of  the  previoiia  example. 


""i  iriBtlDg  tbe  positive 


>  start  at  f  =  6n,  insteail  ( 


Til""'  nTimples  are  of  interest  as  ilhistrating  what  is  called      Cnrb-  J 

'■'"' -.11  ilhng"  through  telegraph  cahluH.     Wlien  to  produce  Sigoalliiii 

■■■::-■  it  1 1  .   flattery  is  applied  at  the  sending  end  of  the  c.ihle  for 

'i'!.   I,  and  that  end  then  placed  in  con'nct  with  the  earth 

''  I'  '  rliiinrj  uncurbed  lignalling,  tbe  potential  at  a  diatanco  x 

f'l'iiilj  tises  and  then  slowly  falls.    To  more  rapidly  discharge 

t^i*  cibia  80  OS  to  bring  the  uffeet  of  one  signal  to  zero  before 

inotlur  is  begun,  and  thus  render  the  signals  sharper  and  more 

''■"irifi,  (lie  cperntor,  instpad  of  putting  the  cable  to  earth  after 

jiliration  of  the  battery,  reverses  the  battery  on  tho 

'  illy  for  a  shorter  interval,  as  in  the  second  case  just 

':i|  ihen  connects  to  the  earth  before  beginning  the 

,    Tliis  has  been  railed  signalling  with  fingle-eurb. 

'    i    J  i,.,ivpver  of  thus  dividing  the  signal  into  two  parts,  r» 

i"-iiiir.  ,irn|  iL  negative,  the  operator  may  arrange  to  divide  it 

'''' '  il  <> '  I'.'LrtR,  a  positive,  a  negative  and  a  positive,  of  suitable 

;i,'''-iii"Lh,  >.iiy  2a,  'la,  a,  or  3d,  Sa,  a,  and  then  connects  to  earth. 

[Ii'  efiki  of  the  positive  third  part  is  to  render  the  potential  of 

I'j',  r»bl(,  more  nearly  nero  throughout  at  the  end  of  the  aigiml. 

|,j'"  liae  been  called  signalling  with  double-eurfi.*     Curve   (u) 

''tUatiowA  the  current   in  the  cable  for  the  case  of  curb- 

i"iffnt  by  which  the  signals  are  nrndu  and  th»  curb,  either 
:>'.  in  any  re<inired  nroporlions,  it  applied  autnmatioally. 
..  'titfld  by  Sir  William  Thomson.     For  description  see 
^^<jw .  /  ae  Sooirty  qf  T*ltfrapK  Engitutrt  for  1878. 
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signalling  in  which  the  positive  pole  of  the  Kattevy  is  sppGedft 

an  interval  3a/2,  the  negative  for  an  equal  interval,  and  krtl 

the  positive  for  ao  interval  tfr/2. 

jinalytical      The  equations  of  the  curves  (1),  f2),  (JS)  of  Fig  36  an  eifll 

Solution    obtained  from  (41)  above.    For  lot  K«— r  denote  the  potsntiilt 

for        distance  s  from  the  orimi  due  to  potential  F^  eatablisbed  it  tl 

Infinitely  origin  when  ^  «  r,  and  U  the  potential  at  s  after  time  ^  doe' 

Short       ^  V^  established  at  the  origin  when  /  >=  0  with  -  F^  sapedi 

Contact    posed  when  ^  =  t.    We  have 


U^Vt"  Ft^r 


If  r  be  small  we  may  write  this  equation 

„        dF         dV  dz 
ai  di   di 

Using  this  in  (41)  we  get . 

If  tlio  interval  r  be  finite  then  plainly 

where  6  is  any  value  of  t  less  than  r. 

Ill  actual  practice  the  value  of  the  potential  at  the  origi 
not  conflUint  throughout  the  whole  interval  during  which 
battery  is  applied  but  varies  with  the  time.  Hence  the  potei 
at  the  origin  after  the  interval  has  elapsed  from  the  instan 
which  the  battery  is  applied  may  be  denoted  by  F{ff).  '. 
substituted  in  (43)  for  F^  gives 

_rFWr_  

and  (44)  becomes 

^ = o/[-i  r  7-.- ^.x, '-"/*-<'-'>  ^^  •  •  • ' 

2friic4  J  0  {i  -  e)i 

It  is  to  he  noted  that  only  values  of  i  which  are  greater  1 
T  can  bo  "sftd  in  the  evaluated  integrals  of  (44)  and  (46). 
The  current  y  at  time  t  and  distance  s  from  the  origin  cai 


SlfiXALLIXfJ  BY  CONDENSERS. 
•ly  cn-se  iiy  cnlculating    -  Ldf'/i/x. 


1  !iirK  girea  tb*  riirretit  at  ilintitnce  x  from  the  aendiTig  enti  in  a 
iWr  wliich  U  so  long  tlint  kfji  ia  negligible.  Tlie  value  of  y 
■  lli»  rasT  is  »  maximum  for  (  —  x'/lit,  nnd  gmdually  fn!!ii  to 

If  J  be  not  80  greiit  tliat  kfjl  ean  be  negloctPcl,  tlie  term 

'V/lmutthe  reslored  to  equation  (41)  before  (iifferentiation. 

I'll'  ciirreni  in   this  case,  at   distance  x  aninll   in  coinpariaon 


-*r. 


,i(.<)i  / 


(48) 


""i  frniMaiinllv  approacbes  the  vnhie  kFf^l.     The  cbaracter  of 
ili^cnrvBigthesnine  ns  that  of  ^,  Fig.  35,  iilmve. 

Tlie  tqusiioti  for  y  in  the  i-nse  of  an  infinitely  short  contac-t  is 
"tiiinai  trum  (43)  aa  before  by  calculating  -  k.dUjdx.     We  get 


(49) 


■n-iiiins  «  maaijnum  for  (  =  **/12ir(,  ia  zero  for  t  =  i*/2«  and 
'>''K>Uv»  for  greater  values  of  t,  and  gradually  approacbes  zero  as 

'  llie  spet-d  of  Mgnnlling  is  inoreoBed  by  the  UKO  of  Sipinlling  1 
<  tlint  the  condnolor  of  the  cable  iit  kept  iniiulated.     by  Can-    . 

■  if  the  battery  in  connected  to  earth,  the  other  to     densera.    | 
I  iif  a  largo  condenser,  the  other  surface  of  which 
i-li  the  near  end  of  the  cnble.   The  farther  end  of  the 
■:!nct  with  one  surface  B'  of  another  large  conden»er 

■  'bpr  surface  A'  la  rnnnecled  to  earth.  The  surfnec 
■ily  after  contuct  to  tb«  full  puteniial  which  can  Iw 
I  'w  battery,  and  the  surface  B  becomes  oppositely 

:    ilic  snrfnces  If  nnd  A'  nt  the  farllier  end  become 

■!"■  ninnncrofii  and  fl  respectively.    There  ia  Ibna 

I  :ii  gotive)  flow  of  electricity  from  the  battery  to  A, 

in  the  cable  and  from  A'  to  e]irth,  and  this  instead 

itid  uppronching  a  steady  atale,  ns  in  the  cnaes 

J   red,  while  the  battery  contact  m  mnlntaincd,  failn 

■r  ri)  u  the  cable  npproachsa  a  uiiironn   potential 

riie    signala   are   thereby,   when   the    operations 
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■hich  ia  now  flie  *"'■ 
speed  ol  tigMlliaK  "  ' 


described  above  are  performed 
ing  end,  rendered  nbarper  and 

obtain  nble. 

Trail*-  We  sbftll  conclude  thie  part  of  the  Bnbject  with  t1i«  «l"tJ  "i 

liuion  of  for  an  infinitely  long,  well  insulaled  8ubm»riaB  cable  wii'i  ■ 
Elwtric  potential  at  llie  origin  vaiying  acconling  to  a  simpla  hutiin^"' 
Y"'  function  of  the  time.  Let  the  pctentid  be  Tj  sin  int.  then  'I' 
•long  a  potential  at  diatance  x  from  the  origin  and  time  /  tiicwnf  ■ 
ttinanne  f,p,„  ^„y  instant  nt  which  Ibe  potential  at  the  origin  ww  "'' 
will  be  given  bji  the  equation 

r=  Fo,-»*Vein(2»/  -  ««/i>), 

for  this  value  nf  F  ntieGtis  the  differential  equatinn  and  all '" 
other  required  conditiona. 

Tlie  internal  between  the  time  of  niiy  pnrticolar  pli.i"-  "  ' 
origin  and  that  of  the  corrcsponiiing  phui>9  ul    ii 
j/2*'»«  and  tbe  forrespoBding  value  of  F  Is  dirn  ■ 
ratio  of  I  to  i-'^^t.    An  electric  pulse  or  wave  ■  I  ; 
Biuplitude  diminishing  per  anit  of  liiatanee    trii\i.  i     <  i 
geotnelrical  ratio  *—''"/■,  is  thus  propagatod  along  the  calile  n 
velocity  2  Vii,  that  is  llio  velocity  of  propagation  ie  dirwily 
tba  Bqnore  mot  of  thp  product  of  the  frequency  {■/■■)  "f  i' 
OBcillation  and  tlie  conductivity  of  the  cable,  and  iuvi-nul) 
the  electrostatic  cupacilv  per  unit  of  lenglli. 
Jflo  of  Such  a  harmonic  variation  of  potential  could  bn  pmdnrfii  ' 

eleiihoDe  the  sending  end  by  n  telephone  responding  to  a  muricnl  ni't'- 
•-  CnhlH.   definite  pitch.    If  the  note  have  a  frequency  of  100.  ihit  k 
Buya  period  of  l/IOO  of  a  second,  and  the  cable  Im' 
conductor  of  reaigtance  of  5  ohtna  (6  X  lO-H   C- ■ 
statie  units)  per  knot,  and  an  elcutroatatic  enpnciiv 
farad  per  knot  (3  X  10*  C.G.8.  eleclTOBtalir  ii.iitsl  i ' 
propagation  of  the  note  will  be  about  i'.'ii"'  i 
the  nuipUmde  will  be  diininishod  to  J  its  i [. . 
about  32  knots  and  to  ^^  in  traversing  ..i 
caae  of  a  telephone  responding  to  notes  lii 
duced  siniultanoniiflly,  the  pulses  corrc-ipiTJuin^'  n 
note*  would  Ihj  transmitlfd  with  the  greater  v,.li«-iiir 
ho  rocMved  in  urdor  of  pitch  beginning  with  tho  big 

*  TlieniljjaotofthoTrenBniisfii.T,    '  ■■        ■ 
hen  only  touchaj  upon  uiidar  In 
cUMid  by  l>Ti>r«ar  /  J.  Thoioi-^r, 
Not  Sli.  sra  :  kDd  hy  Mr,  Oli..  : 
a-  abo  Sir  WlllUm  nomson-a  .1/., 


CHAPTER  III. 
UNITS  AND  DIMENSIONS. 

•HYSICAL  quantity  is  expressed  numerically  in      Two 
)f  some  convenient  magnitude  of  the  same  kind  expression 
IS  unit  and  compared  with  it.     The  expression  of  p/*^  * 
aantity   consists    essentially  of   two    factors,  a  Quantity, 
ic*    and    the   unit    with    which    the    quantity  Numeric 

red  is  compared  ;  and  the  numeric  is  the  ratio  of     ,?"?[ 

11  -1  .        ^"*** 

antity  measured  to  the  quantity  chosen  as  unit. 

?hen  a  certain  distance  is  said  to  be  25  yards, 

J  meant  is  that  the  distance  has  by  some  process 

term  numeric  has  been  introduced  by  Prof.  James  Thomson 
tt'»  "  Arithmetic,"  Ed.  LXXIl.,  p.  4)  as  an  abbreviation  of 
led  expression."  It  denotes  a  number,  or  a  proper  fraction,  or 
iper  fraction,  or  an  incommensurable  ratio.  We  shall  find  it 
nt  to  employ  it  here  where  we  wish  to  lay  stress  on  the  fact 
are  dealing  with  what  are  essentially  numerical  expressions. 
e  what  is  actually  meant  by  the  conveniently  brief  expressions 
;h,  X,"  •*  amass,  M"  **  a  force,  ^,"  and  the  like,  is  simply  that 
,  &c,  denote  the  numerics  which  express  the  respective  quan- 
tenns  of  the  units  chosen,  that  is,  are,  as  we  shall  say  below, 
mc8  tif  the  quantities  in  terms  of  those  units.  Further  in  such 
8  "  the  product  of  mass  and  velocity,  "or  *  *  the  product  of  charge 
ntial,"  and  so  on,  the  product  (or  whatever  other  function  is 
I  of  the  numerics  is  of  course  what  is  intended.  If  all  such  ex- 
were  made  verbally  unexceptionable,  the  resulting  prolixity 
I  intolerable. 

N  2 


If  IMTS  ASD  DIMEXSIOXS. 

y-m-^p^    z^^zL  c:-c:rare»i  with  ihe  length,  under  specified 
''11^      ditior.?.  of  a   certain  standard  rod    (which  lengt 
•i-rn^^i  as  a  yari    and  the  ratio  of  the  former  to 
LaTt^er  found  to  be  25. 

Tii-E-  nni:  of  measurement  is  of  course  itself  ca] 
•:.f  c-riiig  eicpress^ed  numerically  in  terms  of  any  ui 
the  same  kind,  and  in  the  same  wav  therefore  iti 
expression  consists  of  a  numeric  and  the  new 
Hence  if  3'  be  the  numeric  of  any  physical  quant: 
terms  of  the  unit,  y  in  terms  of  another  unit,  \ 
che  numeric  of  the  first  unit  in  terms  of  the  secon 
have 

y  =  n.x 

n.fir^^p^  In  order  therefore  to  find  the  expression  N'  ( 
"^'^'^'  quantity  in  terms  of  the  second  unit  from  its  expr 
iV  in  terms  of  the  first  we  have  to  multiply  by 
ratio  of  the  first  unit  to  the  second.  This  numer 
been  appropriately  called  the  change-ratio  fo 
change  from  the  first  unit  to  the  second. 

Ari.itmrv  The  chancre  from  N  to  N'  cannot  be  made 
'  the  clian<:re-ratio  n,  is  known.  Each  unit  mav 
boon  arbitrarily  chosen  without  reference  to  any 
unit,  and  n  determined  by  some  process  of  me 
nHMit ;  or  th(^  units  may  have  been  derived  from  c 
chosen  fundamental  units,  and  the  ratio  dediice( 
the  relation  of  one  system  of  fundamental  ur 
tlu»  otlnT.  In  the  measurements  described  ii 
work  tho  units  emi)loyed  are  entirely  of  the  i 
kind  luTO  reforrod  to. 

In  tho  early  days  of  electricid  measurements  th( 


ITEM  OF  ABSOLUTE  UNITS. 

t  were  most  of  them  thus  arbitiarily  chosen,  each  J 
Miout  refeteuce  to  other  physical  quantities ;  and 
each  investigator  had  his  own  standards. 
1  to  suit  his  own  convenience,  by  which  he 
I  the  electrical  qualities  of  the  substances  he 
n].  Tha  great  inconvenience,  loss,  and  un- 
y  caused  by  this  want  of  a  common  system  of 
wurement  became  intolerable  when  practical  appli- 
s  of  electricity  like  those  of  submarine  telegraphy 
a  to  be  propiaed  and  undertaken,  and  led  to  tiie 
ption  of  So-called  absolute  units,  that  is,  derived 
a  depending  on  a  system  of  fundamental  units  in 
vay  affected  by  locality  or  other  conditions  of 
fomenting,  or  relatud  to  the  instruments  and 
t  of  any  investigator. 
!  ^siem  chosen  is  one  wliich  was  suggested  first 

SB,  and  carried  out  by  him  to  some  extent  for  " 
miciil  and   for   electric   and   magnetic  quantities, 
ed  and  developed  first  by  Wilhelm  Weber,  and 
f  Thomson,  Maswell,  and  others  who  formed  the 
u  O'tiimittee  on  Elecirical  Standards,  and  gradually    . 
bpbed,  until  finally,  at  the  Congresses  of  Electricians  „ 
i./M  at  Paris  in   1881,  1882,  and  188*,  electric  units 
■  inded  «u  it  were  chosen  for  use  by  the  whole  civilised 
.rtd,     lu  this  system  the  units  of  length,  mass,  and 
iim  are  defined  and  taken  as  fundamental  units,  and 
<iii  those,  units  for  the  meaauremeut  of  all  physicid 
I  .kDtitice  are  derived  in  the  manner  explained  below. 
It  U  to  be  noticed  that  although  tiiis  system  itj  an 
.i!j«»Iut«"  »yatem  in  the  sense  just  stated,  it  is  only 
[).j  of  several  systems  absolute  in  the  same  sense,  which 
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I  whicb  are 
tiaadj  m  the  onSaur  boaioesB  of  Ufc, 
demed  pLyaciI  nmu  >re  Imnigfat  into  tlirect  d 
vitk  ihertaadaidsoCIei^tliaiiid  miisia  thefi 
■ad  RfaodoctioB  of  wt^di  so  mucb  scientj 
ki*  beek  eipeoJed.mil  wiib  tlie  elaborate! 
ncBsarenieats  of  tune  fiinu&bed  bjr  the  ag 
obeecraiacies  of  the  vorUL 
r!i'?*f  ^^  ^''^  befbfe  as  is  (o  detennine  tbe  i 
PbpiMl  which  tlwTanonft  derived  QoitA  inrulvo  the  fii 
utiiu,  that  is,  we  have  to  determiiw  for  eaci 
(jL  180  above)  the  cbange-iatio  n  in  terms  of 
nii>DtaJ  units.  The  formula  which  expresse 
trait  of  tneasnrenient  of  say  qoantity  we  shni 
Ftrrmula  of  Dimension*  or  the  IHmensional  J 
lie  qiianti^.  To  prevent  the  necessity  for  tb 
repetition  of  these  terms  we  shall  denote  tlie  dl 
formula  of  any  quantity,  of  which  the  numf 
noteil  by  any  particular  symbol,  by  the  sai 
inclosed  in  square  brackets.  Thus  we  denote 
sional  formula  of  the  quantity  Q  by  the  symh 
Examples  of  the  values  of  [y]  will  be  foui 
ing  with  the  various  units  to  which  we  noi 
Wo  shall  first  consider  tlie  definitions  and  i 
tlio  fundamental  units  in  common  use  and  t 
tion  from  thi- m  of  the  units  of  oilier  physical 
In  doing  so  we  shall  find  the  dimensional 
eacli  casu  and  its  numerical  values  for  cettti: 
gf  uuit^ 


DEFINITION  OF  THE  METRE. 


Fdndamental  Units. 


]  LcnffCh.     The  standard  unit  of  length  in  Oreat 
a  is  defined  by  Act  of  Parliament  iu  the  following 

"  The  straight  line  or  distiiuce  between  the  i 
■s  of  the  transverse  lines  in  the  two  gold  plugs  in  ^ 
ronze  bar  deposited  in  the  Office  of  the  Exchequer 
U  be  the  genuine  standard  of  length  at  62°  F.,  and 
Dst  it  shall  be  replaced  by  means  of  its  copies." 
Slutliorised  copies  are  preserved  at  the  Royal  Mint, 
"'?  Riiyal  Society  of  London,  the  Royal  Observatory  at 
l^teenwicb,  and  the  New  Palace  of  Westminster.     The 
'-"inparisou  of  the   length  of  the   standard   with   the 
I  "jjlbs  of  its  copies  has  been  efi'ected  with  the  utmost 
"■'"atific  accuracy,  and  formed  a  most  elaborate  and 
:iii{Hjrttint  scientific  investigation. 

file  length  of  a  simple  pendulum  which  beats 
■'■fOttda  has  been  determined  for  several  places  by 
'I'Caus  of  very  careful  observations,  and  repeated 
l"fnluliim  vsperiments  at  these  places  would  in  the 
''-at  of  the  destruction  of  the  standard  and  all  its 
"PiBSgive  a  means  of  accurately  renewing  them. 
"I  Franco  and  in  most  Continental  countries  the 
•iiiiarj  of  length  ia  the  Meire.  This  is  defined  as  the 
'''"taoa;  between  the  extremities  of  a  certain  platinum 
1«T  when  the  whole  is  at  the  temperature  i)"  of  the 
'  '^uiignide  scale.  This  rod  was  made  of  platinum  by 
,  and  is  preserved  in  the  national  archives  of 
in  the  case  of  the  yard,  authorised  copies 
■  IS  &ii<I  IB  Vict,  c  72,  July  80,  ISSS. 


cotnpwefl 
aces.        I 


UKITS  AND  DIMEKSH 

hive  been  carefully  c 
fiRaerved  in  various  places. 

Tto  metre  was  constructed  ia  accordanu 
dtctee  uf  tlw  KeoiJi  RepuLlic  paEsed  in  17{ 
onacted,  qd  the  recommendutJQa  of  a  Oommi|{ 
FnMkcfa  Acwirmy  of  Sciences,  coosistuig  a 
IMuubre,  Borda,  and  uttitrRs,  that  the  uiU6 
^bMiId  be  oiw  t^n-milliontli  part  of  thai 
oteAsared  Along  the  meridian  passing  throi 
fron  tbo  Equator  to  the  North  Pole.  The  J 
meridian  extt^iMUng  between  Dunkirk  aiid|< 
was  meAsored  b}'  Delambre  and  M^chain,  and| 
results  the  standard  luetfe  waa  renlised  id 
by  Bordo.  The  metre,  il  is  to  bo  observed,  j 
defined  in  relatiou  to  the  earth 'h  dimension^ 
and  more  accurate  results  of  gcodesj^  have  tl^ 
affected  the  length  of  the  metre,  but  are  \ 
expressed  in  terms  of  the  length  which  Bord 
at  0"  C. 

In  the  French  system  the  decimal  mode  ol 
has  been  adopted  for  multiples  luid  sub-multl 
the  units.  Thus  the  metre  is  divided  into^ 
parts  each  cailt-d  a  ilecimetre,  Lhe  decimeti 
parts  each  colled  a  centimetre,  and  the  centi 
ten  parts  each  called  a  millimetre.  AgaiD,] 
ten  metres  is  called  a  decametre,  of  one  hund 
a  hectometre,  and  one  thousand  melrea  a  I 
Of  these,  in  accordance  with  the  prevailing 
scicutiGc  experimenters  who  adopted  lhe  s 
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tlie  B.  A.  Committee,  the  centimetre  has  been  very 

generally  chosen  as  the  unit  of  length  for  the  expression 

of  scientific  results,  and  on  it  as  unit  of  length  the 

electric  and   magnetic   units   approved   by  the   Inter- 

Bational  Congress  of  Electricians  held  at  Paris  in  1882 

We  been  founded.     The  reason  for  this  choice  will 

appear  when  we  consider  the  unit  of  mass. 

We  shall  denote  the  numeric  of  a  length  by  Z.     The    Dimon. 
dimensional  formula  is  therefore  [L],  Fonuula 

For  example,  if  we  wish  to  find  from  the  numeric  of  ^^  LiJi»gili. 
a  length  in  terms  of  the  yard  as  unit  the  numeric  of  the 
wme  length  in  terms  of  the  metre  as  unit,  we  have 
M  =  "OHSO,  the  ratio  of  one  yard  to  one  metre ;  and 
this  of  course  is  equal  to  36/39-3704,  or  91-43y/100,  &c., 
the  ratios  of  the  numerics  of  the  two  units  directly 
obtained  according  as  the  inch,  or  the  centimetre,  &c.,  is 
tftkeu  as  unit  of  comparison.  Similarly  the  value  of 
[I]  for  a  change  from  the  foot  as  unit  to  the  centimetre 
«8  unit  is  30-47945. 

(2)  Mass,     The    legal  standard   of    mass   in    Great  StAiidard 

TOtain  is  the  Imperial  standard  pound  avoirdupois,  a 

piece  of  platinum  marked  "  P.  S.  1844,  1  lb.,"  preserved 

>n  4e  Exchequer  Office.     In  the  Act  of  Parliament 

(the  Act  already  referred  to)  which  gives  authority  to 

the  standard,  it  is  called    the    "  legal    and    genuine    imperial 

Btaudard  of  weight ; "  and  the  Act  provides  that  if  the     '^^und 

*taiuiard  is  lost  or  destroyed  it  may  be  replaced  by 

D^ns  of  authorised  copies,  which  are  kept  in  the  same 

Datumal  repositories  as  the  copies  of  the  standard  of 
length. 

It  is  to  be  noted  that  the  word  *'  weight  *'  used  in  the 
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Act,  is  on«  which  is  nHuUiiUjr  used  in  two  i1 
'     senses :  (1)  as  here.  b>  signify  thu  (joanti^  of  a 
-"  a  body ;  (2)  in  its  proper  scuae,  to  signify  the  do^nwi 
force  of  gravity  oii  the  builf.     It  is  evitlent  tliBtu 
two  seoses  are  lUstmct.     The  quantity  of  mntk-r  ii 
body  is  invariable ;  the  force  of  gravity  upon  tlie  b 
depends  on  the  situation  uf  the  body,  and  may  «' 
zero.      At  a    given   place   the   forces  of   grav 
different    bodies    are.    as    was    proved    hy    Niin 
penduhim  experiments,  proportional  to  their  i: 
and  thus  a  conipariEon  of  the  weights  of  different  b 
gives  a  direct  comparison  of  their  masses. 

The  pound  has  been  generally  used  in  Gn.-nt  Briiji - 
as  the  unit  of  mass  for  the  expression  of  dyuamii  i 
resutta.  but  in  engineering  and  the  arts,  l&rgLT  uiiit> 
tor  example,  the  ton,  or  mass  of  SS40  lbs.,  and  il< 
hundred- weight,  or  mass  of  112  lie..  ar«  frequent'; 
employed. 

The  French  standard  of  mass  is  a  piecw  of  plnLium  ; 
'    calle<I    the   Kilogramme  de»  Archives,    made   alsii   I 
Borda  iu  accordance  with  ihe  decree  of  the  lU-pull 
mentioned  above.     It  was  conuected  willi  the  staniii' 
of  length  by  being  made  a  mass  as  nearly  as  poasil 
equal  to  that  contained  in  a  cubic  decimetre  of  distil  i' 
water  at  the  temperature  of  maximum  density,  4'  t.. 
The  comparison  was  of  course  made  by  weighing! 
so  far  as  this  process  was  concerned  it  was  j 
obtain  yreat  accuracy,  but  the  density  of  water  is  a 
what  difficult  to  determine  witli  exactness.  And  isl 
ill  II  small  degree  uncertain.     The  relation  betwoun 
standards  is,  however,  so  nearly  that  statiid  above  { 
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W  practical  purposes,  the  error  raay  be  neglected.  But 
a  SMOimt  of  tLis  uncertainty  it  is  important  to  re- 
imber  that  the  standard  is  dejiiifd  as  the  kilogramme 
!i}  by  Bonla,  and  not  as  the  mass  of  a  cnbic  decimetre 
H  diitillcd  water  at  i'  C,  which  it  approximately  equals. 
.  A  comparison  between  the  French  and  British 
1  of  mass  made  by  Professor  W.  H.  Miller 
i  the  maea  of  the  Kilogramme  des  Archives  as 
M2-3+874  grains. 
I  Tliegmninie.defiQedasl/lOOOoftbe  Kilogramme  des 
lebives,  and  approximat^^ly  equal  to  the  mass  of  one    iieiatti 

c  ceatimetre  of  water  at  4°  C,  was  recommended  '^J'V"^^ 
.  1  ■  ^1      Stiiiiddrd 

the  B.  A.  Committee  as  the  unit  of  mass  for  the  of  Mua  to 
on  of  experimental  results  generally,  and  this  „(  Lcmrti.  ■ 
lias  now  been  ratified  by  the  general  practice  of 
ilific  men.     The  convenience  of  the   adoption   of 
I  unit  of  mass  lies  in  the  fact  that  it  is  approxi- 
lely  the  mass  of  unit  volume  of  the  substance,  (water 
WfAls  temperature  of  maximum  density),  usually  taken 
■te  stAQdard  of  comparison  in  the  estimation  of  specific 
_[  nities  of  bodies,  which  therefore  become  in  this  case 
'  .i:  same  numbers  as  the  densities  of  the  bodies. 

The   multiples   and   sub-multiples   of   the   gramme 
■  I  .cefd  dedmally.  and  are  distinguished  by  the  same 
i-^fixesns  those  of  the  metre.' 
Wo  fihall  denote  the  numeric  of  a  mass  by  M,  and 
b'ince  t\&  dimensional  formula  by  [M\ 

The  value  of  [J/^  for  a  reduction  from  the  pound  as 
i[iit  to  the  gramme  as  uiut  is  453093,  for  a  reduction    ', 
lu  the  grain  as  unit  to  the  gramme  as  unit  lo'432. 
*  See  TbUb  at  end  of  this  Tohime. 
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tiiuc.  (3)  Time.    The  definition  of  cqunt  intervals  of 

belongs  to  ilytuunics  and  cnnnot  here  be  finte 
but  according  to  ii  the  times  in  which  the  earth  I 
through  equaJ  angles  about  its  axis  are  to  a  \af 
degree  of  approxiinatiou  equal.  These  inter^'ab 
respond  to  equal  intervals  of  lime  shown  by  ad 
clock,  and  if  the  clock  just  goes  twenty-four  bui 
the  time  of  an  exact  revolution  ot  the  earth  aba 
axis  (or,  which  is  the  same,  the  interval  betweei 
successive  passages  of  a  fixed  star  in  tlie  same  dir 
across  the  meridian  of  any  place),  showing  Oh.  0 
each  time  a  certain  poiut  of  the  heavens  calls 
First  Point  of  Aries  crosses  the  mertdiau  in  Ui0 
direction,  it  is  said  to  show  sidereal  time. 

Though  sidereal  time  is  used  in  astronomical 
vatories.  it  is  more  convenient  in  ordinary  civil  - 
to  use  solar  time ;  but  as   the  actual  solar  d«; 
interval   between  two   successive   transits  of  tl 
across  the   meridian   of  any   place,   varies  in 
during  the  year,  the  standard  interval  is  then 
such   intervals,  anil  is  called   a  Tium   avlar  i 
account  of  the  orbital  motion  of  the  earth  tlia> 
solai'  day  is  about  3m.  oSOs.  longer  than  the  si 
day. 
Vnitot        The  mean  solar  second,  defined  as  iy86W0  ] 
deUuBiL    the  mean  solar  day.  is  taken  as  the  unit  of  (JmiC  I 

expression  of  all  scieutiiic  results. 
Otiur  We  have  seen  that  the  choice  of  the  fondal 

BuSjUm.  units  is  entirely  arbitrary,  and  there  is  nothing  11 
"Irfiigih.  nature  which  entitles  ihtm  in  any  just  suUM 
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ihe  period  of  rotation  of  the  earth,  is,  we  have  reason  to  Other 
believe,  subject  to  a  slow  progressive  lengthening,  due  g^andArda 
to  tidal  retardation  of  the  earth's  rotation,  and  possibly  o^  Lengtli, 
W80  to  frictional  resistance  of  the  surrounding  medium  ;  Time. 
Hnd  as  a  matter  of  definition,  without  reference  in  all 
cases  to  realisation,  it  would  be  easy  to  find  many  much 
more  satisfactory  standards.  Thus  it  has  been  suggested 
by  Sir  William  Thomson  *  that  the  period  of  vibration 
of  a  metallic  spring,  and  kept  in  a  hermetically  sealed 
exhaasted  chamber  at  a  constant  temperature,  or  the 
period  of  a  particular  mode  of  vibration  of  a  quartz 
wystal  (or  other  crystal  of  definite  composition)  of  a 
specified  size  and  shape  and  at  a  given  temperature, 
would  be  theoretically  preferable  to  the  mean  solar 
second,  as  fulfilling  with  a  much  nearer  approach  to 
perfection  the  condition  of  constancy.  Clerk  Maxwell  f 
bas  also  suggested  as  units  of  time  the  period  of 
Vibration  of  a  gaseous  atom  of  a  widely  diffused  sub- 
stance easily  procurable  in  a  pure  form ;  or  the  period 
w  revolution  of  an  infinitesimal  satellite  close  to  the 
surface  of  a  globe  of  matter  at  the  standanl  density, 
^bich  may  be  any  density  determined  by  a  definite 
Pbysical  condition  of  any  substance,  for  example  the 
^*ximum  density  of  water.  This  period  is  independent 
^»  the  size  of  the  globe  t  and  it  has  been  pointed  out 
^'^at  this  advantage  would  also  be  obtained  by  founding 

*  EledricUy  and  Afagwtism,  vol.  i.  p.  3  ;  Thomson  and  Tait,  Nat. 
^*»?.  ▼ol.  i.  part  i  p.  227  (second  edition). 

t  TWA 

4  For  water  at  the  temperature  of  maximum  density,  it  is  approxi- 
littely  lOh.  8m. 
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Other     the  unit  of  time  on  the  period  of  a  small  simple  harmoiue 

st^dards  vibration  of  a  globe  of  standard  density. 

m^^^h'      ^^^  mass  of  a  gaseous  atom,  for  example  that  of  ft 

Time,     sodium  or  hydrogen  atom,  and  the  wave-length  of  ft 

definite  line  in  the  spectrum  of  an  easily  obtainaUe 

substance,  for  example  the  D  lines  in  the  spectrum  of 

sodium,  might  be  chosen  as  the  units  of  mass  and 

length.    These  units  would  be  quite  definite  anGe, 

according  to  the  kinetic  theory  of  gases,  the  atomfl  of 

any  one   substance   are   undistinguishable   from  one 

another  by  any  physical  test. 


Derived  Units. 

Dimf-n-        Let  iis  siippose  that  the  numeric  N  of  sl  phpcal 
Fonnula    quantity  is  given  by  the  equation, 

of 

"^^^^  lY  =  a  A'  JC  V  •   WM^'T^.   &c.,     .    •  (2) 

where  X^,  Zo,  &c.,  M^,  M,,,  &c.,  T^,  To,  &c.,  are  numeric? 
of  (Hfierent  lengths,  masses,  and  times  in  terms  of  ^ 
certain  chosen  unit  for  each,  and  C  is  a  numerical 
multiplier  (generally  equal  to  unity)  which  does  not 
depend  on  the  units  adopted.  Now  let  other  units  of 
length,  mass,  and  time  be  chosen  and  let  N'  be  tlie 
numeric  of  the  same  quantity  in  t^rms  of  these  units, 
and  L\,  Z'o,  &c.,  Jfi,  Af'o,  &c.,  T^,  T^,  &c.,  those  of 
the  lengths,  masses,  and  times.     Then  we  have 

iV  =  G.L\'M'-r  T'C .  Z7  M\^  r; .  &c.  .    (3) 
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r  equaUon  (1)  J^''  =  X'  [Z]', M"  =  Hf  [ATT.  and    Rin"*"- 
Hence  (3)  becomes.  Fonnulu 

of  Derived. 
=  GZi'  Jf,"  Ti"  .  1/  Mg"  T;  .  &C.    [i]'  +  '  +  *'=■  Unita. 

'^luation  (l)  therefore  the  dimensional  formula  [N] 
ill.'  quantity  is  [£]'■*""+*"■-  [M]"^"^'^:  [?']''+'+*•■■ 
I'-'conlance  with  the  notation  [A"],  we  shall  denote 
•    in    future  by   the    more   convenient    expression 

Tl^fi  numerics  l+p  +  &c.,  &c ,  correspond  to  what  Dhnon- 
iiit-r*  called  les  erposaiits  de»  dimensioTis  of  the  Units, 
Minifies  which  entered  into  his  analysis,  and  it  is 
■  numerics,  not  the  dimensional  formulas,  ■which 
[iMperly  the  "  dimensions  "  of  the  units.  It  was 
wd  out  by  Fourier  that  in  equations  involving  the 
:  iiirics  of  physical  quantities' every  t«rm  must  be  of 
-'line  dimensions  in  each  unit,  otherwise  some  error 
1  liave  been  made  in  the  analysis.  This  consideration 
'is  in  physical  mathematics  a  valuable  check  on  the 
ir:icy  of  algebraic  work. 

!■  ia  obvious  from  equations  (1)  or  (4)  that  the  dimen- 
'  il  formula  of  the  product  of  any  number  of  numerics 
-Vj  of  different  phydcal  quantities  is  the  product 
'  A'j.  &c,]  of  their  dimensional  formulas,  and  more 
"wlly  that  the  dimensional  formula  of  the  product 
"'.  .V,"'.]  &c.,  of  any  jjowlts  whatever  of  these  ex- 
■'ioB9,  is  the  product  of  the  same  powers  of  the 
I'  <]ionding  dimensional  formulas. 

*  Thtorie  ATuUyttqut  de  la  ChateuT,  Chap.  II.  Sect.  IX. 


192  rSlTS  XSD  DTMJESSIOSS. 


IHin<&n-  We  are  now  {«epare»i  lo  find  the  dimeitnoiud  fa 
Tnit^  of  the  various  derived  uaftSu  The  process  will 
in  fiDiiing  f-^r  each  qnandrr  the  formula  conesp 
to  the  right-hand  9*ie  of  'f\  and  thence  d 
accorrling  to  .'4  the  proper  formula  of  dimensoDi 
sIiaII  coosi'ier  first  the  units  of  Area,  Volun 
D*:n?itv:  then  the  various  dvnamical  units  wh 

•     •  • 

involved  in  thc-se  of  electrical  and  mimetic  quai 

Ar**.  Ana.    The  general  formula  for  the  area  of  anv 

can  be  put  in  the  form  CZ%  where  Z  is  a  i 
expressing  a  length,  and  C  is  a  numeric  which  d 
change  with  the  units.  Hence  bv  '4,  the  fon 
dirnf-risjions  for  area  is  TZ^. 


.  '..'iiri'-. 


Vol "t ft*.  Sirrjilarlv  the  fomnila  for  the  nun 
fi  volume  can  Yrs  written  CL^,  and  the  fon 
dirii»:*!i^k'ns  is  [Z\]. 

I)«^rjMty.  Jftn-^'^u.  The  D-nMty  oi  a  body  is  expressed 
nuinerio  of  the  nja5S  per  unit  of  volume.  V 
deri'jte  it  bv  the  5\"Tub<:»l  Z>. 

If  thv  V^'iv  be  of  uniform  densitv,  the  nu: 
obtaiiitd  by  nndinc:  the  mass  contained  in  an 
VMluifiO  "'f  the  b>iv  :  the  ratio  of  the  nuraeri( 
nn>s  t'»  the  numeric  of  vr»lume  is  the  densitv. 

If  the  bo»^^.v  be  oi  va^^•ing  densitv,  the  densit 
p<»int  is  the  limit  towanls  which  the  ratio  of  the 
of  the  mass  oor.tained  in  an  element  of  volume  ii 
the  ]vint,  to  the  numeric  of  the  volume,  appro 
the  element  is  taken  smaller  and  smaller.  Thi 
Iv  an  element  of  volume  including  a  point  at  w' 


■                        TBLOCITY.  Wr 

I  D,  and  SAT  be  the  mass  of  the  element,  we  Density 

^^H  I 

BBIIWFe  have  for  the  nameric  of  the  volume  I 

R^a  for  that  of  the  mass  contained  in  it  M.  I 

[                   [D]  =  ML-*l  1 

wific  Ora-oUy  of  a  body  is  the  ratio  of  the  density  BpeeBF 

jdy  to  the  density  of  the  standard  substance.  '^^'^^ 

lerefore  a  numerical  ratio  independent  of  the  H 

^units  adopted,  that  13,  its  dimensional  formula  H 

(P  denote  the  specific  gravity  of  a  body  whose  fl 

ID,  and  D,  be  the  density  of  the   standard  1 

French  system  of  units  D,  ts  taken  as  unity  H 

^ve  D=G.    This  is  one  great  convenience  of  H 

lb  units  of  length  and  mass ;  but  it  is  to  be  B 

red   that  Density  and    Specific   Gravity   are  ■ 

f  dififerent  ideas,  and  only  coincide  in  numerical  I 

J 

I             Dynamical  Units.  ^ 

m.    The  Telocity  of  a  body  is  measured  hy  the  Telocity 
If  tlie  length  described  per  unit  of  time.     Its 

pn  involves  direction  as  well  aa  magnitude;  I 

nllng  with  the  dunensions  of  velocity  we  are  H 

pmd  with  the  latter  element.  ^| 
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If  the  velocity  U  uniform,  its  nameric  is  the 
the  numeric  L  of  any  diatance  traveraed  to  the 
T  of  the  time  in  which  it  is  described. 
1-.  If  the  velocity  b  variable,  its  numeric  r 
inatant  is  the  value  towards  which  the  ratio 
numeric  }iL  of  the  distance  traversed  in  an 
of  time  including  the  instant,  to  the  numeric  h 
interval,  approaches  as  the  interval  is  taken  sn 
smaller.     Hence 

dL       • 

where  L  denotes  in  Newton's  Buxional  oot&tion 
rat«  of  variation  of  L.  We  shall  use  this  q 
velocity. 

We  see  that  the  numeric  of  a  velocity  is  the 
the  numeric  of  a  length  to  the  numeric  of 
interval,  and  therefore  we  have 

[i]  =  [ir--]. 

As  multiplier  for  a  change  from  mile-minute 
centimetre- second  units  we  have 

Ti  =  5280  X  30-4797/60  =  2682-2136. 
In  8tat>ements  of  amounts  of  velocities  tfacy 
clearly  to  be  a  distinct  reference  to  the  unit  I 
-thus  the  expressions  one  mile  per  minnte, 
per  second,  26832136  centimetres  per  seoood, 
fectly  definite,  and  express  the  Bame  vetocit 
such  a  statement  as  a  "  velocity  of  88  feet"  i 
of  meaning. 


ACCELERATION. 

Aatleration.    The  acceleration  of  a  body  is  expressed   J 
\iy  ihe  Qameric  of  the  change  of  velocity  per  unit  of  time. 

lAe  velocity,  acceleration  involves  in  its  signification 
I'Il's  of  direction  as  well  as  of  magnitude ;  and  it  is 

. "igii  a  want  of  clear  apprehenaion  of  this  fact  that 

':  <  ulty  is  fouod  by  students  in  the  theory  of  curvi- 
-ir  motion, 

Ui  si  be  the  velocity  given  in  direction  and  magni- 
'udt  which  compounded  with  the  velocity  Z  which  a 
particle  possesses  at  the  beginning  of  an  interval  of 
■!'i;c  BT  would  give  the  velocity  in  direction  and  niag- 

':i'lL'at  tJie  end  of  that  interval,  then  SilBT  is  the 
■  "'je  acceleration  during  that  interval,  and  the  limit 
>"«*rda  which  this  ratio  ai>proache3  as  8?"  is  made 
stualler  and  smaller  is  the  true  value  of  the  acceleration 
« ilie  beginning  of  the  interval.    That  is,  we  have 

Acceleration  =  -t=,  =  Z, 

"'■■■''ly  Z  cfenutt'S  in  the  flusional  notation  the  time-rate 

iriatjon  of  Z,  that  is,  of  velocity. 

i\  '■  shall   use  this  symbol  for  acceleration,  and  the 

iJ'Jta  above  the  L  will  serve  to  recall  the  double 

nuccto  lime  which  is  pkiiily  involved  in  the  notion 

.w^«Ieration.     This  should  be  clearly  expressed  in 

'tatemento  of  amounts  of  acceleration.     Thus  such  a 

Utemeat  as  aa  acceleration  of  081   centimetres  per 

BBond  per  second,  or  32  feet  per  second  per  second, 

I  perfectly  do&Dite,  while  such  phrases  aa  an  "  accele- 

itioa  of  981  centimetres  "  or  "  an  at^celeration  of  32  feet 

md  "  which  are  often  used,  ore  meatiingless. 

0  2 


csrra  A5D  Duairaiosa, 

The  dimenaonal  fbrnmls  is 

For  a  change  &om  mQe-miDUte  units  to  a 
second  uaite, 

H  =  5280  X  30^4797/60'  =  447-0856. 


Taking  for  simplicity  the  cas«  of  t  rigid 
body  moring  irithout  rotation,  that  is,  so  tint  iv^- 
particle  of  the  body  has  the  saioe  Telocity  at  tlw  f^w 
instant,  the  momentum  of  the  body  is  exprcsset]  l<  '. 
prodact  of  the  nameriis  of  the  mass  of  the  body  tai 
Telocity.  Hence  it  is  express^  symbolically  bjH! 
The  dimensioDal  formala  is  therefore 

[ML]  =  [JtfZr-']. 
'  Bal*«f         Timi'SaUofCAax^ofMomoitum.    If  themotDcnn; 
^''' of  the  body  be  not  constant,  then,  since  we  supi'i 
I.      the  mass  constant,  we  toast  have  for  the  time-rat 
rariatioQ  the  expression  MZ,  that  is,  the  product  of   < 
numerics  of   the   mass    and    the    acceleialion.     Ti 
dim^isonal  formula  is  therefore 

[ML]  =  [Mir-^i 

».  Font  {F).  A  force  acting  on  a  body  is  proporlioail 
the  time-rate  of  change  of  momentum.  Hence  ' 
dimensional  formula  just  found  is  that  of  force. 

According  to  the  system  suggested  by  Gauss,  a  f  ^ 
is  measured  by  the  time-rate  of  chtinge  of  roomviHi 
that  is,  the  constant,  C,  of  equation  (3)  is  in  this  cii- 
in  the  other  cases  we  have  considered,  taken  eqm 

_     uiuly.    Unit  force  is  therefore  that  force  which  Mcii^ 


if  time  on  unit  mass  produces  unit  change    Kinetic 
y,    or    simply    that    which    produces    unit     p^" 

1  in  unit  ma^. 

le  unit  of  mass  is  one  pound,  the  unit  of 

foot,  and  the  umt  of  time  one  second,  then 
is  that  force  which  acting  for  one  second  on 
F  matter  generates  a  velocity  of  one  foot  per 
^bia  unit  force  has  been  called  apmiTidal. 
it  force  in  the  C.G.S.  syBtem.  is  that  force     C.G.S. 
ng  for  one  second  on  one  gramme  of  matter,     yarce. 
i  velocity  of  one  centimetre  per  second.    To 
>rce  the  name  dyne  has  been  given. 
ithod  (aometimes  CiiUed  the  kinetic  method) 
ing  forces  has  now  superseded,  for  scientific 
tile  gravitation  system  formerly  in  use.     In 
the  unit  of  force  is  the  force  of  gravity 
ut  of    mass,    and   has,    therefore,   different 
different  places  on  the  earth's  surface,  and 
It  vertical  distances  from  the  meaa  surface 
is  substitution  of  an  invariable  unit  of  force, 

only  on  the  standards  adopted  for  length. 

time,  instead  of  the  former  variable  unit,  is 
nidation  of  the  system  of  units  of  measure- 
iliahed  by  Gauss.  It  is  to  express  this  fact 
rility  with  locality  and  other  circumstances 

iady  esplained,  the  term  "absolute"  is  used 

it  of  force  and  other  derived  units  in  this 

V),    In  dynamics  loork  is  said  to  be  done  5y     Work. 
hen    the    plate    of  application   of  the    force 
t  displacement  in  the  direction  in 
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Wort  vAieA  At  font  ads.  and  the  work  done  by  it  U  a 
to  U>e  product  of  the  force  and  the  dista 
which  the  pl&c«  of  application  of  the  force  has  m'lt^' 
in  that  dtrection.  The  time-rate  at  which  R'tV 
done  by  a  force  at  any  instant  18  therefore  equal  ti>  Hi 
product  of  the  force  and  the  component  of  veloci'i  ^ 
the  direction  of  the  force  at  that  instant.  The  "n 
done  in  overcoming  a  resistance  through  a  certaindislarj< 
is  eqn^  by  this  definition  to  the  product  of  the  na? 
uioe  and  the  distance  throngh  which  it  is  oretco-^i 
Among  engineers  in  this  country  the  unit  of  work  %■-  n 
rally  nsed  is  mm  /oot-jxntnd,  that  is,  an  amonnt  of  fi';- 
equal  to  that  done  in  lifting  a  pound  vertically  agaii 
gravity  through  a  distance  of  one  foot.  The  weight  > ' 
pound  of  matter  being  generally  different  at  diffen  ^ 
places,  this  unit  ofwork  is  a  variable  one,  and  is  not  u^  - 
in  theoretical  dynamics.  In  the  absolute  C.G.S,  Bys';i 
of  units,  the  unit  of  work  is  the  work  done  in  o*  ' 
coming  a  force  of  one  dyne  through  a  distance  <J  "n 
centimetre,  and  is  called  one  centimetre-dyn«oroDr'' 

In  practical  electricity  10^  trgs  is  firequently  nsed  ■■ 
unit  of  work,  and  is  called  a  Joule. 

If  F  denote  the  numeric  of  a  force  and  L  the  nuiutr: 
of  the  apace  through  which  it  has  ac^ted,  the  oninir 
of  the  work  done  is  FL.     Hence  we  have 
[}F]  =  [FZ]  =^  [ML'T-^]. 

Acthnty  (A).  The  single  word  Activiiy  has  l*- 
used  by  Sir  WiUinm  Thomson  as  equivalent  in  meaW" 
to  ■'  time-rate  of  doing  work,"  or  the  rate  per  anit  of  tin 
at  which  energy  is  given  out  by  a  working  8)'stem:  w-' 


aroid  circumlociitioiis  in  what  follows  we  shall 
[neatly  use  the  tenn  in  that  sense.  AmoDg  engineGre 
UlIs  countiy  the  unit  rate  of  working  is  one  horse- 

;  that  is  33,000  foot-pounds  per  minute. 
Unit  Activity  in  the  CG.S.  system  is  one  e.rg  per 
la  practical  electricity  an  activity  of  10^  erffs  ' 

second  is  frequently  employed  as  unit.     This  unit 

been  called  a  Watt. 

Boce  Activity  is  measured  by  the  numeric  of  the  work 
le  per  unit  of  time,  its  dimensional  formula  is  given  by 

W  =  [ML'T-'l 

Wnergy  {E).    When  a  material  system  in  virtue  of    Encrgj 

KB  between   its  own   parts  and   those   of  bodies 

■nal  to  it  does  work  or  has  work  done  upon  it,  in 

ring  from  one  state  to  another,  it  is  said  to  give  oul 

»  gain  energy.    The  energy  given  out  or  gained  is 

uared  by  the  work  so  done. 

f  the  change  be  a  change  of  motion,  then,  according 
^  ia  given  out  or  gained  by  the  system,  it  is 
I  to  lose  or  gain  kinetic  energy.  If  the  change  be  of 
other  kind,  which  can  be  classed  under  change  of 
figut&tion,  then,  according  as  the  system  gives  out 
gains  energy,  it  is  in  general  said  to  lose  or  gain 
^ial  tnerffy. 
len  we  consider  the  work  done  by  mutual  forces 
len  different  parts  of  the  same  system,  a  loss  of 
energy  in  the  system  is  accompanied  by  an 
1  gain  of  potential  energy,  and  it'ce  vemd-,  so  that  the 
1  eDergy  of  the  system  remains  unchanged  in  amount. 
I  is  the  principle  called  the  Conservalion  of  Energy. 


a09  UNITS  AND  DIMENSIONS. 

Eoet^  ia  meaGured  by  Uie  same  units  as  wtnk, 
its  dimeiisional  furmula  is  the  same  aa  that  of 

that  is 

[E'\  =  [Mrr-^. 

We  shall  here,  for  the  sake  of  illustration,  giva 
examples  of  the  application  of  (Umeusioaal  fbnnl 
the  solution  of  problems  regarding  units.  Thep 
are  taken  from  Profeeaor  Everett's  Units  and  R 
Constants. 

£i>mpi«9      Ex.  1,     If  the  unit  of  time  be  the  second,  th 

Prohlonu  density  162  lbs.  per  cubic  foot,  and  the  unit  e 

IB  Unita.   (jjg  weight  of  an  ounce  at  a  place  where  the  clu 

velocity  g  produced  by  gravity  in  one  second  is  ) 

per  second,  what  is  the  unit  of  length  I 

Here  the  change-ratio  by  which  we  must  x 
the  numeric  of  the  density  of  a  body  in  the  . 
of  units  proposed,  to  find  i\&  density  in  terms 
pound  as  unit  of  mass,  and  the  foot  as  unit  of  la 
162,  We  have  therefore,  omitting  the  brackeU 
dimensional  formulas, 

ML-^  =  162, 

where  M  is  the  number  of  pounds  equivalent 
unit  of  mass,  and  L  the  number  of  feet  equiva 
the  unit  of  length.  Also,  it  is  plain  that  the 
force  in  the  proposed  system  is  two  foot-pound 
units.     Hence  we  have  also,  since  2"  =  1, 

J/Xr-'  =  JfZ  =  2. 
By  division  therefore  we  get  Z'  =  l/81  orZ=l/3. 
unit  of  length  ia  therefore  4  inches. 
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Ex.  2.    The  number  of  seconds  in  the  unit  of  time  Examples 
tt  equal  to  the  number  of  feet  in  the  unit  of  length,  the  problems 
Tudt  of  force  is  750  lbs.  weight  (^  being  32),  and  a  ia  Units, 
cubic  foot  of  the  substance  of  unit  density  contains 
13,500  ounces.    Find  the  unit  of  time. 

Using  M  and  Z  as  in  the  last  problem,  and  putting 
f  for  the  number  of  seconds  equivalent  to  the  unit  of 
time,  we  have  plainly 

16 

aod 

MLT-'^  =  760  X  32. 

Therefore  by  dividing,  and  remembering  that  L  —  T, 
we  get 

32  X  750  X  16       162 


r«  = 


Y3500  ~    32 


That  is  the  unit  of  time  is  5^  seconds. 

&.  3.  When  an  inch  is  the  unit  of  length  and  T 
seconds  the  unit  of  time,  the  numeric  of  a  certain 
•cceleration  is  a;  when  6  feet  and  1  minute  are  the 
^ts  of  length  and  time  respectively,  the  numeric  of 
^  same  acceleration  is  10a.     Find  T. 

The  change-ratio  or  value  of  ZT-^  for  reduction  to 
foot-second  units  is  plainly  in  the  first  case  T^^lWi,  in 
fte  second  5/3600.     We  get  therefore 

l^^"'^  =  36Vo  ^  ^^^' 
or 


i 


™« «»«»«-«„,,, 
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ELECTROSTATIC  CAPACITY,  JOS 

ted  on  if  placed  at  the  point.    Hence  if  the  numeric     Ftdd 
quantity  of  electricity  at  a  point  Fhe  q,  and  that  ™ 

electric  force  at  that  point  be  i,  the  numeric 

the  force  on  the  electricity  ia  qi,  and  we  have 
inatioQ   t  =  Fq-'.      Therefore  [i]  ia   [^2~']   or 

intensity  of  an  electric  field  at  any  point  is 
red  by  the  electric  force  at  that  point,  and  there- 
iS  the  same  dimensional  formula. 

trie  Potential  (V).  The  difference  of  potential  ElectriB 
o  two  points  is  (p.  7)  measured  by  the  work  "  ' 
would  be  done  if  a  unit  of  positive  electricity 
laced  at  the  point  of  higher  potential  and  made 
by  electric  forces  to  the  point  of  lower  potential. 
in  transferring  q  units  of  electricity  through  a 
ice  of  potentials  expressed  by  V,  an  amount  of 
i  done  of  which  the  numeric  H^  is  qV.  We 
jherefore  V  =  fVq-',  and  hence  [J-*]  is  [B^j"']  or 

"  ']•  ft?) 

wUy  of  a   Conditctor  f#).      The  capacity  of  an  Caipacily, 

conductor  is  the  quantity  of  electricity 
id  to  charge  the  conductor  to  unit  potential,  all 
conductors  in  the  field  being  supposed  at  zero 
ial.  Hence,  denoting  the  numeric  of  the  capacity 
^ven  conductor  by  0,  those  of  its  charge  and 
isl  by  Q  and  V  respectively,  we  have  C  =  QV~^, 
T  [6]  tJierefore  [QV'^}.  that  is  [£].  The  unit 
tdty  lias  therefore  the  same  dimensions  as  the 
f  length  J  and  the  capacity  of  a  conductor  is 
ly  expressed  in  C.G.S,  electrostatic  units  as  so 


THEORY  OP  DIMESSIOSP. 

^MeiJUImdti€tiKCapaeih/[K].  The  speafic  indo 
'  oKpaeitjr  of  a  dielectric  is  (Cha)L  L,  Section  V:)  tti« 
of  the  Qifoaty  of  a  ooDdenser.  the  space  betweci 
plaUs  of  whidi  is  filled  witb  tbe  dielectric,  t 
capadty  of  »  precisely  nmilar  cuudeo&er  with  vsoui 
dielectric ;  or,  Kocurdiog  to  Maxwell's  Theory  of  El 
Displocenieiit  (p.  S3),  it  is  <lefiae<l  as  tbe  ratio  o 
electric  disjUacomc^nt  produced  in  the  dielectric  t 
electric  displacemeDt  pnxlaced  in  vacuum  by  Uie 
electromotive  foree.  It  is  therefore  in  the  electn 
system  simply  a  uooierical  coefficient  whidi  dot 
change  with  the  iinita.     Hence  [K]  =  1. 

Eleeirie  Current  [7].  An  electric  cnrrent  in  1 
ducting  wire  is  measured  by  the  quantity  which  f 
across  a  given  cross-seiction  per  unit  of  time.  U 
the  numeric  of  the  quantity  which  has  passed 
time  of  which  the  numeric  is  T.  then  (lenotiii 
numeric  of  the  current  by  7,  we  have  7  =  qjT,  and 
[yT*-']  or  [M^L^T-'\. 

Jiesistancc  [/■].  By  Ohm's  law  tbe  resiatanofl 
conductor  is  expressed  by  tbe  ratio  of  the  mu 
the  difference  of  potentials  between  its  extremit 
the  numeric  7  of  the  current  flowing  through  it 
have  therefore  r  =  v/y,  and  [r]  is  [i*?"']  or  [Z*' 

Condiietmty*  The  change-ratao  of  conductil 
plainly  [LT'^I.  The  change-ratio  for  condactif 
electrostatic   measure   is   thus  the  same   : 


*  Hi.  Oliver  HsaTtsida  has  {irapmied  to  um  the  turm 
tho  scubo  here  pvua  to  CondutUritii.  of  tbe  redpmcal  of  •  r 
If  this  tonii,  lUBeemadpsiraUv,  IwidoplDd,  the  I«nii  CoudiKLtiv 
Iki  sppKptutal;  rcartvod  for  whit  liu  been  uallu)  Sytrifie  Oot 

(Chap,  ^liBlow). 
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velocity.    Hence  a  conductivity  in  electrostatic  C.Q.S. 

xmits  is  properly  expressed  in  centimetres  per  second. 

The  following  illustration   of  this  result  has  been    iiinatra- 
gWea  by  Sir  William  Thomson.     Suppose  a  spherical    q^J^^ 
oonductor  charged  to  a  potential  t;  to  be  connected  to   tivitjras 
4e  earth  by  a  long  thin  wire,  of  which  the  capacity     ®  ^*^' 
inay  be  neglected ;  and  let  r  be  the  resistance  of  this 
wire  in  electrostatic  measure.    The  current  in  the  wire 
^  the  instant  of  contact  is  r/r.    Now  let  the  sphere 
dimimsh  in  radius  at  such  a  constant  rate  that  the 
potential  remains  v.    The  current  remains  v/r,  and  the 
quantity  of  electricity  which  flows  out  in  t  seconds  will 
^  vtjr.  If  the  radius  be  initially  x,  and  in  t  seconds  has 
^bninished  to  x',  the  diminution  of  capacity  is  a;  —  x\ 
Hence  the  loss  of  charge  is  v{x  —  xT),  and  we  get 
vtlr^v{x  -  arO,  or  1/r  =  (a:  -  x^t    But  [x  -^  x^t  is  the 
^odfy  with  which  the  radius  of  the  sphere  diminishes. 
The  conductivity  1/r  of  the  wire  is  therefore  measured 
nninerically  by  the  velocity  with  which  the  surface  of 
the  sphere  must  approach  the  centre,  in  order  that  its 
potential  may  remain  constant  when  the  surface  is 
^^o^octed  to  the  earth  through  the  wire. 


CHAPTER  IV. 
OBXE&AL  PHYSICAL  UBASVEKMESTS. 

Sktios  I. 
ifEA.WREilENT  OF  ANSOLAR  DEFZECTIoyS. 

It  will  save  digressiona  and  iatemiptions  io  i 
follows  to  give  here  some  acconnt  of  measareo 
which,    although    not    themselves   of   an    electncj 
magnetic  nature,  have  constantly  to   he   made  infl 
electric  or  magnetic  observations.     The  most  ixn 
of  these  are :  (1)  The  Measuretnent  of  Angular 
tions ;    (2)    Measurements    of   Oacillationa.  iacloj 
Determinations  of   Period,   Amplitude,   and 
Diminution  of  Amplitude  of  Vibrations;   (3)   Dfl 
minations  of  Couples  and  Moments  of  Inertia, 
are  other  processes,  such  as  weighing  and  the  met 
ment  and  comparison  of  lengths ;  but  these  are  dee 
more  ftilly  than  are  the  others  in  treatises  on  { 
physical  manipulation,  and  are  supposed  to  be  I 
to  a.  greater  or  less  degree  to  the  experimental  s 
Special  methods  or  precautions  necessai^  in  ] 
cases  will  be  indicated  as  they  occur. 

Angles  of  deflection  are  measured  by  the  i 
tgj^    niont  of  some  form  of  index  turning  with  the  1 
deflected,  and  showing  the  magnitude  of  the  defloC 


r  MEABUEEMENT  OF  ANfiULAE  DEFLECTIONS. 

i'properly  arranged  and  fixed  graduated  scale.     In   Ordinary 

ttmplest  arraDgement  the  iiidex  is  a  thin  material   "Bwle""    I 

■M  turning  round  an  axis,  and  showing  the  deflectiuns 

.■a  a  graduated  circular  arc,  the  centre  of  which  is  as 

nearly  as  posaibie  iu  the  aicia.     The  scale  is  graduated 

to  degrees,  or,  if  it  is  of  large  radius,  to  some  aliquot 

pari  of  a  degree  as  smallest  scale  division.     The  initial 

uid  deflected  positions  of  the  index  relatively  to  the 

Kale  ore  read  off,  and    their    difference    gives    the 

deflectioD. 

for  convenience  of  adjustment  and  accuracy  in  read-    Adjust- 

'■:,  the  soale   should  be  a  complete  circle,  and   the     "*"  ' 

-i'l'ieitfcud  across  that  circle,  so  that  readings  may  be 

'  I'ieu  of  the  positions  of  both  ends.     The  instrumont 

•ii'jiild  first  be  tested  to  see  that  the  centre  of  the 

'I'uUr  scale  is  accurately  in  the  axis  of  rotation,  and 

iliiit  the  axis  is  at  right  angles  to  the  plane  of  the  circle, 

^1  in  plane  with  and   jMrpeudicular   to   the   index. 

Ttif  iudex  is  generally  set  at  right  angles  to  the  axis 

"■^iili  sufficient  accuracy  by  the  instrunient-inaker,  and 

'"■  adjustment  in  this  respect  can  be  tested  by  ob- 

"ing  whether   the  index  when  turning  round   the 

''  remains  iu  one  plane.     If  readings  are  not  to  be 

'  ■'■^1  with  both  ends  of  the  index,  it  is  not  necessary 

""■  Ihe  index  should  be  accurately  at  right  angles  to 

'■'wifl.    The  point  of  the  index  in  that  case  should 

'"I  iu  the  plane  of  the  scale.     The  axis  can  generally  be 

'  si'curately  at  right  angles  to  the  plane  of  the  circle, 

.'■  cliftngiug  the  level   of  the   apparatus.     The  index 

I'TilIy  tcrminflles  in  two  sharp  points,  or  bears  two 

'ioc  marks  at  its  ends  by  which  the  readings  are  taken. 


FHTSICAL  HEAStHEHEXIS- 

*^— -  Ve  duH  ofl  these  the  extremities  of  Uie  index.  Tl 
(ortlwr  a^vitaeat  ooonsts  in  placing  the  ettnmii 
J  the  index  and  tbe  axis  in  ono  plane,  and  cauein"  ' 
axis  to  pass  acranlely  throagh  the  centre  of  the  cii 
SnpfNsiBg  the  adjustment  to  hare  been  approxiim' 
made,  the  index  is  nude  to  play  rcmnd  the  gmlntn 
aide,  and  the  paire  of  points  on  the  stvile  wliich  lu ': 
the  poeitioDS  of  the  extnmities  of  the  indcs  for  Jiil  ' 
cot  deflections  are  carefully  noted.  When  each  i' 
johkh^  a  pair  of  points  passes  through  thu  centi' 
the  drcle  the  adjustments  have  been  properljnudt'  ' 
the  lines  all  pass  throogh  one  point  which  is  not  i 
centre,  the  axis  is  in  plane  with  the  extremities, ! 
does  not  pass  through  the  centre ;  if  the  lines  are  ul: 
the  same  perpendicular  distance  from  the  centre,  '■■■ 
axis  passes  through  the  centre,  but  the  eitremitii' 
the  index  are  not  in  plane  with  the  ceQtre. 

Indexes  in  electrical  instruments  are  froqnentlj  llii" 
glass  tabes  filled  with  some  dark  opaque  substance;  b"t 
an  excellent  index,  thin,  rigid,  and  light,  is  fumisli"! '" 
a  fiue  tube  of  aluminium.  This  iudex  can  be  hnv : 
and  adjusted  with  ease,  and  its  use  avoids  the  dajig>-i  - 
breakage  which  exists  in  the  case  of  glass  fibres. 

In  considering  how  the  adjustments  axe  to  li 
we  have  supposed  that  the  deflections  can  be  a 
observed ;  and  the  usefulness  of  tbe  apparatus  fov 
measureraonts  depends  on  the  means  providwl  f 
purpose.     In  many  iofitrumente  the  iudex  i 
and  so  mounted  that  its  extremities  project  o»i 
divisions  of  tbe  scale,  and  the  deflections  ore  I 
read  by  the  observer  looking  aa  nearly  as  he  can  n<a 


rfttion  of 
Deflec- 
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5  plane  of  the  circle.  Unless,  however,  the  index 
ry  close  to  the  scale,  this  process  introduces  a 
ity  to  error  from  parallax,  that  is,  different  readings 
ibi;ained  according  to  the  direction  in  which  the 
is  viewed.  To  prevent  this  source  of  error,  the  Avoidance 
is  frequently  engraved  on  silvered  glass,  or  is  pj^j^j^^^ 
nnded  by  a  slip  of  silvered  glass,  in  which  the 
mities  of  the  index  are  seen  by  reflection,  and  the 
ngs  are  taken  always  when  the  scale  is  so  viewed 
the  extremities  and  their  image  in  the  silvered 
oe  seem  in  coincidence. 

r  many  purposes  sufficient  accuracy  can  be  obtained    Movable 
aking  each  extremity  of  the  index  carry  a  small   ^^^^^®^- 


Fio.  87. 

ier.  In  the  case  of  an  aluminium  index  the  ends 
)e  two  horizontal  flat  pieces  on  which  the  vernier 
graved.  The  middle  line  of  division  of  the  vernier 
J  zero  (which  contains  an  even  number  of  divisions, 
r  example,  10  corresponding  to  9  of  the  scale),  and 
ivisions  are  marked  so  as  to  read  from  0  to  5  on  the 
,  and  from  5  to  10  (which  coincides  with  zero)  on 
jft,  as  shown  in  the  diagram.  The  vernier  carries 
e  end  a  projecting  point,  the  image  of  which  is 
in  the  silvered  glass  on  which  the  scale  is  engraved, 
LL  P 


r  •  -TTT^i.'  7HTS-1LL  XEISTRZMENTS. 


Lttuls     if  Zl  i  lirr:?r   JT  F^T^rrC  Z^AS  gnrppfuling  the  Mile 

Ix  ft.oKi  a£e«  7ari."UT  is  aToided  by  hariiig  the ; 

!mi»*^  =2.  rtL^rd  $»:  12^:  u«e  index  can  be  made  to  1 

zrr'Lr.j  :z.  'JUz  ziiStz  ic  zbi  scale,  azi-1  with  its  extrea 

I  -i-^  : :  :-.     Tirf  piaiio::^  of  the  extremities  m 

r-i.:  r:-:i-r  •■^il  cr  Thh'Mt  a  Temier.     If  a  fi 

L ■■.:-:  TTn^^rT  \zti  scale  are  used,  the  readings 

\*r  "-kitri.  :t  \  izi or :»5o> p^  or  a  magnifying  glass, 

-..-i  rr»i-i^:c3  are  in  focus  at  once. 

=-*:«  :f       I-  *.."■=•  iiaimnrn:*,  as  in  the  Dip  Circle,  the  i 

ir  s  i:;^:^  arm  moving  p^ond  a  finely-divided  c 

a-  i  itirrrin::  a:  its  extremities  verniers,  the  readir 

—  ■.:.:.  ciL  '>r  .btaiEir'i  by  microscopes.     The  amoi 

^   :Lr\:y  .::.t.i:Lablr  here,  all  other  adjustments  ' 

•  :r*-.s-:'i  oorr-rctly  R:aile.  depends  u|>-ni    the  fin 

■  :    *:••    ■^Tri'luation  and  the  precision  with  wbicl 

z-rr-'    "f    the   vtruier  can   be    placed    in    tbo   d( 

J.  -i'i'n.     Thus,  for  a  vernitT  and  scale  which  ci 

I'-nd  to  say   10"  of  angle,  the  error  of  est i mat i 

]»oHition    must   be    less   than    10"   or    the    finene 

tlio  graduation  is  not  taken  advantage  of.    The  re 

Tiiicrr;scof»e  must  of  course  be  of  sufficient  pow 

t;ik<;  full  advantage  of  any  given  degree  of  fiuen 

^^nuiujjtion. 

Mirrnr         Au<(nlar  deflections  are,  however,  generally  mea 

M«th(Ml.    jj^  ordinary  (doctiic  measurements  by  what  is  calk 

mirror  method.     A  plane  mirror  or  a  concave  sph 

mirror  is  nmuntod  so  that  the  axis  round  which  the 

t  M>n  lakt's  place  is  in  the  reflecting  surface  of  the  i 

if  that  is  j)laue.  or  is  a  tangent  to  the  reflecting  s\ 
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mtre  if  the  mirror  is  concave.  The  angle  of 
is  measured  by  observing  the  angular  distance 
die  positions  of  the  image  of  a  luminous  object 
d  front  of  the  mirror.  The  index  here  is  a  ray 
ied  light. 

e  ordinary  or  projection  method  this  object  is 
oarrDw  slit,  with  its  length  parallel  to  the  axis, 
i  an  opaque  diaphragm  in  front  of  a  source  of 
,  better,  a  somewhat  large  illuminated  opening 
diaphragm,  with  a  thin  opaque  wire  or  hair 


Ordinary 
Projection 
Arrange- 
ments 
with 
Concave 
Mirror. 


Fig.  88. 


)d  across  it  parallel  to  the  axis.  We  shall 
i  first  that  the  mirror  is  concave.  The  image  of 
i  or  wire  is  received  on  a  screen  placed  in  the 
lane  conjugate  to  that  of  the  slit  or  wire.  On 
een  is  ruled  a  scale,  generally  to  half-millimetre 
IS,  by  which  the  deflections  can  be  measured. 
insiderable  deflections  the  screen  may  be  a 
bed  scale,  with  its  length  at  right  angles  to  the 
rotation  on  a  concave  cylindric  surface,  the  axis 
h  coincides  with  that  of  rotation.  For  example, 
shows  a  plan  of  such  an  arrangement  in  a  plane 

P  2 


GENEKAL  PHYSICAL  MEASUItEMENTS. 
Arrange-  perpendicular  to  tlie  axis.     0  is  the  opening  bisected  1^  I 
'kWx      ^^^  Opaque  wire,  AI  the  mirror  in  its  deflected  poMlia 
Coni»yo   ahown  by  the  line  A^V,  P^.  P^  the  positionsof  the  ic 
on  the  scale  SS  correspouding  to  the  nndlsturbe 
deflected  positioni  of  the  mirror.     The  illuminated  ■ 
ing  and  the  scale  are  placeil  on  opposite  sides  of  >  j 
normal  to  the  axis  through  the  centre  of  the  mbi 
order  that  the  scale  may  not  intercept  the  light 
method  haa  the  drawback  that  it  is  generally  neoes:-^- 
to  darken  the  scale,  so  that  the  illuminatioD  praiu' 
by  the  reflected  ray  may  be  distinctly  visible,    Ti 
is    accomplished    sometimes    by    placing    the   w!i 
apparatus  in  an  alcove  with  curtjuns,  and  sometime  '■ 
turning  the  back  of  the  scale  to  the  general  light  of  Lm. 
room,  and  shading  the  front  above  and  at  the  ends  witii   I 
a  projecting  hood  of  dull  black  maleriuL  I 

Sioiceof  Well  graduated  paper  scales  are  easily  obtained,  ni' 
Scilea.  ^ijgn  properly  mounted,  and  a/tertoanls  compared  " 
a  standard  scale  are  quite  reliable.  They  shoulii 
well  glued  to  a  backing  of  hard  thoroogbly  sensin 
wood,  and  the  rest  of  the  woo<l  and  the  scale  itself  ' 
covered  with  spirit  varnish  to  prevent  the  absurptiuu 
moisture.  When  it  is  convenient  to  use  a  strn:^ 
scale,  one  graduated  on  glass  or  ivory  is  preferalile.  ^ 
the  former  can  be  easily  made  by  the  experimi'i' 
himself  by  copying  the  graduation  from  a  atani 
scale.  Scales  graduated  on  glass  roughened  so  Ets  i- 
semi-opaque  are  very  convenient,  as  the  ini^«  of  . 
hair  or  wire  and  the  divisions  can  be  aoen,  ami  > 
deflection  read  from  behind  the  scale. 

If  accurate  readings  for  large  deflections  oreteqnu 
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e  scale  ciUDot  be  made  circular,  but  must  be  so  curved 

,  for  the   dUtances  P^M,  OM  chosen,  a  distinct 

e  of  the  wire  may  be  lormod  on  the  scale  for  alt 

Sflections.     The  graduation  of  the  scale,  if  previously 

kde  in  equal  diviaioDB,  must  then  be  compared  with  a 

!oIar  scale,  in   order  that   the   deHections  may  be 

idaced  to  angle. 

I  If  »  bo  the  number  of  equal  degree  divisions  which  } 
the   distance  i'l/'g  **''  *-^^  scale,  if  that   is  j 
tilar,  or  the  cgrresponding   number  on  a   circular  i 
s  of  radius  MP^,  r  the  distance  MF^,  also  in  scale 
sioas,   ff  the   deflection   of    the   mirror  in   radian 
mre,  then  since  PjMP^^  =  20  =  njr,  we  have 


2/-   ■ 


(1) 


I'L)  an  arrangement  commonly  used  the  slit  or  wire 

1  the  scale  are  nearly  at  the  same  distance  from  the 

The  distance  of  the  scale  is  then  twice  the 

1  distance  of  the  mirror. 

Ilnatead  of  a  concave  mirror  an  equivalent  arrange-  Armnf[r-^ 

pot  is  sometimes  adopted,  consisting  of  a  plane  mirror    uf^i^^p 

'  \b  convergent  lens  placed  close  in  front  of  it.    With     Mirror 

B  rerersal  of  the  ray  by  reflection,  0  and  P,  are  now 

mjogate  foci   of  a   system  of  lenses   each   identical 

I  that  used,  having  a  distance  between  their  optical 

ntres  equal  to  twice  the  distance  of  the  optical  centre 

r  thf  lens  from  the  mirror.     The  arrangement  may  be 

iontly  in  some  cases  by  silvering  the  plane 

Bof  a  i^ano-conveK  lens,  and  ia  then  optically  equi- 

I  two  similar  plano-convex  lenses  placed  with 

B  &ces  in  contact. 
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Use  of 
straight 
Scale. 
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A  straight  scale  placed  at  right  angles  to  the  axis^roimd 
which  the  mirror  turns,  is  frequently  used.  Let  a  be  the 
angle  which  the  reflected  ray  in  the  undisturbed  podtkt 
of  the  mirror  makes  with  a  plane  at  right  angles  to  tk 
scale  and  passing  through  the  centre  of  the  minor,  iitk 
corresponding  distance  on  the  scale,  a'  and  n'  the  0(V- 
responding  quantities  for  a  deflected  position,  r  the 
perpendicular  distance  of  the  scale  from  the  miiTor,0 
the  angular  deflection  of  the  nairror,  then 

tan  a'  —  tan  a  n'  —  » 


0^ 


tan  2^  = 


1  +  tan  a  tan  a        t^  +  nn! 


and 


0=  xtan-i 


71    —  » 

7^  —  nn 


(S) 


Deduction 

of  angular 

Dolloctiou 

from 
Headings. 


If  n  is  zero  we  have 


2  r 


(8) 


If  n  be  small  in  comparison  witli  r  we  have  approxi- 

inatcly  from  (2) 

(4) 


^         1    7l'  —  ?l 


and  from  (3) 


-      1  n' 


(5) 


■J^']^^S(•^)l^e 
Method. 


For  more  exact  measurements  when  the  deflections 
are  small,  Poggendorfl'*s  arrangement  of  telescope  and 
scale  is  used  with  a  plane  mirror.  The  telescope  has  a 
positive  eyepiece  with  two  mutually  rectangular  int«^ 
secting  cross-wires  at  its  focus.    Its  line  of  collimation* 

*  The  line  joining  the  optical  centre  of  the  object  ghn  with  tbe 
intersection  of  the  cross -wires. 
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^  arranged  to  be  nearly  in  plane  with  and  at  right  Telescope 
Angles  to  the  axis.  In  most  cases  in  which  the  telescope  ^®*'^®^' 
i  used  the  axis  is  vertical,  and  we  will  for  definiteness 
^anime  that  this  is  the  case.  One  of  the  cross-wires  is 
lien  in  a  vertical,  the  other  in  a  horizontal,  plane.  The 
scale  is  straight  and  the  numbers  on  it  are  engraved  in 
lacfa  a  manner  that  they  appear  erect,  and  are  read 
Bfom  left  to  right  when  seen  through  the  telescope. 

The  scale  must  be  well  illuminated,  and  the  method 
las  the  advantage  that  in  general  this  is  sufficiently 
iccomplished  for  an  opaque  scale  if  it  is  placed  in  a 


M 


Fig.  39. 


?ell-lighted  room ;  and  the  local  darkening  required  in 
he  ordinary  projection  mirror  method  is  thus  avoided. 
31ass  scales,  constructed  either  by  graduation  on  the 
iirface  of  transparent  glass,  or  on  a  silvered  surface, 
nay  be  used  with  convenience.  The  scales  are  illumi- 
lated  by  light  from  behind ;  and  in  the  former  case*  the 
livisioDs  appear  dark  on  a  bright  ground,  in  the  latter 
hine  out  brilliantly  on  a  dark  ground.  The  room 
)laiiily  must  be  darkened  if  such  scales  are  used. 

The  arrangement  of  the  apparatus  is  shown  in  the 
ketch,  Fig.  39.    T  is  the  telescope,  SS  the  scale,  M  the 
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Afrrt-  mtmc.  The  telescope  as  a  whole  is  movabk  (at  ^ 
meat  boUi  in  a  horizoatal  uxl  in  a  vertiol  plane, 
Taiious  parte  uv  set  up  aD<l  aJjust'Ci]  as  foUoffS. 
Lelescope  eje-piece  is  adjusted  so  Uiat  distinct  "ri  ' 
the  craiK-wir«s  is  ubtained.  Tbe  efe-pi^c«ui' 
is  then  iwrvfj  nnLil  aa  object,  at  a  distance*  o 
twice  that  at  which  the  telescope  is  to  be  ptacoJ' 
the  mirmr,  is  distiocUy  seen  without  paialUz  i 
cross-wires.  A  ptunnnet  is  hung  below  the  object 
hy  a  fine  wire  in  a  rertical  plane  through  the  a 
the  object-glass.  The  telescope  is  theu  placed  in 
of  the  mirror,  supposed  &l  rest  in  th«  undlsturlted 
tioii,aad  ia  moved  about  until  the  plummet  wire  i 
by  reflection  in  the  mirror.  The  scale,  which  is  u 
supported  by  an  adjustable  holder  carried  by  tha 
scope  stand,  is  placed  in  position  below  the  ( 
glass,  so  that  the  plummet  wire  is  seen  in  the  t«l 
coincident  with  the  middle  division  of  Uie  scale, 
scale  is  levelled,  and  adjusted  by  direct  i 
so  that  any  two  points  at  equal  distances  on  o| 
^des  of  the  middle  division  are  at  equal  diataDCt 
tlie  centre  of  tbe  mirror.  The  final  adjustmenl 
telescope  for  parallax  and  dietinct  vision  is  now  u 
In  order  that  any  accidental  disturbance  i 
telescope  may  be  rectified  with  certainty,  a  fixed 
is  set  up  cloae  to  the  movable  one,  and  the  part 
scale  seen  at  tbe  intereection  of  cro3.''-wires  by  nfJ 
from  this  mirror  ia  read  off  and  recorded. 

If  tbe  adjustments  have  been  properly  mat 
diviHiona  on  tbe  scale  are  now  seen  clearly  in  tins  I 
and  this  distinctness  is  practically  the  same  f<vr  a 
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of  a  scale  of  ordinary  length  placed  at  the  usual  distance  Deduction 
from  the  mirror.    A  deflection  of  the  mirror  causes  the  ^    ^f  ^  ^ 
dimons  of  the  scale  to  pass  across  the  field  of  view  of  Deflection 
the  telescope ;  and  if  the  mirror  comes  to  rest  in  a  new  Readings, 
portion,  the   angle  of  deflection  can  be  obtained  by 
oomparmg  with   the  initial  reading  the  new  reading, 
whidi  coincides  with  the  vertical  cross-wire.     Let  n  be 
the  deflection  measured  along  the  scale  in  terms  of  a 
;    Kile  division  as  unit,  r  the  distance  of  the  scale  from 
'    tke  mirror  in  terms  of  the  same  unit,  0  the  angle  of 
deflection  of  the  mirror  in  radian  measure ;   then  as 
'    in(3) 

^  =  Jtan-i^ 
2  r 

If  the  axis  round  which  the  mirror  turns  is  not  in  the 
reflecting  surface,  but  at  a  distance  S  from  it,  we  have 

^  =  |tan-i  ^      ....     (6) 

7« 

COS^ 

Since  8  is  in  general  small,  this  may  be  calculated  with 
'^cient  accuracy  by  finding  0  from  the  previous 
formula,  and  using  its  value  in  the  calculation  of  the 
^^^^''ccted  value  from  the  right-hand  side  of  (6).  If, 
however,  0  be  very  small,  cos  0  on  the  right  may  be 
W[en  as  unity,  and  we  have 

«-L-^ m 

In  order  that  a  point  in  the  middle  of  the  portion  of 
^  Kale  seen  in  the  telescope  may  have  the  greatest 


izz-n  brr:»i:b  of 


•  -^..i»   ' 
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is  avail&i^  &c 
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of  the  ytLrOi'Sirpz. 
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than  a  change  in  the  ezt^it  of  scale  seen  in  the 
view.    For  a  spherical  mirror  of  ladins  JZ;  the 
scale  visible  with  a  mirror  of  breadth  ft  in  a  te 
with  object-glass  at  distance  r^  is  plainly  bBjV. 
case  of  the  lens,  if  ft  be  its  diameter,  the  length  < 
visible  is  practically  b/y. 
Belation  of     Plainly  in  order  that  the  whole  power  of  the  t< 
DijuQeter  ™^7  ^  utilised,  the  parallel  beam  from  the  m 
^.  ^  ^     from  the  lens  due  to  a  point  in  the  middle  of  the 

Diameter  ,  * 

of  Object  of  the  scale  visible  must  fill  the  object-glass,  tha 

mirror  or  lens  must  be  at  least  equal  in  diamete 

Smallest  object-glass.    The  smallest  angular  deflection  ob 

D^ection.  ^^  ^^^^  obviously  half  the  smallest  visual  angle 
able  in  the  telescope,  that  is,  half  its  space-peni 
power.  This  power  varies  directly  as  the  dial 
the  object  glass,  and  it  has  been  found  that  ai 
glass  of  15  centimetres  diameter  is  necessary  i 
rate  two  objects  which  subtend  an  angle  of  1 
centre. 


Section  II. 
MEASUREMENTS  OF  OSCILLATIONS. 

Utility  of      The  most  important  species  of  oscillations  fc 

vati^^of  consider  are  oscillations  of  a  body  round  an  a3 

Oscil-     oscillations  for  example  as  are  performed  by 

suspended  by  an  clastic  wire  under  the  influ 

torsion,  or  the  vibrations  of  a  magnet  in  a  n 

field,  with  or  without  the  damping  action  of 
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currents,  or  of  frictional  resistance  proportional  to  the 
velocity.  A  determination  of  the  period  and  rate  of 
sabsideiice  of  the  oscillations,  with  a  knowledge  of  the 
Bttoment  of  inertia  of  the  vibrating  body  round  the  axis 
of  rotation,  gives  a  means  of  calculating  the  moving  and 
i^sistiDg  forces  acting  on  the  body. 

for  simple  harmonic  oscillationR  of  diminishing  range  the    Equation 

Ration  ox  motion  ia  of  Motion 

«^  ,-        -  for  Simple 

^+2it7  +  ^^  =  0 (8)    Harmonic 

di*  di  ^  lA  ^  ^     Oacil- 

^T%  $  is  the  angpilar  deflection  at  time  /.     For  the  criterion  of 

J^ple  harmonic  motion  of  constant  range  is  that  the  hody  should 

'Jp^cted  on  by  a  system  of  forces  or  couples  proportional  to  the 

^^^acement  and  acting  towards  the  equilibrium  position.     The 

^niQiit  of  the  couple-system  in  the  present  case  is  LB.    Besides 

JJ'*  system  of  couples  we  suppose  a  retarding  system  of  forces 

^  •ct  on  the  body  with  a  moment  round  the  axis  proportional 

**  ®Veiy  instant  to  the  angular  velocity,  and  equal  to  ifikdO/di, 

?^ere  H  is  the  moment  of  inertia  of  the  moving  system  round 

^   axis,  and  ir  a  constant.     Equating  the  rate  of  diminution 

J'  *>Joment  of  momentum  -  fi(P$/dfl  to  the  sum  of  moments 

^^rt^l^^  +  LOvre  get  the  equation  of  motion  (8). 

■**he  general  solution  of  (8)  is,  writing  n^  for  Ljyi^  Exponen- 

6  =  ^.c-i*  ^.A^ (9)  s„,*J??„„. 

^^Bre  ifi,  ^,  are  constants,  and  jw^,  wij  *^re  the  roots  of  the 
^nadratic  equation 

««  +  2kM  +  «2  =  0, 

tiiat is, «j  =  -  k+  Vik»  -  /f2,  m.=  -  k  -  •Jl^  -  nK  These  Realised 
^t«  are  imaginary  if  »*  >  /t*,  and  in  this  case  the  solution  takes  Solution 
to©  f onn  for 

e  =  c-W(Cco8  Vn*  -  m  +  C'sin  ^n^  -  k^(),      (10)  ^^^T7i 

•,  .      Auxiliary 

Ii/ be  reckoned  from  the  instant  of  greatest  elongation  G  in      Quad- 

«e  positive  direction  (10)  becomes  ratio 

^  J  or  Simple 

e^  f-We8inU»«  -  ^*^  +  ^  f  ,     .     (11)   Harmonic 

L  2 )  Solution. 


T~^ 
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Tbe  nKtMB  is  therefore  nmple  haimonio  witli  period  9r/(#*i^ 
aad  amplinide  HimiwiAii^  at  logaxitlimic  nte  L 

y  .Q.  If  ■''<  i^.  By  a^  are  real  and  the  motion  is  non-OMsDaton 

that  tSy  anj  diaplaceineDt  giren  to  the  ejetem  disaj^eiii J7 
taocka  of  the  body  towards  the  pontion  of  eqnilibniim  vitliff 
Olicillation  about  that  position.     This  condition  is  iulfiHed 
aperiodic  or  'dead  beat*  instnunents. 
When  i-  is  so  small  that  the  resistance  is  negligible  in  coi 

'.V-ills-     parison  vith  the  other  forceSi  the  equation   dT  motion  ( 
^-~       becomes 

S+-^-o P 

and  the  flolntion. corresponding  to  (11) 

tf  =  Gsin(s/  +  ^) ( 

Caw  of  A  case  wluch  frequently  occurs  is  that  in  which  the  motion 

Forv?e»  oscillatory  but  not  simple  harmonic,  owing  to  the  fact  that 

^-aixin^  u  moment  of  the  system  of  couples  is  proportional,  not  to  ^,  bnJ 

Sice  of  c:ii}  ff     Assuming  zero  or  negligible  resistance,  the  equation 

Displace-  motion  is— 

nic-Qt.  J*  A 

E«|iiation  ■  .  +  a*  sin  ^  =  0 ( 

of  Motion.  a^ 

wliere  s,  as  before,  denotes  L//*.  This  is  the  case  of  whic 
circular  pendulum  vibrating  through  a  finite  arc  is  the  ti 
Denoting  the  amplitude  in  radian  measure  by  a,  we  have^  n 
tiplying  by  ddjdi  and  integrating  from  ^  =  a  to  ^  =  0, 


( -  j  =  2«*  (cos  0  -  cos  a). 


Hence 

di  =  -— :-  (cos^  -  C08a)-W^   .    .    .    .   ( 

Calcn-     &^d  the  integral  of  thiS|  taken  between  the  limits  0  and  a,  is 
lation  of   quarter  period  =  r/4. 
Period. 


Lot 


thon  (15)  becomes 


em-  =  Bin-  sm^, 


di^  1(1   -  sin«|8in^^)-4(/<^   .    .    .    , 


OBSERVATION  OF  PERIOD  OF  OSCILLATION.  2: 

luig  and  inteCTQlini^  Uib  serieB  term  by  term  between 
0  Wid  iff  (wliii'li  torreBpond  to  0  and  o),  we  gel — 

1"3V=:„»''  i_  Aj,  \  (17)  DeJo 

i  ^         ofP 


=   (' 


.^+4c. 


t  term  of  this  geriee  2ir/n  is  the  ordinar}'  simple  pen-    IitGmtel}' 
bmiuls  (or  an  inflnit^iy  6iii»ll  amplitude  o£  vabrution,       amall 
from  T&tuenof  T  derived  from  observation  of  oecillatinns      Hange, 
Jdnd  the  corrceponiline  period  for  infinitely  email  OBcilln- 
^>i»  only  necesBory  to  divide  the  vnlue  of  T  thus  found  by 
n  of  the  series  wilbin  the  brockets.    For  almost  all  prac- 
'b  suHictRnt  to  use  ilie  approiimate  ei[uation — 

'-r('+Ti) "») 

^n  amplitode  of  half  a  rtidian  (2d°  42'  nearly),  is  tme 
per  cent.,  and  to  a  higher  degree  of  accuracy  for  sraaller 

(17)  ie  given  at 


period  of  an  osciUatioQ  is  the  time-interval 
1  two  saccessive  passages  of  the  moving  body 
L  the  same  position  in  the  same  direction.  For 
tenninatioQ  of  this  a  means  of  ohserving  the 

of  the  body  and  a  time  measurer  are  necessary. 

oy  physical  purpoaes  a  fairly  accurate  clock  or 

leter  beating  audibly  seconds  or  half  seconds, 
good  watch  is  sufficient.  In  well-equipped 
chronographs  are  available,  by  which,  at 
icesaive  instants  of  occurrence  of  the  phenome- 
lerved.  marks  can  be  made  on  a  ribbon  of  paper 
Iving  drum  kept  moving  uniformly  (checked,  of 

by  a  hreak-coDtoct  chronometer  or  pendulum, 
breaks  an  electric  circuit  at  equal  intervals  of 
a  mark  on  the  ribbon  at  each  break) 


a  k>awB  nte  reoorded  by  tlie  b 
Tc  abaU  lapya  that  an  audibly  ticlj 
r  19  •oed,  wad  H  viB  be  easy  to  modify! 
!  flf    litwLiiBiiju  to  suit   a   rcgistenng  t 

I  rf     Fir  «faiBvsliaa  of  tbe  Tibntii^  body,  when  il 
etmarj  to  Cad  the  instant  of  pa^aj^  tbrnii^ 
wBtiaa.  it  is  eoDTenieot   to   use   a  teleM 
i  flo  ■•  lo  giTB  ui  image  of  some  patt  a 
r  body  sC  the  inteneetioa  of  cross-wires  wben  the  b 
tin  the  pantknin  (jowttoo.     The  best  position  is  fl 
T'Of  the  Tilmtii^  body  when  &t  rest  with  no  forces  si 
I  vpoo  it.    A  vertical  Iidg  is  drawn  upon  tbe  body,! 
fiKOSsed  at  the  cross-wires  in  the  amial  way  by  % 
adjusting  tbe  eye-lens  and  cross-wires  for  distinct  fl 
of  tbe  latter,  and  then  moving  the  whole  cye-pteco  ■ 
distinct  vision  of  the  mark  is  obtainei]. 

It  is,  however,  more  generally  convenient  to  n 
light  mirror  on  the  body  and  use  the  arrangemen 
telescope  and  long  circular  scale  described  above, 
apparatus  is  adjusted  so  that  the  division  of  th«  scaU  i 
the  same  vertical  plane  as  the  contjre  of  the  objert-j;!» 


and  the  centre  of  the  mi 
htinni-   cross-wires  when  the  body 


irror  is  at  the  intersection  ni 
is  at  rest.   Or.and  prefuwlil' 


f},"""  "'  where  tbe  equilibrium  position  of  the  vibrating  hodv  i 
"  liabla  to  change,  the  eiact  reading  of  tlie  scale  c 
sponding  to  the  e<]iiilibrium  position,  or  ztro-rtadi*^ 
wt)  ahall  call  il,  may  bu  obtained  as  follows,  whi 
lK>ily  ia  vibrating.     The  remlings  of  tho  scale  wbcq 
body  it)  at  ix^t  at  thrra  consecutiru  times  are  t 
Lei  ii|,  iiy  ••,  be  the  ivadinj^,  a  tin;  xura-ieadiiig,  i 
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ttiod  (not  necessarily  known),  then  for  the  deflection   observa- 
Eom  the  zero  in  the  first  case  we  have  d  =  rL^a,  m*^°^,f^  * 

J   •        1  t  1      1  .    1  !  Transit   of, 

od  in  the  second  and  third  cases  by  (11)   above,      Zero. 
i|-a  =5  —  6  '  *^/*d,  7^3  —  a  =  6  -  *^rf.    Hence  we  get 

Vhcn  iij  does  not  differ  greatly  from  n^  this  equation 
■Qooines 

«  =  iC^i  +  27i2  +  ^3)   .    .    .    .    (20)      ■    ^^^*  /^ 

If  the  rate  of  diminution  of  amplitude  is  not  great, 
tke  extreme  readings  of  a  greater  odd  number  of 
Mooesnve  semi-vibrations  may  be  read  off.  The 
vitlimetic  means  of  the  readings  taken  at  each  side  are 
fcond  separately,  and  the  arithmetic  mean  of  the  two 
I'wults  is  the  required  reading  for  the  middle  position. 
Ikw  let  ij,  dj,  dj,  d^  d^  be  readings  of  the  scale  for  five 
Moeflsive  elongations  (points  of  extreme  deflection),  so 
^  ^>  ^>  ^6  ftre  the  extreme  readings  for  deflection  to 
^  left^  rfj,  d^  for  deflection  t<>  the  right.  Then 
Wl  +  ^  +  d^jZ  is  the  mean  extreme  reading  on  the 
«ft  Similarly  {d^  +  dJ/2  is  the  mean  extreme  read- 
^  OQ  the  right.  The  zero  reading  is  then  approximately 
*he  mean  of  these,  or  {d^  +  ^3  4  d^lQ  +  (^2  4  d^j^.  It 
18  Decessary  thus  to  take  one  more  reading  on  one  side 
flutti  on  the  other  in  order  that  in  the  case  of  diminish- 

• 

Qig  amplitude  the  mean  for  one  side  may  correspond  to 
fluit  for  the  other.  Thus  if  three  readings,  d^  rf^,  rfg, 
veie  taken  on  the  right,  the  mean  dj  +  ^4  +  ^e  ^ould 
be  &e  mean  of  readings  taken  one  by  one  later  than 
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::.  St  :=. :  :.r  :  :irr  side,  and  their  mean  would  thewfan 
':»r  :  •.  rci^  :■:  *:iTr  a.vurately  the  zero  reading. 
: ;--:  1-  Ti-i  ii^-LiLT  *:  -a-'riich  the  zero  reading  of  the  scdi 
.■  :",_-"..:  :_  ikr^  115  rr.»r.5::  is  :i?T  ohsenred  while  the  body  ii 
"■" :  riv.iL^.  Trif  i*  d>se  a5  follows: — The  ohsHW 
: jsk.fi  r-:r  >»j  a:  ::.e  end  of  a  minute,  and  then 
lij-T.nirj  ::  :":.r  ::ok:Li:  of  the  clock,  counts  on  from 
'■-r   'ji.i    ::    :Lr    niinu:e   until    the    middle  reading 

■  :.-fr5   :l:>    i-::r?fw":::'n  of  cross-wires.      The  divirioa 
:  :Lv  >:.:/.r  ?.:   :he  intersection  of  cross-wires  at  the 

Vf\"  ::  :nv  o'rn:  merer  bef.Te  and  at  the  heat  after 
•:---  i:-5:an:  :ir:,  ii  ro55ible.  also  observed.  From  these 
••ij-  ox:;.-:  iiistant  of  the  transit  of  the  zero  reading  can 
:-•  i'j-ii.  i  bv  ai:5M::i:r.::  the  velocity  of  transit  constant 
V-vVA-  -i-n  t:.v  r-.v;.  l<:\:>.  If  both  these  readings  cannot 
':■'  or.r  iiiivi.  :h;::  rno  nearest  in  time  to  the  transit  of 

■  ii-.-  ZT  '  rc:i".::u^  i>  re:i'.l  off.  and  from  the  aj)proxiinately 
kii'fivii  vtl..oirv  of  tnasit  the  interval  between  the  beat 
■«Tii  tliL-  pa-s.-nL''-""  oan  l»e  found.  The  observer  allows  the 
vihratiun  to  c- ntiniie,  and  counts  the  transits  past  the 
•  ■r<»s>-\virL'<  unTJl  some  convenient  number,  suv  10  or  20. 
liavc  taken  place.  Before  the  end  of  the  series,  glancing 
;it  the  elii  k.  ho  takes  time,  and  then  counts  the  ticks 
until  till/  la^t  transit  of  the  series  has  taken  place,  and 
ni:ik(.'>  the  same  observations  as  at  the  be<;inningr  of  the 
series.  He  repeats  these  observations  for  successive 
series,  an«l  tlius  obtains  an  approximate  measurement 
(»f  tliL*  time-interval  from  the  first  to  the  last  transit  of 
each  stiries. 

Krom  this  time-interval  for  one  or  moi-e  series  the 
period  of  oscillation  can  be  approximately  calculated. 
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be  mean  of  the  periods  calculated  from  each  set  of 
Mervations  will  give  the  average  period  with  accidental 
Ron  of  a  particular  set  more  nearly  eliminated. 
Each  set  of  determinations  of  period  ought  to  be   Obsenra- 
■unediately  preceded  and  followed  by  observations  of    Jj^p^.^ 
■nplitude.     For  this  it  is  only  necessary  to  observe      tude. 
Sttee  elongations  or  scale -readings  at  the  stationary 
lomts.     Thus  let  three  successive  scale  readings  be 
^p^^  the  total  range  of  apparent  motion  of  the  scale 
toofis  the  field  of  view  is  d^  —  \{d^  4-  rfj),  or  the  ampli- 
tude of  oscillation  reckoned  on  a  circle  of  radius  equal 
t^that  of  the  scale  is  \d^  —  \{d^  +  ds).    If  a  denote  the 
inplitade  in  radian  measure,  and  r  the  radius  of  the 
■cde  in  degree  divisions,  then 

^^\d,-\{d,±d^     ....     (21) 

The  mean  of  the  two  values  of  the  amplitude  ob- 
lained  at  the  beginning  and  end  of  each  series  of  obser- 
rations  may,  if  the  series  does  not  extend  over  too  long 
i  time,  be  taken  as  the  amplitude  during  the  whole 
eriesty  and  used,  if  the  oscillations  are  of  the  kind  which 
equire  it,  for  the  reduction  of  the  period  obtained  from 
he  series  to  that  which  would  have  been  obtained  if  the 
mplitude  had  been  infinitely  small  (see  p.  223,  above). 
\e  mean  value  of  the  periods  obtained  after  all  cor- 
ections  from  the  various  series  of  observations  may  be 
iken  as  the  period  required. 

In  cases  in  which  the  rate  of  dimiDution  of  amplitude 
isksmall,  a  large  number  of  oscillations  may  be  made  in 
,  series  extending  over  a  considerable  time.    A  first 

Q  2 
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()bserva-    short  serics  of  observations  will  suffice  to  give  an  ap* 
Long  **  proximate  value  of  the  period,  and  this  can  be  used  to 
S.MU8  of  save  the  necessity  of  counting  the  number  of  oscillations 
tions.      in  the  long  series.     The  times  t,  i  of  the  beginning  and 
end  of  the  long  series  (with,  as  before,  the  amplitude 
before  and  after)  are  observed  and  recorded.    Then  if 
T*  be  the  rough  value  of  the  period  before  obtained, 
which  it  is  known  may  have  an  error  not  greater  than 
T,  we  have  for  N  the  number  of  vibrations  in  the  series 

N=^^ (22) 

with  a  possible  error  of  +  NrjT,     If  t  is  so  small  that 
Nt  is  less  than  half  a  period,  then  plainly  JV  is  the 
actual  number  of  vibrations  made  during, the  inten'al, 
and  the  true  period  T  can  be  at  once  obtained. 
Definition       When  the  resistance  to  motion  is  proportional  to  the 
arithnuc    velocity,  each  amplitude  has  a  constant  ratio  to  the 
Decro-     succeeding   amplitude,   and    this    ratio    is    called  the 
Logarithmi-G  Decrement  of  the  motion. 
Its  Deter-       It  is  obtained  at  once  from  observations  of  amplitude, 
niinaiiou.   'pj^^   ^ero   reading    having    been  determined,  an  odd 
number  of  successive  elongations  on  the  same  side  of 
zero   are  observed,  and   the   arithmetic   mi^an   of  the 
deflections  from  zero  taken.     The  result  is   the  ampli- 
tude  for    the    middle   vibration   of  the    scries.      The 
vibratory  motion  is   allowed  to  continue  undisturbed 
for  some  time  and  another  series  of  observations  then 
made.  Then  if  we  call  the  semi-period  for  which  the  first 
amplitude   was   determined   the  m'*,   and    the   second 
semi-period  to  which  the  second  amplitude  corresponds 
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oe  the  (m  +  ?i)'*,  the  time  between  tlic  two  observations  Its  Deter- 
is  ft  -  1  semi-periods.     Hence  if  \  be  tlie  logarithmic  ™^^*'^°°* 
decrement,  S^  the  first  amplitude,  ©„+»   the  second, 
tbcn 

or 

If  2k  denote,  as  in  (8)  above,  the  ratio  of  the  moment 
of  the  resistance  to  the  product  of  the  moment  of 
inertia  and  the  angular  velocity,  or,  whicli  is  the  same 
thing,  the  ratio  of  the  angular  retardation  to  the 
angular  velocity,  and  T  one  period,  then  we  see  by  (11) 
that 

X  =  kT. (24) 

When  the  oscillations  are  long  continued,  a  short  Period,  &e. 
series  of  observations  of  an  odd  number  of  successive      from 
elongations,  with  the  time  of  zero  passage  for  each  semi-  Successive 

•  •         •  X  o  Series  of 

vibration,  is  made  from  time  to  time.  Tlie  number  of  obser- 
oscillations  which  has  taken  place  between  every  two  ^*^^o"»- 
successive  series  is  determined  as  described  in  p.  228, 
and  the  results  combined  as  follows.  The  interval 
between  the  time  of  zero  passage  in  the  first  semi- 
▼ibxation  in  the  first  series  and  the  zero  passage  in  the 
first  of  the  second  series  divided  by  the  number  of 
semi-periods  gives  an  average  semi-period  of  vibration ; 
in  the  same  way  the  second  semi-vibration  of  the  first 
series  and  the  second  of  the  second  series  gives  another 
average,  and  so  on.    A  second  set  of  averages  can  be 
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Period,  fcc.  obtained  from  the  second  and  third  short  seriei  vA 

d  fid  need 

from  Sac-  the  interval  between  them. 

g^^^*  J       Each  successive  set  of  average  results  (cOTrected  if 

Obsenra-   necessary  for  amplitude)  gives  a  mean  result,  and  dtoe 

^'^      again  a  final  mean  period.      In  the  same  way  the 

amplitudes  may  be  dealt  with  and  a  mean  logarithnue 

decrement  found. 

The  results  of  observations,  and  of  different  sets  of 
observations,  may  be  combined  by  rules  derived  from 
the  theory  of  Least  Squares  so  as  to  give  the  most 
probable  values  of  the  quantities  sought,  and  we  shsD 
state  and  use  such  rules  when  necessary  in  whatMovi 
We  have  not  space  here  to  enter  into  the  subject 


Section  III. 
MEASUREMENT  OF  COUPLES, 

There  are  many  electric  and  mametic  instruments 
in  which  an  applied  couple  or  system  of  couples  is 
equilibrated  by  a  reacting  couple  the  moment  of  which 
therefore  measures  that  of  the  former.  This  equilibrating 
couple  may  be  obtained  in  various  ways  ;  for  exampki 
by  the  torsion  of  an  elastic  wire  or  thread  ;  by  means 
of  a  bifilar  suspension;  or  by  the  deflection  of  a  magnet 
in   a  magnetic   field.     Wo   shall  consider  shortly  the 
measurement   of  couples   produced    in   the   first   two 
different  ways,  deferring  the  third  until  we  deal  with 
magnetic  measurements. 
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a  wire  is  twisted  by  turning  cue  end  round  DefiniUon 
of  the  wire  while  the  other  end  is  held  fixed,  "^f  yvM. 
urting  couple  is  set  up  by  elastic  reaction  in  every 
section  where  twist  has  been  given.  The  moment 
his  couple  at  any  one  section  is  proportional  to  the 
t  there  existing  defined  as  follows : — Let  S6  be  the 
e  through  which  one  of  two  normal  cross- sections 
I  distance  il  apart  along  the  axis  of  the  wire  has 
B  turaed  relatively  to  the  other,  then  BffjSl  is  called 
Mtnge  tvnat  over  that  portion  of  the  wire.  Let 
middle  cross-section  of  this  portion  of  the  wire  be 
\  at  which  the  twist  is  to  bo  measured,  and  let  HI  be 
Be  very  small,  hSjU  is  then  the  twist  required. 
Jong  a  straight  homogeneous  wire  of  uniform  cross-  T<r 
lion,  attached  at  its  extremities  to  two  bodies  by  ^^^ 
relative  motion  of  which  round  the  axis  of  the  wire 
twist  is  applied,  the  distribution  of  twist,  except 
'the  fastenings  at  the  ends,  is  uniform.  The  couple 
Stic  reaction  in  a  particular  wire  of  circular  cross- 
a  and  isotropic  material  is  equal  to  the  product 
le  twist,  the  rigidity  (defined  below)  of  the  material, 
e  moment  of  inertia  round  the  axis  of  a  circular 
of  diameter  equal  to  that  of  the  wire,  and  of  unit 
I  per  unit  of  area.  The  product  of  the  last  two 
18  is  called  the  Torsional  Sigviity  or  Moduhta  of 
Ew»  of  the  wire,  and  is  the  elastic  couple  set  up  in 
irire  per  unit  of  twist.  This  is  the  constant  which 
rires  used  as  torsional  suspensions  it  is  necessary 

lie  simple  rigidity  of  the  material  which  forms  one    Jii^dUn 
It  of  the  torsional  rigidity  is  defined  by  supposing     ' 
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^^^  equal  tangential  force  per  unit  of  area  to  be 
over  four  forces  of  a  unit  cube  so  that  thefovoa 
fjAoe  act  as  shown  by  the  anow-heads  in  Fig.  4 
the  action  of  these  forces  the  cube  is  distorted 
the  section  in  the  plane  of  the  paper  becomes  a  A 
that  is,  each  of  one  pair  of  opposite  angles  beooi 
than  a  right  angle  by  a  certain  amount,  and  * 
the  other  angles  greater  than  a  right  angle  by  ti 
amount.  The  rigidity  is  the  ratio  of  the  tai 
force  per  unit  area  thus  applied,  to  the  aoK 


radian  measure  by  which  each  augle  of  the  s€ 
the  cube  has  been  changed. 
Deter-         The  torsional  rigidity  of  a  wire  is  best  deterir 
mmation   ^i^^  method   of  oscillation.      The   wire   is   su 

Toraional  vertically  from  a  fixed  support  which  securely  1 
Rigidity .  -^ ,   .         ^       .  1   ^    ^r     1  . 

Methoii  of  upper  end  from  turnmg,  and  to  the  lower  is  i 

Oscil.      ^  body  of  such  form  that  its  moment  of  inerti 
the  axis  of  the  wire  can  be  readily  determined 
mass  and  dimensions. 
The  best  form  of  vibrator  is  for  several  re 
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Iwllow  circular  cylinder  of  brass  or  copper  suspended  so  Form  of 
ihat  the  axis  is  in  line  with  that  of  the  wire.  In  such 
a  cylinder  the  thickness  of  the  metal,  in  most  practical 
cues,  need  not  be  so  great  in  comparison  with  either 
ndius  that  defects  in  homogeneity  will  seriously  affect 
tlie  oonrectness  of  the  moment  of  inertia,  as  deduced 
fitttithe  mass  and  dimensions  of  the  vibrator.  Further, 
iti  fonn  is  one  for  which  the  motion  is  but  slightly 
affected  by  the  presence  of  the  air  in  the  chamber  in 
vbich  the  oscillations  take  place. 

The  cylinder  is  suspended  by  means  of  a  cross  bar  of 

^c  same  material  and   of  rectangular  section   which 

passes  through  apertures  at  the  opposite  extremities  of 

a  diameter  of  the  cylinder  near  its  upper  edge.     The 

length  of  each  aperture  is  exactly  equal  to  the  breadth 

of  the  bar  so  as  to  avoid  side-shake,  but  their  depths 

^y  be  slightly  greater  than  the  thickness  of  the  bar. 

Symmetrically  placed  with  reference  to  the  centre  of 

the  bar  are  two  notches  in  its  upper  surface  which 

exactly  fit  the  upper  edges  of  the  orifices,  so  that  when 

the  whole  is  suspended  by  the  centre  of  the  bar  the 

cylinder  rests  in  these  notches  with  its  plane  horizontal, 

knd  all  is  symmetrical  about  the  axis,  and  practically 

igid  for  motions  round  it. 

Coincident  with  the  axis  is  a  small  hole  in  the 
ar,  through  which  the  wire  can  be  passed,  or  in 
rhich  a  small  vertical  wire  can  be  fixed  to  fit  the 
lamp  with  which  the  lower  end  of  the  wire  may  be 
enninated. 

If  the  object  of  the  experiment  is  to  determine  the 
(MTsioual  rigidity  of  a  particular  wire  used  in  an  instru- 
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mrct  of  mnj  kind,  and  this  cannot  be  done  with 
vire  in  position,  the  wire  should  have  a  clamp  or 
Listening  at  each  end  permanently  fixed  to  it  for 
securing  it  in  any  new  position ;  and  the  total  weight 
on  the  wire  when  vibrating  should  be  as  nearly  as  may 
be  the  same  as  that  borne  by  it  when  at  its  proper 
use. 

The  period  and  rate  of  subsidence  of  the  oscillalions 
are  observed  and  the  results  dealt  with  in  the  mannei 
already  described  (pp.  225 — 230  above). 

In  the  case  of  a  cylinJric  vibrator  the  mirror  may  b 
dispensed  with,  and  a  seal  3  of  equal  divisions  engravec 
on  or  cemented  round  the  upper  or  lower  edge  of  th< 
cylinder.  This  scale  is  viewed  through  a  telescop 
directly,  jind  as  the  wire  vibrates  the  divisions  pas 
across  the  field  of  view,  so  that  the  time  of  passag 
of  any  one  division  and  the  divisions  of  greater 
eloncration  can  be  observed. 
Deduction       If  T  denote  the  torsional  rigidity  of  the  wire,  n  th 

I{iif?<iity    ^'s'^^'^y  ^f  *''^o  material,  and  a  the  radius  of  the  wir 
from       then,  as  stated  above,  p.  231. 

T  =  ^  ima* [t- 

\{  T  denote  the  period,  IT  the  logarithmic  decremer 
/4  the  moment  <^f  inertia  of  the  whole  vibrating  systoi 
i\  tlte  ladius.  and  /  the  length  of  the  wire,  n  is  give 
hy  the  equation 
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or  if  r  be  put  for  the  volume  of  the  wire 
If  i  can  be  neglected  (28)  becomes 


(27) 
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(28) 


I  fonn  sometimes  used.* 

Since  the  rigidity  modulus  thus  determined  involves 
ibe  fourth  power  of  the  radius,  and  it  is  difficult  to 
obtain  a  truly  cylindric  wire,  values  of  n  obtained  thus 
for  wires  must  in  general  be  taken  as  only  roughly 
•pproximate.  It  is,  however,  generally  possible  to  find 
witii  accuracy  the  torsional  rigidity  t  of  the  wire.  This 
M  given  by  the  equation 


+k^y 


(29) 


"tf  denote  the  whole  angle  throupfh  which  one  end  of  the  wire  Theory  of 
M8  been  turned  relatively  to  the  other,  and  /  the  length  of  the  Method. 
^^»  then  tlie  twist  is  6/1.  Now  consider  two  radii  in  tlie  Kcction 
'^presented  in  the  diagram  which  are  inclined  ut  an  infinitely 
Wniall  angle  d^^.  These  will  intercept  between  the  circles  of 
'j^ii  f  and  r  '\-  dry  a  small  square,  provided  dr  =  rdyjr.  This  in 
"^^nstrained  wire  may  be  regarded  as  one  face  of  a  small  cube 
*nich  has  two  faces  in  infinitely  nearly  parallel  planes  through 
^  wig  and  the  two  radii,  and  two  other  faces  tangential  to  the 
***>  cylinders  of  radius  r  and  r  +  ^^y  and  the  remaining  face 
JPpoaite  to  the  first  in  a  cross-section  at  a  distance  equal  to  dr. 
°7  the  strain  the  angles  between  the  first  and  last-mentioned 
^c«  and  those  in  the  radial  plane  have  been  altered  by  the 
5^ynt  r$ll.  Hence  the  opposite  tangential  forces  required,  as 
^  ^ig.  40,  over  the  faces  in  the  cross-sections  and  on  the  two 
^cea  in  the  radial    planes    is    for    each    face    n.rdyft.dr.r6/L 


*  See  Eneyd.  BriU,  Art  "Elasticity,"  by  Sir  William  Thomson. 
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Theoiyof  The  moment  of  this  roond  the  axis  is  af*dri^.Bll  E 
Method.  r* 

TarnBll .  /  t^dr  =  imu^/i  if  the  total  moment  orer  the  « 

section.    But  this,  divided  by  the  twist  Bjl,  is  the  tonioitil  Dgi 
Hence  (25)  above. 

The  integral  just  found  is  the  total  moment  of  the  elartiefi 
in  each  cross-section  producing  angular  acceleration  of  tiiei 
moving  system  towards  the  position  of  equilibrium.  Be 
these  forces,  the  s^tem  is  acted  on  by  forces  of  viBcooi  n 
ance  (that  is  resisting  forces  depending  on  the  velocity),  ptri 
the  wire  and  partly  between  the  moving  system  and  the  air ; 
these  we  shall  assume  as  everywhere  proportional  to  the  vek 
and  therefore  to  have  a  moment  round  the  azia  directly  pn 
tional  to  the  angular  velocity  dB/di, 


Fig.  41. 


Wo  shall  denote  this  moment  by  2J(rfui6/di,    The  eqn 
of  motion  is  then 


d^e 


dB 


ima* 


the  differential  equation  found  on  p.  221,  above,  which,  unde 
conditions  there  Rtated,  denotes  simple  harmonic  oscilhitions 
amplitude  diminishing  at  logarithmic  rate  k.  From  tbe  sol 
there  given  we  Lave 


r=  - 


S  - ")' 


which  yields  at  once  (26)  and  (27). 
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ff  the  wire  be  Dot  of  truly  circular  section,  t,  its  torsional  Theory  of 
iVddity,  must  be  used  instead  of  inia*l2  in  (30)  and  (31),  which    Method, 
tben  give  (29)  above. 

Since  the  torsional  rigidity  of  a  cylindric  wire  is  as 
4e  fourth  power  of  its  radius,  or  the  square  of  its  area 
jf  cross-section,  it  is  frequently  preferable  to  use  a 
lumber  of  wires  side  by  side  to  support  a  given  load, 
»ther  than  a  single  wire  of  equivalent  cross-section, 
fhus  such  a  wire  equivalent  in  cross-section  to  n  equal 
rires  would  not  support  a  greater  load,  but  would 
lave  approximately  n  times  the  torsional  rigidity. 

The  moment  of  inertia  of  the  wire  is  generally  so  Moments 
mall  in  comparison  with  that  of  the  vibrator  that  it  °^  ^^^^^"• 
*  negligible  within  the  limits  of  the  errors  of  observa- 
on.   fi  is  therefore  in  general  the  result  obtained  from 
^e  kuown  distribution  of  mass  and  the  dimensions  of 
le  vibrator. 

The  moment  of  inertia  round  any  axis  is  by  definition 
le  sum  of  the  products  of  the  mass  of  each  small 
lement  of  volume  of  the  body  into  the  square  of  its 
istance  from  the  axis,  and  is  therefore  obtainable  in 
eneral  by  integration.  The  results  for  the  most  useful 
*S€s  are  contained  in  the  formula : — * 

Mass  X  sum  of  squares  of 
Moment  of  inertia  of)      rectangular  semi-axes  perp. 

uniform  solid  round    = toaxis^o^rotation         ^ 

n  axis  of  symmetry     J  ^'  ^'  ^^  ^ 

ccording  as  the  solid  is  a  rectangular  parallelepiped, 
r  thin  elliptic  plate  (or  solid  elliptic  cylinder  if  the 

*  Routh,  Eigid  Dynamics,  vol.  i.  chap.  i. 
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-  .:  i  :«  :iie  axis  of  ro:;i::oi  ,  «:r  an  elli 
.  :..'.L.:    i  inertia  uf  a  r.S-'  «:ir»'::lar  cv 

.:i.i  ru'ii'is  r.  this  formula  ^-iv-rs  j.'r  i: 

:   ;.  !.«.'ii...w  cvlindric  vibn*:..  r  :f  "riternal 

^L.   r.iiiu<  r.  and  mass  .V.  is  =  J[  r' + 

■-i    '.'V  -.viJch  it  is  susp-riiic  i.  ?'^ot>  ?e.l  o 

.I.JL,  ilir  <c'.'ti'.'n.  we  linve.  i:    ■  .   t-r  its  n 

. . Lii  '  it."?  brea ■  1 1 li ,  w<  ''Y -  —  r  -  o.  From 
.'.-  ::-c  :ii'.mrnt  of  inertia  :  r  tho  cv! 
...•:  iiTiLchrrd  bar  can  be  foim  i.  Tiie  vi 
:  .^  :  ::?  iLiti-rnal  and  exttTna!  r.i  ::i  doter 
..  ':;v.i5urcmeiit.  The  mass  and  Ik^w^ 
.  ..-.  *j  ir  artr  :;l<u  fuund  as  caiv fully  as  jx) 
■...li"  i'.-r  tiie  slots  in  wLi.'h  I'liv  ov 


^t 


:;•  av.)id    the    {letormin.-iti-'n  f 

*:..  .'t"  the  soparatu  parts  oi'  a  vi 

•  _:.!Mont  of  iiias>.«.'s,  the  e  ii::::-! 

......  ^vd  so  as  to  aher  th«.-  ni-ru 

r.-.T.iij:    the    mass   and    thcivlor 

:'.  -   puil  nn  tlu*  wire. 

.  ."',  '.'1*  vibration  are  ob.-ervt.d  f) 

::^;:ri:ions  in  wliich  the  nioiiK' 
.:":L:iiie  dL-rrt-nients  .-ire  /ij.  /lz.„  //j. 
.  V.  e  hav«'  from  I'-T) 

J    ^'      —       1    .f 

•  >::\a'.l  as  is  uenerallv  tliecase.tlv 
"i  eau  Avith  ]»ro])er  arran-vnui 
:-.;.  re  ease  than  the  values  of  , 
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A  conYenient  arrangement  for  this  purpose  is  Maxwell's 
laxweU's  Vibration  Needle.  A  straight  cylindric  tube  ^^^^^^ 
f  brass  contains  four  other  tubes  of  brass,  each  exactly 
:  of  the  length  of  the  outer  tube  so  that  they  just  fill 
ip  its  length.  Two  of  these  inner  tubes  are  empty,  the 
ther  two  are  filled  with  lead.  The  vibrator  made  up 
f  these  tabes  is  hung  horizontally  from  the  wire  by 
MiDS  of  a  straight  rigid  stem  attached  at  right  angles 
D  the  tnbe,  in  line  with  its  centre  of  inertia.  To  the 
ipper  end  of  this  stem  the  wire  is  clamped. 

The  vibrations  are  observed  first  when  the  solid 
Iflinders  are  in  the  middle  of  the  case,  and  the  hollow 
jflinders  are  at  the  ends,  and  again  when  the  solid  and 
oUow  cylinders  are  interchanged  in  position.  In  this 
Me,  as  is  easily  shown  from  (32)  that,  if  m  be  the  mass 
f  each  of  the  shorter  hollow  cylinders,  m'  the  mass 
foach  of  the  solid  cylinders,  and  2r  the  length  of  each, 

/*i  "•  /*2  =  16  (m  —  m')7^, 

•he  quantities  on  the  right  are  all  easily  found,  but 
^^  calculated  result  can  hardly  be  relied  on  as  very 
'^curately  the  value  of  /^^  —  fi^y  on  account  of  possible 
^t  of  uniformity  in  the  cylinders. 
The  moment  of  inertia  /a  of  a  given  vibrator  may 
'so  be  determined  by  first  observing  the  period  T,  then 
'tering  the  moment  of  ipertia  by  a  known  amount  i/, 
^i  observing  the  period  T',  If  k  be  the  same  in 
oth  cases,  or  may  be  neglected,  we  have 

/*  =  jifi  _  2'i (33) 
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TazrwuiZi  r±jj  Tni.-^as  25  r^-rKsilv  employed  when  the  r 
^^^  ^  :t  fmsL  i.nL  :c  iir>e=iscik5  that  its  moment  of 
:KL2irc  >^  6:rz2ii  'zj  adcuhuioo.  A  known  n 
^-:iiT-£s33^  £r=r».  kr  exunj^  a  couple  of  sph< 
Tih'tT  :rkza^iz  ■:i  halng  distributed  symmetricallj 
"uiti:  vT^  ir  rrc<  diser^nt  configurations  for  whi 
ci^T^rzor  zi  iLvCDen:  of  inertia  can  be  calculai 
.■\\^-^  <<  vidJ  mass  is  of  no  consequence,  a  s 
£=.: t:i  znass  can  be  added  to  the  vibrator  in  a  con^ 
p::^:Ti:•n.  ani  the  change  of  moment  of  inertia  : 
the  moment  of  inertia  thus  added. 

The  torsional  rigidity  of  a  thin  wire  can  ] 
determined  by  suspending  a  magnet  of  known  m 
moment  'see  below,  voL  ii.)  by  a  measured  lei 
the  wire  so  that  the  magnet  rests  with  its  ler 
tlie  magnet  meridian,  and  then  twisting  the  up] 
uf  the  wire  through  a  measured  angle  5,  which 
observed  by  means  of  a  mirror  attached  to  the  r 

If  JT  be  the  horizontal  intensity  of  the  field, 
magnetic  moment  of  the  magnet,  then  the  coupl 
ing  to  bring  the  magnet  is  (by  the  definitions  of 
7/)  Afll  sin  6,     The  couple  opposing   return 
is  T0/1.     Hence 

,,y^  sin  0 
T  =  MM  —^    .... 

Tht»  drtjiils  of  this  method  must  be  deferred. 

hm^^i-         Tht^  torsional  rigidity  of  a  wire  is,  however,  apa 

TiMHionri    *^^^'  dilHiMilty  of  its  exact  determination,  a  soi 

KUmu'U>    ii\ron\  oniont  n\oans  of  obtaining  an  equilibrating 

Tho  ivjvivsitiou  is  subjoot  tochanire  even  for  m 

Aiuouut.s  ol*  twist,  in  vvusoquonce  of  the  slow  li 
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.t  of  a  remainder  of  twist  after  removal  of  the  deform- 
g  couple.  This  remainder  is  greater  the  longer  the 
iie  has  been  kept  twisted.  From  this  cause  glass 
sres  are  very  unsuitable.* 

The  effect  of  change  of  temperature  for  iron,  copper,  Effect  of 
id  brass  has  been  accurately  found  by  Kohlrausch.  -f-  ^tm  *^  ^^ 
OQghly  speaking,  the  rigidity  is  diminished  by  i  per     ture. 
mt.  for  10*"  rise  of  temperature.  Change  of  temperature 
Iflo  changes  the  length  of  the  wire,  and  thus  alters  the 
iriflt  for  a  given  angular  deflection.     I'his  alteration 
^  however,  only  about  jV  of  *^®  change  of  rigidity. 

The  torsional  rigidity  of  a  metallic  wire  is  slightly    Elastic 
iinunished  and  its  internal  viscosity,  and  therefore  the   ^'^^^*^- 
lUe  of  subsidence  of  oscillation,  greatly  increased  by 
•hat  Sir  W.  Thomson  J  has  called  Elastic  Fatigue  pro- 
Inced  by  continuous  or  frequent  torsional  oscillation. 

In  most  cases  it  is  preferable  when  possible  to  produce  Silk  Fibre 
ie  equilibrating  couple  by  some  means  independent  of  ^qm" 
^on.  The  mode  of  suspension  generally  adopted 
*  by  unspun  clean  silk -fibre,  which  combines  great 
strength  with  very  slight  torsional  rigidity.  A  single 
Shre  (half  of  an  ordinary  cocoon  fibre)  will  bear  a 
bright  of  three  or  four  grammes,  and  with  a  large 
^■^Mgin  of  safety  from  half  a  gramme  to  one  gramme, 
fhe  torsional  rigidity  of  fibres  of  Japanese  silk  of 
'iameters  from  '0009  to  '00 15  centimetre  varies 
.^hen  expressed  in  terms  of  either  force  of  a  couple 

*  Mr.  C.  V.  Boys  {PhxL  Mag.  June,  1887)  recommends  fibres  of  quartz. 

f  Bagg.  Ajm.  Ser.  8.  Bd.  oxli.  (1870),  p.  481.  See  also  EncycL 
H.  Art.  "  ElABticity,"  by  Sir  W.  Thomson.  §  79. 

1  "Elasticity  and  Viscosity  of  Metals,"  Proc.  R.S.,  May  18,  1865 
lAiegeL  BriL  Art.  <*£lBsticity,"  §  30. 
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aotiug  on  an  arm  of  one  centimetre)  from  O'lOfll  ' 
0025(1  dyne."  A  silvor  wire  of  the  same  wpui'i:' 
rigidity  would  have  a  ra<]iu3  of  from -00022  to  Oi'i'> 
centimetre,  and  would  not  bear  more  than  »1"" 
*i  gramme  without  breaking. 
Tho  The  Bifilar  anapension  consists  of  two  wires  or  tlii«': 

Soapeu-    attached  at  their  upper  ends  to  two  fixed  poinU.i' 
I   ''""■      at  their  lower  ends  to  two  points  in  the  suspendcJ  tn'i- 
When  the  system  is  in  equilibrium  under  the  adiou 
no  applied  forces,  except  such  as  are  vertical,  tJietlirin! 
ore  in  a  vertical  plane  and  the  centre  of  grftrilT  of  *i' 
body  is  in  the  lowest  possible  position.   Butlfasystt"!  ' 
couples  acts  on  the  body  so  as  to  turn  it  rou  ud  a  rcrUv  i 
axis,  the  threads  no  longer  lie  in  a  vertical  iilane,  ai" 
a  couple  comes  into  play  opposing  the  applied  «m]il' 
The  suspension  has  tbe  advantage  of  giving  a  p" 
feotly    definite    zero    of    directive    force,    pracUal. 
unaffected  by  tbe  state  of  the  fibres  aa  to  totsioD,  &■■ ' 
but  little  changed  by  variation  of  temperature ;  ainl  it^ 
couple  given  by  it  for  a  given  deflection  is  cft]<ul)lt 
sufl3ciently  accurate  evaluation  for  many  purpusw  ' 
nieaflurement  of  the  dimensionB  of  thearranfjennni    ' 
is,  however,  used  iu  many  electric  and  in  i  ■     > 
struments  simply  to  give  a  reacting  coupl 
constant  of  the  suspension  is,  if  necessary, 
by  experiment. 
Ceneral        We  fiball  consider  the  perfectly  general  t 
^eocyof  tiu^ada  of  given  lengths  hung  from  given  fixed  ]l 
not  necenaarily  in  a  horizontal  line,  and  attached  * 
lower  ends  to  a  body  suspended  from  them  at  two  D 
•  T.  Gruy,  "  Oo  Silk  u.  Wire  8nBr*i«ions."  PhO.  Maq.. , 


THEORY  OF  BIFILAR  SUSPENSIONS. 


243 


t  a  given  distance  apart  and  in  given  positions  relatively  ^"^^^^ 
y  the  centre  of  inertia  of  the  body.  If  the  deflecting  of  Bifilar. 
fstem  of  forces  be  a  couple  in  a  horizontal  plane,  the 
eaction  of  the  bifilar  must  also  be  a  couple  in  a  hori- 
iontal  plane,  the  projection  in  fact  of  the  couple  given 
7  the  horizontal  components  of  the  tensions  of  the 
ihmds,  which  plainly,  since  there  is  no  horizontal 
!mhant  force  to  be  equilibrated,  must  be  equal  and 
y|ipodte.  Let  AA\  BB\  Fig.  42,  be  the  respective 
prqectionson  a  horizontal  plane  of  the  upper  and  lower 
pointB  of  attachment  of  the  fibres  in  the  deflected 
position  of  the  bifilar,  and  let  2a,  2&  be  the  lengths  of 


Fig.  42. 

^hese  projections.  The  horizontal  forces  act  in  the 
liiections  BA^  BA\  which  are  therefore  parallel.  If  L 
^  the  moment  of  the  couple  due  to  the  bifilar,  and  'p 
•he  perpendicular  distance  between  BA,  EA\  each 
Uirixontal  component  of  tension  is  Hj). 

If  if  be  the  whole  mass  suspended,  the  total  down- 
hud  force  is  Mg ;  and  this  must  be  equal  to  the  sum 
f  the  vertical  components  of  the  two  tensions.  Hence 
P  WB  denote  one  of  these  components  by  \Mg{\.  +  r), 
be  other  must  be  \Mq{^  —  c).  Again,  if  we  denote 
)e  mean  of  the  vertical  heights  of  A  above  B  and  A 
bovc  S\fjhy  and  call  one  of  these  A(l  —  e),  the  other 

R  2 
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irt'neril  ^  must  be  A(l  +  f).  We  may  suppose  the  tenska 
Bifiiar.  "i-Vj/d  +  f)  to  correspond  to  the  vertical  height  *(!+<), 
then  if  c  be  t^iken  positive,  e  will  be  a  positive  or  a 
negative  quantity  according  as  the  greater  tension 
corresponds  to  the  greater  or  to  the  less  vertical heiglt 
Hence,  by  the  triangle  of  forces, 

BA  =/,  :i  +0  ^^^^^^   FA'^h  (1  -e)^^ 

(35) 
Adding,  putting  for  {BA  4-  SA')p  its  value  4aJsiDJ, 
where  6  is  the  angle  of  deflection,  and  solving  for  X, we 

Z=  '^^f"^^^-fis\ne  ...   (36) 

h^\  —  €C) 

This  equation  shows  that  for  a  given  deflection  J,  i 

i>  smaller  the  smaller  «  and  /^  and  the  greater  A.  that 

is  the  sensibility  is  greater  the  closer  the  fibres  and  tb€ 

LrroatiT  their  lenirths. 

ijiio  ,M         In  iho  :u-tual  use  of  the  arrangement  the  londbso 

mVtrii^r    ^'^^'  tihris  are  the  same,  the  fixed  points  are  in  a  hon 

\iTan^,>     zoutal    piano,   and   the   points   of  attachment  to  th< 

su>|vndod  btxiy  are  symmetrical  with    respect  to  tb< 

ivntro  ot'  inertia.     Hence  the  pull  is  the  same  in  botl 

fibres,  and  »  and  c  in  (36)  are  both  zero.     Accordingly 

yoO^  rodiuvs  to 

J.      M'jah     .     ^  ,.j- 

L  =  —  , —  sm  ^ (,•<* 

The  value  of  h  in  this  case  is  easily  found.  We  hs^ 
now  from  the  figure  IB  =  IB,  and  AB  =-  AB,  But 
if  /  be  the  length  of  the  fibre, 

^ir-  =  <7-  +  i--2a6cos^  =  /2-A2; 


iiii'iit. 
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therefore  Case  of 

Sym- 

A*  =  ?  -  (a  -  6)«  -  4(iJ  sin2  i  ^^  ^/^rioal 

Arrange - 

ce  from  (37)  ment. 

^  -  |P  -  (a  -  bf  -  4aA  sin^  ^^}*   *     '     ^"^^^ 

be  nearly  equal  to  6,  (a  —  Vf  may  be  neglected ;  and 
»  very  great  in  comparison  with  either,  both  this 
.  and  4aisin*^^  may  be  neglected.  Under  the 
r  condition 

Z=^P?sin5 (39) 

onrse  for  small  deflections  6  may  be  put  for  sin  6 
1  the  formulas  found  for  L, 

le  accuracy  of  the  adjustment  for  the  fulfilment  of  Adljust- 
X)iidition8  c  =  0,  «  =  0,  may  be  tested  and  completed  ofBmkr 
flows :  One  of  the  fibres  is  raised  a  little  relatively 
e  other  by  inclining  the  instrument.  Supposing 
idjustment  to  have  been  perfectly  made,  the  effect 
lis  would  be,  without  sensibly  alterin'g  c  from  zero, 
ake  e  appreciable  ;  for  one  fibre  being  made  more 
y  vertical  than  the  other,  and  having  a  horizontal 
K)nent  of  tension  equal  to  that  of  the  other, 
have  a  greater  vertical  tension.  Hence  the 
bility  as  measured  by  the  ratio  of  a  deflection  0 
e  opposing  couple  L  will  have  been  increased, 
osing  the  adjustment  only  nearly  made,  e  will  be 
small,  and  any  increase  in  the  value  of  c  will  still 
ise  the  sensibility.  On  the  other  hand,  if  the  effect 
sing  the  fibre  is  to  make  the  weights  borne  by  the 
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Effect  of    »  -  Bd^jrldj*^  to  the  BDm  of  the  moments  of  f  ind  ?  aM 
Flezmml    that  cross-sectioii,  we  gat  the  differential  equation 
Rtfadityin 

^  —  ^  -  P* W 

If  a  he  put  for  Jt/B  the  eolntion  of  this  equation  ii 

y=^s+Cf+  C>— » (fl 

Now,  approximately  s  ^  II  at  the  lower  extremity,  nd 
=  -  }/  at  the  upper,  and  at  either  dy/ds  =  0.  Hence  difR<- 
entiating  in  (42)  and  suhstituting  we  get 

and  therefore 

For  X  =  /;2  this  is 

If  the  fibre  be  long  we  may  take  as  an  approximation, 

Hence  we  have  finally 

llie  result  stated  above .♦ 

The   amount    of    this    correction    is   not   generally 
nc'gligible.-f"     Its   amount   for  a  wire   of   ^Jo   chl  m 

*  Src  also  Kohlrausch,   U'ied.  AnnaUn,  Bd.  xvii.  (1882). 

t  It  may  Iw  calculated  for  a  wire  r  centimetres  in  radius,  and  carry- 
ing a  loatl  of  /r grammes,  by  the  formula  r*  y/2wE/y/  IF,  where  ^^^ 
Young'H  modulus  of  the  material  in  grammes  weight  per  sq.  cm.  Tw 
value  (if  A'  for  copper  is  1200  x  10*,  for  silver  786  x  l(r,  for  iron  2000 x 
10*,  for  gold  813  X  10*,  for  platinum  1700  x  10*. 
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I'dius  stretched  by  a  tension  of  100  grammes  weight 
I  "22  cm.  for  copper,  '17  cm.  for  silver,  "18  cm.  for  gold, 
nd  '26  cm.  for  platinum.  [If  only  one  end  of  the  wire 
<e  constrained  to  remain  vertical  and  the  other  end  be 
tiaight  the  correction  is  of  course  only  half  of  that 
lUt  found.] 

To  compare  the  sensibilities  of  biiilar  and  unifilar      Com- 
mpensions  of  the  same  length  and  made  of  wire  of  o/*uSfi"ar 
he  smallest  possible  diameter  for  the  weight  Mq  to  be       and 
Mried,  let  S  be  the  practical  tenacity  of  the  material — 
hat  is,  the  greatest  weight  per  unit  area  which  the  wire 
^  bear  without   experiencing  inconveniently  great 
Permanent  elongation.     The  least  radius  which  can  be 
laed  for  the  bifilar  is  given  by  the  equation  r^  =  Mgl^Sir. 
^cr  the  unifilar  the  least  radius  possible  is  given  by 
^  =  MgjSir  =   2r*,    and    the    torsional    rigidity   is 
;'»iir'*  =  27rnr*.      Hence  by  (40)  for  equal  sensibility 
»f  unifilar  and  bifilar  we  have 

2irnr*  =  Mga?  -f  Trwr*. 
3eiice  we  get,  putting  for  J/V/,  ^Sin^y 


r       V  25 


(44) 


r«king  the  value  of  S  as  only  J  of  the  utmost  tenacity 

■^f  breaking  weight  W^  we  get  ajr  =  2\/nl  W,    The  value 

^  V^n/  W  is  about  10  for  silver,  gold,  and  copper,  and 
**out  12  for  platinum.  Hence  the  bifilar  is  equal  in 
*cnaibility  to  the  unifilar  (under  the  conditions  stated 
^  to  diameter  of  wire),  when  the  ratio  of  the  distance 
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of  the  wires  apart  to  the  diameter  of  the  wire  is  a) 

5  in  the  case  of  the  first  three  metals,  and  about 

the  case  of  platinum. 

Ktfect  of       The  torsional  term  in  thebifilar  is  the  less  impoi^ 

Temp«ra^-  *^^    ^   ^^^  effect  of  change  of  temperature  on 

ture.      other   term    is   due  to  expansion  of   the  wires, 

correction  is  very  slight.    If  it  were  worth  while 

balance  might  be  compensated  for  effects  of  chanj 

temperature  by  attaching  the  wires  to  a  bar,  the  ei 

sion  or  contraction  of  which  would,  by  altering 

distance  of  the  wires  apart,  just  annul  the  effe 

change  of  length. 

Dtrtor-         The  directive  couple  per  unit  of  deflection  give 

iniiiyiou   ^j^^  bifilar  may  be  determined  by  the  oscillation 

C-ii-raiit    bodv  of  known  moment  of  inertia  as  described  alx 

■"  •*  li'*"'  ir 

the  deflections  are  made  small.    Its  determination 
the  dimensions  of  the  apparatus  cannot  be  done 
aoeuracy  unless  the  parts  are  made  very  large,  c 
to  the   diftioulty  of  measuring  the  exact  distan 
the  tibres  apart.      This  has,   however,  been  don 
Kohlrausch  in  a  very  large  bifilar  balance  made  b\ 
and  used   in  an  imix)rtant  series  of  determinatic 
the  earth's  horizontal  magnetic  force.* 
Diiftct         C<>u]>les  mav  also  be  directlv  determined  with 
iiadon"oi    ^^^^^  accuracy  for   many  purposes    by    means  o: 
CoupleH.    following  arrangement  or  some  modification  of  it  :- 
suspended  body  is  kept  in  equilibrium   in  the  p 
position  by  means  of  a  bifilar  suspension,  or  a  i 
thread  or  thin  wire  under  torsion.     When  a  deflc 

*  Loc.  cif.  and  below  (vol.  ii.)  in  the  chapter  **  On  the  Dete 
tionof //." 
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)oapIe  acts  on  the  body  it  is  turned  round  a  vertical  Direct 
ttis,  and  is  brought  back  to  the  initial  position  of  nation  of 
Bqailibrium  by  means  of  two  pendulums,  the  points  of  Couples. 
Kispension  of  which  are  on  sliding  pieces  which  can  be 
Bunred  along  horizontal  parallel  bars  fixed  above  at 
right  angles  to  the  plane  of  the  bifilar  when  in  the 
ttqnilifarium  position,  or  to  some  fixed  plane  through  the 
tUiifilar.  Each  pendulum  cord  has  attached  to  it  a 
ttuead  which  pulls  symmetrically  on  the  two  sides  of 
fbe  suspension.  When  the  body  is  deflected,  the  sliding 
pieces  are  moved  in  opposite  directions,  so  that,  in 
BQuequence  of  the  opposite  inclinations  of  the  pendu- 
■una  to  the  vertical,  forces  restoring  equilibrium  are 
B|i^ied  to  the  body.  Let  the  deflecting  couple  be  Z. 
Bopposing  the  two  points  of  suspension  of  the  pendulums 
to  be  on  one  level,  and  the  points  of  attachment  of  the 
polling  threads  to  the  pendulum  cords  to  be  on  a  level 
vver  by  a  distance  of  I  cm.,  and  at  a  distance  of 
'cm.  i^Kurt,  the  distances  of  the  verticals  through  the 
pobts  of  suspension  from  the  corresponding  verticals 
Sinmgh  the  attachments  of  the  threads  to  the  pendulum 
^Qids  to  be  d^,  d^  cm.  for  the  respective  pendulums,  and 
9ie  mass  of  each  bob  W  grammes,  we  have,  for  the 
^tonent  of  the  equilibrating  couple,  the  value 

Wg  ^^^'d. 
lence,  equating  moments,  we  get 

X=  Wg^-'^^'^M (45) 


I 


CHAPTER    V. 
ELECTROMETERS. 

TVnniiion  Ax  eleclrometer  has  been  defined  as  an  inst 
me-e/^  for  measuring  differences  of  electric  potential  bj 
of  the  effects  of  electrostatic  force.  It  consists 
tiallv  of  two  conductors,  between  which  is  esta 
the  difference  of  potentials  which  it  is  des 
measure.  The  electrostatic  force  set  up  p 
motion  of  the  parts  of  one  of  these  conductors  re 
to  one  another,  or  motion  of  the  conductor  lis  ; 
rolativolv  to  the  other  conductor;  and  from  this 
or  fn-m  the  mechanical  force  which  must  be  ap; 
restore  and  maintain  equilibrium  in  the  confij; 
»'f  zero  eKotrifioation,  the  difference  of  poten 
inferred.  We  shall  call  this  conductor  the  Imh 
the  instnunent. 
Absi^lu'o  When  the  instrument  contains  within  itself  a 
motir  ^'*  ci>m]niring  the  electric  force  called  into  pli 
othiT  forees  known  in  amount,  as  for  example  t 
of  ojravitv  on  a  j^iven  mass,  or  the  elastic  rea 
a  stretehed  spring,  it  gives  directly  by  its  ind 
the  vahie  in  absolute  electrostatic  units  of  tin 
ence  of  potentials  measured,  and  is  called  an. 
ElidromdK)', 

When  the  instrument  gives  only  comparison 
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(tatic  forces  with   other  forces  the  amount  of     Non- 
it  does  not  itself  contain  any  means  of  deter-    Electro^ 
,  its  indications  can  only  be  obtained  in  absolute    meter. 
t)y  a    comparison  with   those   of   an    absolute 
meter. 

sn  the  mode  of  variation  of  these  undetermined  Constant 
8  known  and  remains  constant,  one  such  accurate  °  meter** 
ison  is  sufficient  to  allow  a  coefficient  to  be 
ined  by  which  results  proportional  to  measured 
ices  of  potential  must  be  multiplied  for  reduc- 
absolute  measure.  This  coefficient  is  called  the 
}U  of  the  instrument. 

trometers  have  been  divided   by  Sir  William  Classes  of 
on  into  three  classes :—  ^l^^^; 

I.  Repulsion  Electrometers. 
II.  Attracted  Disc  Electrometers. 
III.  Symmetrical  Electrometers. 

the  first  class  belong  instruments  in  which  a 
Qce  of  potential  between  the  indicating  con- 
and  the  fixed  conductor  is  shown  by  relative 
I  of  parts  of  the  indicator  produced  by  their 
1  electric  repulsion.  In  such  an  instrument,  when 
ly  constructed,  the  fixed  conductor  either  is  a 
or  nearly  closed  conductor,  or  is  in  conducting 
b  with  and  contained  within  a  closed  conductor, 
also  contains  the  indicator, 
t  of  the  instruments  known  as  electroscopes,  for 
le  those  of  Cavallo,  Volta,  Bennet,  and  Henley, 
08  by  electric  repulsion;  but  as  these  cannot, 
er   made,    be   regarded    as  accurate-measuring 
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instniinents,  we  do  not  here  give  any  deacriptioD  d 
them, 
^alomt*      The  first  accurate  repulsion  electrometer  devised  wis 
Coulomb's  Torsion-Balance,  which  gave  good  results  in 
the  hands  of  Coulomb  himself  and  of  Faradav:  but 
this  instrument  has  been   almost  entirely  superseded 
bv  much  more  delicate  and  convenient  electrometers 
chiefly  belonging  to  the  other  two  classes.   As,  however, 
it  is  capable  of  being  made  to  give  fairly  accurate  results 
in  absolute  measure,  we  give  here  a  short  aocoont  of 
its  construction  and  use.   It  is  essentially  a  modificadon 
of  the  torsion-balance  previously  employed  by  ICchell 
and  Cavendish  in  experiments  on  the  gravitation  of 
matter. 

The  instrument  is  represented  in  Fig.  4-t,  which  also 
shows  some  of  the  principal  pieces,  detached  and  on  a 
larger  scale.  The  indicator  is  a  thin  rod  of  shellac, 
carrying  at  one  end  a  small  pith-ball,  h,  as  smoothly 
gilded  as  possible,  and  at  the  other  end  a  paper  disc,  i 
This  rod  is  suspended  horizontally  with  the  paper  disc 
vertical  within  the  cylindrical  case  BACD,  as  the 
movable  arm  of  a  torsion-balance,  by  a  fine  silver  vire 
attached  to  a  button,  A'  which  is  supported  on  antl 
turns  round  the  graduated  torsion  head  MM\  carrieu 
by  the  upright  tube  shown  standing  on  the  case  in  the 
figure.  A  cylindrical  piece,  attached  to  and  coaxi" 
with  MM\  fits  into  the  cylindrical  piece  Tf,  which  ^ 
cemented  into  the  upper  end  of  the  glass  tube.  The 
silver  wire  is  attached  to  the  button  K  above  and  to 
the  indicator  below  by  two  small  porte-crayon  claml* 
and  is  as  nearly  as  may  be  in  tlie  axis  of  the  case.   A 


SB'S  TORSION-BAIJNCE,  2S5 

ion  of  the  lower  clamp  downwards  below  the  Coulombn 
rod,  iij  giving  stability  to  the  indicator,  secures    b^™' 
icoUtjr  of  tbe  plane  of  the  paper  disc,  wbich 
an  air  vane  to  damp  the  motion  of  tbe 


Round  tlie  case,  opposite  the  indicator,  is  a 
iuated  to  degrees,  by  which  the  position  of  the 
can  be  determined.  In  the  cover  of  the  case, 
Auc<>  from  the  centre  equal  to  the  distance  of 


256  ELECTROMETERS. 

i^oulomb's  the  ball  h  from  the  suspension  wire,  is  a  hole  through 
iJalance.  which  a  thin  rod  of  sealing-wax,  bearing  another  gilded 
ball,  a,  of  pith,  can  be  passed.  This  rod  b  attached  to 
a  holder,  P,  so  that  the  ball  a  when  in  position  is  on  a 
level  with  h  and  has  its  centre  exactly  on  the  ladius 
through  the  zero  division  of  the  scale ;  and  the  holder 
is  provided  with  a  geometrical  fitting  to  the  cover, 
which  ensures  its  being  always  replaced  in  exactly  the 

■ 

same  position. 

In  Coulomb's  instrument  the  wire  was  about  70  cm. 

in  length  and  •035  mm.  in  diameter,  and  a  couple  eqwl 

to  that  due  to  the  weight  of  17  of  a  milligiamin*? 

acting   at   the  extremity  of  an   arm  of  1  centimetre 

sufficed  to.  maintain  the  wire  twisted  through  360\ 

.Alode  of        When  the  instrument  is  to  be  used,  a  is  withdrawn, 

Torfioi!-    a^J  the  button  K  turned  until  the  ball  h  rest^  with  ii^ 

lialance.    centre  opposite  the  zero  of  the  lower  scale,  and  J/J/  '^ 

turned  until  the  index  is  at  zero.     The  wire  now  exert5 

no  torsional  couple.     The  ball  a  is  then  replaced,  an^ 

h  rests  against  it  slightly  deflected  from  its  previous 

position.     The  instrument  is  now   adjusted  ready  f^' 

use.     As   an   illustration  of  how  the  instrument  was 

used  by  Coulomb,  we  shall  describe  an  experiment  by 

which   he   determined    the   repulsion   of    two  electnc 

charges. 

llxpcii-         The  adjustment  of  the  ball  h  was  first  made,  then 

ui.'i.t  fioin  ^\^Q  \y^\\  ^^  y.^^  electrified  bv  beinsr  brought  into  contAf* 

Coulomb   With   the   previously   charged    ball  £,   and   plawd  i^' 

Yaw  of     position.     The  charge  was  shared   with   6,  which  ^^ 

bisttincis.  therefore  repelled,  and  the  indicator  took  up  a  ne* 

position  of  equilibrium,  making  an  angle  of  36°  ^'^" 
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:  former,  as  shnwn  by  the  lower  scale.  The  wire  then 
i  a  torstou  of  3G°.     Coulomb  now  tunieJ  the  wire 

tneane  of  the  bntton  A'  uiitil  he  had  dimioisbed  the 
flection  to  18°,  ami  found  that  he  had  turned  the 
itton  round  through  126°,  thus  increasing  the  torsion  'j 

the  wire  to  144°,  or  four  times  ita  pvevioua  amount. 
e  then  diminished  the  deflection  by  the  same  means 

8"'5,  and  found  that  tlie  total  torsion  was  576''*5  or 
most  Mxteen  times  its  initial  amount. 
(iiulorab    had   previously  verified   by  independent  C 
ijieriments  the  important  fact  that  the  couple  required 

liold  an  elastic  wire  twisted  through  an  angle  not  so 
Sat  BB  to  overstrain  the  wire  varied  directly  as  the 
'gle;  and  he  concluded  that,  as  the  distances  between 
W  centres  of  the  balls  were  approximately  in  the  ratio 
:2:],  the  forces  of  repulsion  in  the  respective  cases 
ne  in  the  ratio  of  1  : 1 :  16,  that  is,  inversely  as  the 
[Hire  of  the  distance. 

IE  m  could  regard  the  electrification  of  the  balls  as 

*  only  electrification  concerned,  and  the  distribution 
■  finch  case  as  uniform,  the  exact  theory  of  the  experi- 
«M  would  be  as  follows ;— Let  r  be  the  radius  of  the 
Kk  in  which  the  indicator  ball  moves,  a  the  deflec- 
iinof  the  indicator  from  zero,  0  the  total  angle  through 
fiich  the  upper  end  of  the  wire  is  turned  relatively  to 

*  lower,  /  the  length  of  the  wire,  and  F  the  force  of 
Iiulsion  between  tlie  halls  for  the  defection  a.     The 

iiient  of  F  round  the  axis  is  Fr  cos  ^a.  Asaum- 
'<  \iitil  F  varies  inversely  as  the  square  of  the 
*lwice.  and  denoting  the  charges  by  q,  g',  we  have, 
llie    distance    between   the    balls, 


F—W  ir^SB^Jc.  sad  Oe  eonple  becomes  9^/4r 


If  r  denote  tlie  toniniuJ  dgiditj  (see  p.  2S1 
c^  die  wire,  diat  i%  tlie  eonple  lequired  to  main 
trm  of  cfie  mlbii  per  unit  of  length,  we  hai 
f  :«-  the  tocsioiud  eonple  applied  hj  the  wire.    Eq 
tnis  ;o  the  fonner  couple  we  get — 

Iqq' 
tfsm^taniaa  Tj..    •    -    • 

jXttt-        Hence  on  the  sappoeitions  made  the  quantity 

^^^^  Icrft  should,  if  the  law  of  the  inverse  square  is  ti 

from  Law  constant  for  constant  charges  and  different  valae 

*  S-a^reT  ^^^  ^-    '^^  comparison  gives  the  following  table 


a 

0     0  sin  |a  tan  \a 

36 

36"           3614 

18 

144            3-568 

8-5 

575-5         3169 

The  numbers  in  the  third  column  fall  off  consid 

with  diminution  of  distance.     There   ought  to 

fallinor  off  on  account  of  induction  between  th 

balls,  and  to  this  no  doubt  the  discrepancy  is  in 

measure  due. 

Com-  The  instniment  may  also  be  used  for  the  comj 

c^ai^c"  of  ^^  different  charges  of  the  ball  a.   All  that  is  ne( 

r'amVr     ig  to  maintain  a  constant  charge  in  the  ball  h,  an 

the  torsional  couples  which  must  be  applied  to  pi 

A  given  constant  deflection  in  the  different  cases. 

charges  of  a  may  be  made  proportional  (p.  100  ab( 

the  varying  density  of  the  cUstribution  at  different 
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iuctoTy  and  thus  the  law  of  variation  of  the 
nay  be  experimentally  obtained.  A  large 
f  experiments  have  been  made  in  this  manner 
oab,  Riess,  and  others.* 

form  in  which  it  was  used  by  Coulomb,  the    Effect  of 
alance  is  an  essentially  inaccurate  measuring  ^^^  ^f 
it.    The  electrification  of  the  glass  case  must  ^^^  Case, 
[uently  affected  the  results  to  a  considerable 
id  could  not  have  been  allo;\red  for,  even  if  it 
ined  constant  during  one  set  of  experiments, 
L  very  difficult  experimental  determination  of 
ical  state  of  the  glass.    If  the  interior  of  the 
been   covered    with    a    conducting  coating 
for  purposes  of   observation  with  openings 
closed  with  wire  gauze,  all  effect  of  exterior 
,tion  would  have  been  avoided,  and  the  only 
to  the  case  would  have  been  that  of  a  perfectly 
electrification  depending  only  on  the  position 
;es  of  the  interior  system. 

imple,  the  effect  of  this  electrification  can  be    Calcula- 
culated  to  a  first  approximation  for  a  spherical  spherical 
1  an  internal  lining  of  conducting  material   Conduct- 
only  to  find  the  effect  on  b  of  the  image  of  ^^'^ 
tpherical  surface.     If  the  radius  of  the  surface 
I  the  distance  of  the  centre  of  the  ball  a  from 
e  r,  the  image  of  the  charge  q  (regarded  as  a 
rge  at  the  centre  of  a)  is  in  the  radius  through 
)f  the  scale  at  a  distance  r^^/r  (p.  78)  from  the 
)d  its  charge  is  —  qrjr.    The  square  of  the 

ib's  Memoirs,  and  Mascart's  TraiU  d*AledrieU6  Statique, 
ipu  ir. 

S  2 
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Caloula-    distance  of  this  image  from  h,  when  the  deflecdon  of 

aSrnV.1  the  indicator  is  o,  is  r^^/r^  +  r«  -  2r,«  cos  a.    Hence  the 

Condnot-   force   between   the   image   and  6  is  —  qi'firHr^  +  r 

ill**  C*As^  «         _»'   I 

—  2r^h^  cos  a),  and  the  moment  of  this  round  a  verucai 
axis   through    the   centre    is  —  qq\^  sin  ai[T^  +  ^ 

-  2riV  cos  a)f.  This,  added  to  the  formerly  found 
moment,  gives  the  total  moment  balanced  by  the  torsional 
couple. 

The  torsional  rigidity  of  the  wire  must  be  determined 
if  the  results  are  to  be  obtained  in  units  unaffected 
by  the  unknown   elasticity   of   the    suspension.    M 
details  of   the   method   of    finding  this  constant  are 
given  in  the  last  chapter. 
Tlv-:v.s^n's      For  all  purposes  of  accurate  measurement,  electro- 
,    y'l!^    metoi-s  of  the  ot*her  two  classes  are  more  convenient 
Most   of  these  have   been   invented    by   Sir  William 
Thv^inson.  and  his  instruments  or  modifications  of  them 
rtT\^  r.v^w  in  almost  universal  use.     Accordingly  we  shall 
f.x^:  vwirpv  s|xice  with  the  description  of  instruments 
s  \*h  ii5  IVIlmann's  and  Peltiers  electrometers,  or  even 
t:\'  !vi»i:lsL>ii  instalments  of  Thomson,  although  these. 
IV.  til.'  kuiJs  ot"  the  inventors  and  others,  have  yielded 
\A!u:ibIo    rv  suits,  but  shall   at  once  proceed  with  the 
vio^svrii^tion  of  iho  forms  now  adopted. 
AttmrtM        III  an  attraottnl-disc  electrometer  the  attraction  be- 
Klect^>.    <^^'^'^*»^  ^^^'^^  lu^rallol  discs  at  different  potentials,  and  at 
nu'terof   rt  i:i\on    ^Hstanoo  ap;ui,  is  compared  with  the  elastic 
Harris      xv:ution  k^\  a  stivtched  spring  or  the  weight  of  a  given 
mass,    Tho  first  instrument  of  this  kind  was  constructed 
by  Sir  William  Snow-Harris,  and  used  by  him  in  some 
iiniK>rtant  experiments.     It  is  shown  in  Fig.  45.    In  >* 
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dicator  is  a  ptane  disc  d  suspended  as  one  scale  of  Atttscted 

!  above  a  similar  disc  a,  connected  with  the  ^y^ 

t  c!oating  of  a  Leyden  jar  J,  which  is  to  bo  tested.  '"*'!' 

her  scale  P  of  the  balance  is  weijjhted  so  as  to  Hm 
rate  d  when  there  is  no  electrification.     When  a 


I.  rf  is  attracted,  and  equilibrium  is  restored  by 
^weights  in  P.  The  downward  pull  on  d  in  the 
I  of  equilibritim  is  thus  measured  in  absolute 
I  tlie  known   force  of  gravity  on   the   ta&sa 
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AttMcted  placed  in  P.  The  airangemeDt  marked  i  is  a  uiut  Jtf 
Electro-  arrangement  which  was  used  in  the  experiments  of  Boo*- 
meter  of  jjEirj-is  to  give  a  rough  approximation  in  arbitmj  Wtt 
HoTTu.     to  tlio  char^  given  to  the  jar. 

Tliis  form  of  electrometer,  though  exceedingly  defo> 

tivc  in  many  respects,  contains  in  a  rudimentary  fonu 

the  principle  of  an  attracted-^isc  electrometer. 

Thomwin'H      Fig,  46  shows  an  improved  arrangement  in  nhiA 

^'dUc**'  *''^   attracted  disc  is  surrounded  by  a  guard-riDg,  «• 

Elwtro. 


that  the  distribution  of  electricity  over  it  may  i* 
I'egarded  as  apjiroximately  uniform.  The  iiidicating 
tiisc  C  is  hung  by  metallic  wires  from  oue  end  of » 
metal  beam  pivoted  on  a  horizontal  wire  slrctdi'^ 
between  the  pillars  PP,  and  twisteil  so  that  the  toRJ"" 
and  the  counterpoise  Q  tend  to  raise  the  disc  C.  I'  " 
necessary  to  apply  a  downward  force  to  C  to  bring  ■' 
into  the  plane  of  the  guard-ring,  and  this  force  is  "^ 


I 


.-■=<" 


'J 
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lused  by  placing  weights  on  the  disc  until  it  has 
Q  depressed  so  as  to  bring  the  lever  into  what  is 
wi  the  "  sighted "  position.     The  lever  is  forked  at     Details  i: 

end  to  which  the  disc  is  attached,  and  the  extremities  i^^i'dicaTor 
he  prongs  are  joined  by  a  horizontal  black  hair, 
Jh,  when  the  lever  turns,  ascends  or  descends  in 
t  of  a  white  enamelled  metal  plate  carried  by  the 
i  of  the  lens  /•  On  the  enamel,  one  above  the 
r,  at  a  distance  apart  rather  less  than  the 
jness  of  the  hair,  are  two  well-defined  black  dots, 
the  hair  is  in  the  sighted  position  when  it  is  sym- 
ically  placed  with  respect  to  these  dots.     The  hair  •; 

dots  are  viewed  by  the  plano-convex  lens  I  which  is  y. 

d  at  a  little  less  than  its  focal  distance  from  the  \ 

and  hair.  The  hair  plays,  without  touching,  as 
as  possible  to  the  enamelled  plate,  which  is  slightly 
ex  in  firont,  so  that  the  hair  is  nearer  to  it  when  in 
iighted  position  than  when  elsewhere.  To  obtain 
uch  magnification  as  possible,  the  lens  is  placed  at 
stance  from  the  hair  only  a  little  less  than  the 
lipal  focal  distance,  and  the  eye  at  a  distance  from 
ens  of  20  centimetres  or  more.  To  avoid  paiallax 
ens  is  used  with  its  convex  side  turned  towards  the 
and  the  eye  is  moved  up  or  down  until  the  hair 
8  straight  in  the  middle  and  to  widen  out  at  the 
equally  above  and  below.  If  the  eye  is  too  high 
3  low,  the  lens  will  show  the  hair  curved  upwards 
<wn  wards. 

very  slight  motion  of  the  hair  from  the  central 
ion  between  the  spots  is  possible  with  this  ar- 
imentw      Sir  William    Thomson    and    Dr.   Joule 


!.■ 


■r* 


I « 


..--.      -  "•.   =.     =rr:.C  I.  irvistioa  as  1^50000  of  an 

I'lt  ^-i  ^n^--  r Jir  liir  spermre  in  the  guard-riiigi 
1-  :  -  .-?.i  >  s:-  VL  -niki  iis  eSecrire  area,  reckoned^ 
•--1-:  Ji^  .'ij^z^,-l  .11  "Jh  sa5r  tamed  towards  the fe 
J  ->  ir.rT-.zLTLAZzi.'r  zik  sk!Sd  of  the  aieas  of  the 
iT^rmTT  iJL'i  t:-:  jiilh  A,*  The  disc  and  guard-ring 
i-'r  -.^:m:'i^-  r.cjienei  bj  a  irire  which  jwnstke 
r^ir-£-r:i:r  -rr-z.  -Jjf  n»r--Lk2  icllars  on  which  the  lever  a 


Tit  i-Tii.-TLi^  rLi:^  A  is  carried  on  an  insulating 
•_.L\:s  i.'r.z./i'-'L  z-:  i  r-ii-Trr^neter  screw  by  which  the 
•  ^.'.-T  r-JLz  :•£  zj-.^i'i  iz-^TM-is  or  downwards, 
y-u:.:  .:  Ti-r  ^-".i:*.:  ::  -isizz  The  electrometer  is  as  follon 
A  :  ;i>-:a':  1-Zrr;i.>r  ::p^Tcntials  is  maintained  between 
-It  .:  :'~T  '".=.:'=>.  5av  tie  gnaid-ring  and  disc,  and  the 
Tvr:i  ii.i  Tir  ::lrr  p-I^te  -1  is  connected  to  earth. 
T:.v  Ijk'r.TZ  i<  :!•£  n  screwed  up  or  down  until  the  attracted 
:>.  .'.":-<  ::.:.  :hr  5:z'!i'ei  p.->siuon.  and  the  reading  of 
*.!.T  iL.i.r::..f:.r->:r^'.v  is  Taken.  The  plate  -4  is  then 
•:.:.:.: .:-  :  :.  :..t  :v-:y  t.-k  K^  teste«i,  and  again  moved np 
•.  r  :  v»r.  .:•_::'.  :'l-:  Cirraoted  diso  comes  into  the  sighted 

I:'  r  'cv  :r--?  dinVrence  of  potentials  between  the 
exT'M  ixiA  ::.o  cuar.i-riui:  and  disc  B,  and  J^  the  differ- 
ence of  {vteiitiuls  K^tweon  the  plates  when  the  movable 
phiio  A  is  cvnineotoi.1  to  the  body  to  be  tested,  d  and  » 
the  corresponding  readings  on  the  micrometer  (so  that 
U'  —  i!  is  the  distance  through  which  the  plate  has  been 

•  Siv  Maxw.irs  EI,  aud  M-.ij.  vol.  L  second  edition,  p.  807,  ^ 
a  clooei  a}>i>roxiiDation. 


iQst  be  applied  to  the  disc  to  bring  it  to  the    Kiaetro 
positioD,  we  have  by  (03),  p.  53  above,  "'•'^^■ 
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v-r-. 


'(■'•-VT ■■  (-) 


B  the  difference  of  potentials  between  the  body 
(ted  and  the  earth,  and  is  obtained  in  absolute 
inits  of  potential  if  rf'  —  rf  be  taken  in  centi- 
jS  in  square  centimetrea,  and  F  in  dynes, 
method    of    proceeding  was    adopted   by   Sir 

Thomson,  as  it  makes  the  result  depend  only 
enniuation  of  the  diflerence  of  the  distances  of 

8  apart  in  the  two  positions,  and  not  on  a  de- 
Mon  of  the  actual  dist-ance  of  the  pjates  apart, 
ily  inaccurate  on  account  of  the  difficulty  of 

the  planes  parallel  and  perfectly  plane,  which 
lave  to  be  depended  on  if  V  were  made  zero 

position  of  A  found  for  which  the   disc  was 
1  to  the  sighted  position, 
illiam  Thomson  baa  called  this  mode  of  using  "Hetero- 
itrometer  hderostatic,   from   the   fact   that   an     "iiiio. 
stion  independent   of    that  to   be    tested    is    '"'.'"'^"^ 
led  on  the  plate  B.     When  the  electrification    using  >o 
I  is  alone  made  use  of,  as  would  be  the  case    ^^^J"' 
ther  mode  of  proceeding  juat  stated,  the  inatru- 
uid  to  be  used  idiostaiieally. 

ipal  form  of  the  absolute  electrometer  is  shown  CompI«t« 
17.  The  attracted  diac  and  plates  are  contained  Thomw 
>  cylindrical  case  of  white  glass,  which  is  fixed  A^*^ 

8  mounting  round  its  lower  end  to  a  horizoutal     mou 
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Cmjikta  Bole-f^te  of  iron,  supported  oq  three  feet  with 
•Th^^mti  »"***•  ""I  J*  closed  above  by  &  stoat  bra 
Abnlntf  screvretl  Ut  a  brass  line  cemented  round  tbc  up 


TVie  lieight  from  aole  plate  to  covlt  is  50  ccB 
and  the  diameter  is  30  centimetres.  Tit©  sji' 
case,  witb  the  exception  of  Apertures  Co 


THOMSON'S  ABSOLUTE  ELECTROMETEK  267 

3DS  of  the  interior  points  to  be  made,  are  coated  Complete 
le  and  outside  with  tin-foil  nearly  as  high  as  the  Thomson's 
es  which  are  in  the  upper  part  of  the  jar.  Electro- 

be  case  thus  forms  a  Leyden  jar,  the  coatings  of 
ch  can  be  brought  to  any  necessary  difference  of 
sntials.  The  guard-ring  B  is  connected  with  the 
nor  coating  by  its  supports,  which  are  metal  pieces 
ented  to  the  inner  side  of  the  jar  and  covered  with 
roiL  Within  the  jar,  on  the  sole-plate,  is  placed  a 
en  tray  containing  pumice  moistened  with  sul- 
ric  acid,  which  maintains  a  dry  atmosphere  within 

jar. 

he  attracting  plate  ^  is  a  stout  plate  of  brass,  with  Tlie 
es  cut  out  of  it  to  allow  it  to  pass  the  supports  of  ^\*  i^t^  "^ 
gaard-ring,  and  is  supported  by  an  insulating  stem 
irhite  glass  cemented  to  a  vertical  pillar  of  brass, 
ch  is  moved  up  and  down  in  V  guides  by  the  mi- 
aeter  screw  C",  working  in  a  fixed  nut  iti  the  sole- 
e.  The  amount  of  vertical  motion  is  obser\'ed  by 
as  of  the  vertical  scale  m,  and  a  circular  plate 
luated  on  its  edge,  which  projects  from  the  screw 
turns  in  front  of  a  fine  vertical  wire.  The  former 
n  the  number  of  complete  turns  made  by  the  screw, 
latter  allows  any  fraction  of  a  turn  to  be  estimated 
i  degree  of  accuracy  depending  on  the  fineness  of 
graduation,  and  the  precision  with  which  the 
tion  of  the  wire  on  the  circle  can  be  read.  The 
lal  distance  traversed  is  got  from  this  result  by 
tiplying  by  the  step  of  the  screw,  which,  in  the  first 
nunent  made,  was  7V  ^^  ^^  moh. 
^  attracted  disc  is  made  for  lightness  of  thin 
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ItB  Con-  inwarJa  beyond  tho  inductors  so  that  the  carrif 
opposite  the  inductors,  conic  into  contact  niUi  I 
springs  at  the  same  time, and  ore  therefore  put: 
ducting  contact.     One  of  the  inductors,  ^,  n  ci 


to  the  inner  coating  of  the  jar,  the  other,  B,  il 
by  tlie  supporling  plate  of  brass  to  the  cow 
instruiupnt  and    therefore  to   the   outer  coatii 
milled  head  attached  to  S  projects  above  the 
fortns  a  handle  by  whicli  the  carriers  are  twj 
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electrical  action  is  easily  understood.    An  initial    Its  Bloc- 
has  been  given  to  the  jar,  so  that  a  difiference  of    Attion. 
iais  exists  between  the  coatings,  the  interior  for 
le  being  positive.     When  the  carriers  come  into 
i  with  the  springs  S,  S',  they  are  brought  to  the 
potential,  and,  since  they  are  under  the  influence 


inductors,  one  carrier  becomes  charged  posi- 
tlie  other  negatively.  Then,  turning  in  the 
)n  of  the  arrow,  they  come  into  contact  with  the 
ag  Rpringa,  and  being  each  (electrically)  well 
Dover  of  the  corresponding  inductor,  they  give  up 
uter  part  of  their  charges,  thus  increasing  the 
jce  of  potentials  between  the  inductors. 


>.  Ji  in  shape  to  coach-spriogs,  of  which  one  Cfotyi 

■■}.'  in  Fig.  47,  projecting  from  underneath  the  c 

.  ; .  These  springs  are  placed  symmetrically  round 

I  ;  .  i,;.  and  meet  at  their  points  of  crossing  above  anc 

{':    h  The  disc  is  attached  to  the  lower  point  of  cross 

the  upper  point  of  crossing  is  attached  to  th 
end  of  an  insulating  stem  carried  at  its  upper  e 
brass  tube  which  slides  in  V  guides,  and  can  b 
up  and  down  by  the  head  C  of  a  micrometc 
similar  to  that  already  described  as  moving 
tracting  plate  A.  Underneath  this  screw-b 
fast  to  it  is  a  micrometer  circle,  which  serves  1 
I*!  mine  fractions  of  a  turn,  while  complete  ti 

shown  by  the  divisions  on  a  vertical  scale.  Th 
distance  through  which  the  disc  is  moved  in  ai 
case  need  not  be  known ;  all  the  upper  mi( 
screw  gives  is  merely  a  comparison  of  distances 
Two  small  uprights  stand  on  the  centre  of  ■ 


.  I'l.i'  jl 
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od  let  down  through  the  aperture  provided  for  it  in  Method  of 
he  cover,  and  the  disc  is  put  accurately  into  the  sighted  ASIoluto 
podtion.  It  is  then  raised  by  the  micrometer  screw  Electro- 
through  a  distance  for  which  the  force  F  has  been 
determined.  To  bring  it  back  to  the  sighted  position 
vill  require  the  application  of  that  force.  The  jar  is 
next  charged  to  the  degree  determined  by  the  sensitive- 
ness of  the  gauge,  and  the  potential  kept  constant  by 
Tuing  the  replenisher  as  described.  The  attracting 
plate  is  now  connected  by  means  of  its  electrode  with 
the  exterior  coating  of  the  jar,  and  the  micrometer 
moved  up  or  down  until  the  disc  is  brought  iuto  the 
nglited  position,  when  the  micrometer  reading  is  taken. 
This  is  called  the  earthrreading.  The  electrode  of  the 
^kttZBcting  plate  is  now  brought  into  contact  with  the 
conductor  whose  potential  is  to  be  tested,  and  the  plate 
Again  moved  by  the  micrometer  until  the  disc  is  once 
more  m  the  sighted  position  and  the  reading  once  more 
tBien.  The  diflference  between  the  two  readings  gives 
^"<i  of  (2),  p.  265  above,  which  since  F  has  been  deter- 
ged, and  S  is  supposed  known,  gives  in  absolute 
^ts  the  difference  of  potentials  V—V  between  the 
inductor  tested  and  the  outer  coating  of  the  electro- 
^^ieterjar. 

Sir  William  Thomson  has  also  constructed  an  at-  PortAMe 
^*acted  disc  electrometer  capable  of  being  easily  carried  ^^'^*:^^°" 
^Ixmt  from  place  to  place,  and  therefore  adapted  for 
observations  of  atmospheric  electricity  at  different 
places  in  rapid  succession  by  the  same  observer,  foi 
^  by  explorers,  or  for  any  purpose  for  which  small- 
cieas  of  size  and  portability  are  necessary. 

T  2 
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The  arrangement  b  precisely  aimiUr  to  that  of  tit' 
gauge.  Fig.  48,  turned  upsi  Je  down.  The  guaid-riu;'  i- 
below  the  attracting  disc,  and  the  trap-door  and  lewr 
of  aluminium,  with  the  connected  sighting  appuatu" 
suspended  as  described  above,  are  on  the  nniiasiil' 
of  the  guard-plate,  and  are  therefore  protectoi  fn"" 
electrical  action  from  above.    The  lever  and  folk  I'f 


further  protected  from  electrical  actioa  hy 
thin  wire  surrounding  tbein.     Since  the  In  ' 
not  set  up  and  levelled  like  the  absolute  i-KlL[  ■ 
the  piece,  coo^stiiig  of  the  trap-door  and  lever,  i*  ^ 
fully  balanced  about  its  platiunm  wire  axis,  so  it  t" 
unaffected  by  gravity,  and  is  therefore  brought  W  !|^ 
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the  part  between  the  holes 
Halfway  between  the  holes   it  passes  over  a    H^TtM*. 
Wge  piece  of  aluminium,  which  prevents  the    g^'i^jfl. 

1  taming  round  without  twisting  the  wire.  mtiou. 

plate  A  when  the  instrument  is  used  is  con- 
with  the  body  to  be  tested  by  the  electrode  E, » 
B  through  n  plug  of  clean  paraffin  fiied  in 
i  in  the  sole  plate.     The  wire  r  completes 
nection  between  E  and  A. 
difference  of  potentials  between  the  coalings  is    The  Ke- 
jarlj  constant  by  means  of  a  small  induction   P'^nioher. 
\  Jt.  called  by  Sir  WiUiam  Thomson  the  Re- 
r.     Tlte  construction  and  action  of  this  part 
I    eaaUy   understood    from   Figs.   49   and    50 ; 
shows  the  mechanism  full-size  in  perspective 
;  Fig.  30,  the  same  in  plan, 
similar   metal   carriers  C,  D,   each  part  of  a    Its  Con- 
cal  surface,  are  fixed  on  a  cross-bar  of  paraffined  ''""^"'"'' 

8  to  he  slightly  noncoaxial  but  inclined  at  the 
igle  to  tlifl  (.T0S3-bar.  Through  the  cross-bar  and 
fixed  to  it,  passes  a  cylinder  of  ebonite  having 
inds  metal  pieces  which  form  the  extremities  of 
The  carriers  turn  round  this  axle  within  the 
cylinder  marked  out  by  the  cylindrical  metallic 
(,^,  which  ari3  insulated  from  one  another  and  act 
rtors.  A  receiving  spring  s  or  s',  projects  obliquely 
i  tbrongh  a  hole  in  each  inductor,  with  which  it 
connected  at  tiie  back,  and  is  bent  so  that  the 
touch  the  springs  on  their  convex  sides,  and 
;but  little  impeded  by  the  friction.  Two  contact 
&S',c»mnecied  by  a  metallic  arc  project  slightly 


■tetcr 
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Mode  of  into  the  sighted  position  and  a  reading,  If  say,  obtained, 
^oruble  '^^  ^^7  ^  ^^^^  disconnected  and  a  second  earth- 
Electro-  reading  taken.  The  times  at  which  the  readinga  axe 
taken  are  noted.  In  consequence  of  leakage  of  the 
charge  of  the  jar  the  second  earth-reading  may  differ 
from  the  first,  and  the  earth-reading  for  the  time  at 
which  D'  was  taken  is  to  be  estimated  firom  the  two 
earth  readings.  Let  this  reading  be  denoted  by  d,  and 
the  difference  of  potentials  between  the  body  and  the 
case  bv  F.     We  have — 

r^m{iy--D) (3) 

where  m  is  the  average  value,  in  absolute  units  of 
potential,  of  a  scale  division  for  the  range  'between  1) 
and  U,  This  value  depends  on  tlie  elasticity  of  the 
spring  suspension  of  the  trap-door  and  lever,  the  area 
of  the  trap-door,  and  the  scale  of  graduation  adopted; 
and  does  not  depend  on  the  potential  of  tlie  jar  or  on 
the  electrification  tested,  except  in  so  far  as  tlie  small- 
ncss  of  the  attracting  plate  causes  the  electric  fieW 
between  it  and  the  trap-door  to  deviate  sensibly  from 
uniformitv  at  the  grreater  distances.  The  constant /n 
can  be  detorniined  of  course  by  an  experiment  with  a 
known  difference  of  potentials,  and  this  ought  to  be 
done  for  different  parts  of  the  scale.  The  range  of  tht' 
instrument  is  15  turns  of  the  screw,  or  about  5,000 
volts  potential ;  that  is  approximately  the  difference  of 
potentials  between  the  poles  of  a  battery  of  5,001' 
Daniell's  cells  arranged  in  series. 

The  portable  electrometer  has  certain  faults,  which 
are,  however,  mostly  due  to  its  smallness  of  size.    ^^ 
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ipacity  of  the  jar  is  not  large  enough  to  prevent  the 
itential  of  the  jar  from  being  sensibly  affected  by  the 
ectrification  of  the  attracting  plate ;  the  suspension  is 
Fected  by  change  of  temperature;  the  wire  guards 
inoimding  the  aluminium  lever  do  not  sufficiently 
X)iect  it  from  electric  influence;  and,  as  already 
&ted,  the  plates  are  not  large  enough  to  ensure  that 
e  value  of  a  division  of  the  scale  may  be  the  same 
every  part  of  the  scale. 

These  sources  of  error,  except  that  due  to  tempera- 
re,  have  been  corrected  in  a  large  instrument  on  the 
He  principle,  and  on  the  whole  similar  in  construction, 
uch  Sir  William  Thomson  has  made  and  called  the 
andaid  Electrometer.  For  a  detailed  description  of 
18  instrument  the  reader  is  referred  to  Sir  W. 
lomson  s  Reprint  of  Papers  on  Electrostatics  and 
ftgnetism. 
Sir  William  Thomson  has  modified  an  arrangement 

the  portable  electrometer  and  enlarged  its  size  so 
at  a  reliable  instrument  with  a  range  from  about 
JOO  volts  to  80,000  volts  is  obtained ;  that  is,  begin- 
ng  at  a  little  under  the  superior  limit  of  the  potential 
easured  by  the  portable  electrometer,  it  has  a  range 

about  sixteen  times  that  of  the  latter.  This  he  has 
•Ued  a  Long-Bange  Electrometer.  The  constant  of 
10  bstrument,  m  of  (3)  above,  is  found  in  the  same 
*y  as  that  of  the  portable  electrometer. 

The  attracting  plate  is  above  the  guard-plate  and 
^  as  in  the  portable  electrometer ;  but  the  former 
1^  is  fixed  and  the  latter  movable  by  a  micrometer 
^^W  from  below.    The  step  of  the  screw  is  the  same 


Sonrcoa  of 
Error  in 
Use  of 
Portable 
Electro- 
meter. 


Long 
liange 
Electro- 
meter. 


I 


278  ELECTBOMETEBS. 

Micro-  the  effective  nut,  and  is  prevented  from  turning  round 
hornet-  '^y  ^  pi^c^  which  projects  from  it  through  a  slot  in  the 
Jical  tube.  A  spiral  spring  between  the  nuts  presses  them 
apart  and  thus  keeps  the  upper  side  of  the  soev 
thread  in  contact  -with  the  nut.  A  fork,  projecting 
from  the  screw  shown  on  the  left  side  of  the  cover  in 
the  diagram  over  the  micrometer  circle,  prevents  the 
sci'ew  from  being  pulled  up  through  more  than  a 
distance  of  about  ^  of  an  inch. 

The  micrometer  screw  is  turned  by  a  head  above  the 
case,  and  angles  turned  through  are  read  on  a  vertical 
scale  and  a  graduated  circle  turning  relatively  to  a 
fixed  mark  on  the  cover.  The  vertical  scale  is  engraved 
on  two  fixed  cheeks  parallel  to  the  axis  of  the  screw, 
which  are  in  plane  with  an  index  piece  which  slides  up 
and  down  freely  between  them.  Increasing  numbers^ 
oil  the  scale  correspond  to  increasing  distance  between 
the  plates,  and  the  zero  of  the  scale  nominally  corre- 
sponds to  zero  distance,  though  no  particular  care  is 
taken  to  make  it  actually  so  correspond.  The  graduauJ 
circle  is  divided  into  100  equal  parts  so  that  each  cor- 
responds to  an  angle  of  3°'G  turned  through  by  the 
screw;  and  the  distance  between  two  consecutive 
divisions  on  the  vertical  scale  is  equal  to  the  step  oi 
the  screw,  so  that  the  index  advances  one  division  in 
each  complete  turn  of  the  screw. 

Tlie  hole  in  the  roof  of  the  instrument  through 
which  the  screw  passes  is  made  large  enough  to  allo^' 
the  screw  to  pass  without  touching,  and  the  graduateJ 
circle  which  covers  this  hole  above  is  raised  a  little- 
above  the  cover  so  as  not  to  touch  it. 
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The  attracting  plate  A  is  connected  by  a  light  wire  r  Attracting 
with  a  brass  plate  supported  by  a  glass  column  from  ^^^  Elec- 
the  roof.     This  brass  piece  is  continued  upwards  by  the     ^'^c* 
main  electrode  of  the  instrument,  a  stout  wire  passing 
without  contact  through  an  opening  in  the  cover,  and 
carrying  the  cap  D,  which  can  be  moved  up  or  down 
along  it  through  a  short  distance.    This,  wlien  in  its 
lowest  position,  connects  the  electrode  with  the  outside 
of  the  case  of  the  instrument  and  closes  the  opening 
through  which  the  electrode  passes,  and  when  raised 
senres  as  an  umbrella  to  protect  the  electrode  from 
wind  and  rain. 

A  lead  tray  attached  to  the  roof  supports  a  block  of 
pumioe  moistened  with  sulphuric  acid  which  preserves 
a  dry  atmosphere  within  the  case.  A  caution,  "  Pumice 
dangerous  if  not  changed  once  a  month,''  is  engraved 
on  the  cover  beside  a  small  holder  for  a  card,  on  which 
the  dates  of  the  renewal  of  the  pumice  are  to  be 
noted. 

The  mode  of  using  the  instrument 'is  heterostatic  and  Mode  of 
similar  to  that  described  above  for  the  absolute  electro-  Por^bl^ 
meter.     The  jar  is  charged  by  means  of  an  electrode    Electro- 

•^  .  meter. 

let  down  through  a  hole  in  the  cover,  and  a  negative 
chaige  is  given,  so  that  increased  readings  of  the 
micrometer  correspond  to  increased  positive  charges  on 
the  attracting  plate.  When  an  experiment  is  to  be 
made  the  umbrella  is  put  down,  the  disc  brought  to  the 
sighted  position  by  the  micrometer,  and  the  readnig 
(which  we  call  the  first  earth-reading)  taken.  The 
umbrella  is  then  raised  and  the  body  to  be  tested 
connected  to  the  electrode.    The  disc  is  again  brought 
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[  (joiidnat   one  end  of  the  needle  ta  attracted  by  ono  of  u  pair  < 
^    quadrants,  ami  repelled  by  tbe  adjacent  qutulraaloffK 
other  pair.     Tbe  other  end  of  the  needle  in  atirov 


by  tbe  remaining  qua^lmut  of  the  first  pair,  and  P 
by  the  remaining  qoiulrant  of  the  other  pair,  nil 
adjacent.      These   actions   conspire   to   giV9  *  * 
turning  the  oocdle  about  the  suspension  win. 
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In  the  final  form  of  the  quadrant  electrometer,  which      Final 
iBpresented  in  Fig.  53,  the  four  quadrants  of  the  flat-  Qaadraiit 
iig  are  replaced  by  four  quadrants  of  a  flat  cylindrical    Electro- 
(X  made  of  brass.    These  are  shown  separately  in 
g.  54.    Eiach  quadrant  is  supported  on  a  glass  stem 
3jecting  downwards  from  a  brass  plate  which  forms 
a  cover  of  a  Leyden  jar,  within  which  the  quadrants 
4  needle  are  enclosed.    For  three  of  the  quadrants    Arrangp- 
)  stem  passes  through  a  slot  in  the  cover  and  is  Quadrants. 
ached  to  a  brass  piece  which  closes  the  slot  from 


Fig.  54. 


K)ve.  Thus  each  of  the  quadrants  can  be  moved  out 
in  throogh  a  small  space.  The  stem  of  the  fourth 
ladnint  ia  attached  to  a  piece  above  the  cover  which 
»to  on  three  feet.  Two  of  these  feet  are  kept  by  a 
Jting  in  a  V  groove,  parallel  to  which  the  piece 
tnying  the  quadrant  with  it  can  be  moved  by  a 
urometer- screw  tumiug  in  a  nut  fixed  to  the  movable 
Wca  The  spring  which  keeps  the  feet  of  the  movable 
^  in  their  groove  presses  outwards  as  well  as  down- 
'ttdi,  and  so  keeps  the  same  sides  of  the  nut  and 
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Artanp-   screw  threads  in  contact,  to  the  prevention  of " 

^^^u.  time"     The  details  of  the  instrument  will  bs en 

made  out  by  means  of  Figs.  55  and  56.    The  ba 


shows  a  vortical  section  of  the  instrument,  the  ! 
the  sn sponsion-piece  nnd  mirror. 

A  plate  ratlicr  less  in  area  than  the  np|x>r  surfi 
a  quadrant,  but  uf  nearly  tlie  same  shape,  is  supp 
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glass   stem   from   the   cover  above   a  quatJraat    The  Iii- 

jot  to  that  attached  to  the  micTometer,  and  is     pute. 

ihed  with  an  insulated  electrode  passing  through 
over.     Sufficient  length  is  given  to  the  insulating 

by  attaching  it  to  the  roof  of  a  cylinder,  closed 
6  top,  erected  over  an  opening  in  the  cover. 
ithin  the  box  formed  by  the  quadrants  and  about.       The 

ly  between  the  top  and  bottom,  a  needle  of  sheet  „,^  nl 
inium  of  the  form  shown  by  the  line  drawn,  partly  Suspan- 
Inrtly  dotted,  across  the  plan  of  the  (luadrants  on 
left  in  Fig.  54,  is  suspended  horizontally  from  two 
e,  d  (Fig.  56),  carried  \>y  a  fixed  vertical  brass  plate 
DTted  on  a  glass  stem  projecting  above  the  cover  bf 
The  needle  is  attached  rigidly  at  its  centre  to 
lower  end  of  a  stiff  VL>rtical  wire  of  aluminium, 
h  passes  down  tlirough  an  opening  in  the  middle  of 

iver. 

the  extremities  of  p  ■rniall  cross-bar  at  the  top  Details  or 

I  altuninium  wire  are  attached  the  lower  tlireads    '5!^'"" 

^  pension,    i 

bi&larmade  of  two  angle  silk-f.t)rea.  The  upper 
of  these  fibres  are  wound  in  opposite  directions 
1  the  pins  e,  d,  each  of  which  has,  in  its  outer 
s  sqoare  hole  to  receive  a  small  key,  by  which 
be  tomed  round  in  its  socket  so  as  to  wind  up 
dowa  the  fibre.  By  this  means  the  fibres  can 
Ijueted  so  as  to  be  as  nearly  as  may  be  of  the  same 
i;  and  as  the  whole  supported  mass  of  needle, 
tJwD  symmetrical  about  the  line  midway  between 
ires,  pjich  beare  half  the  whole  we^ht.  The  pins 
re  MWried  by  the  upper  ends  e,  /,  of  two  spring 
!  wLicli  form  tlie  continuations  of  a  lower  plate 


288 


ELECTROMETERS. 


Deteilsof  screwed  firmly  to  the  supporting  piece.    Through «,/ 

Tendon'    ^^^  working  in  them,  pass  two  screws  a  and  h,  the 

points  of  which  bear  on  the  brass  supportiog  jdate 

behind.     By  the  screw  a  the  end  e  of  the  plate  f,/  cu 

be  moved  forward  or  back  through  a  certain  range,  and 


Fk;.  r)6. 


thus  tho  pill  c  carried  forward  or  back  relatively  to  ^ 
similarly  d  can  be  moved  by  the  screw  6.    Thus  thf 
position  of  the    needle  in  azimuth   can  be  adjusted 
Tho  distance  of  the  fibres  apart  can  be  changed  DJ 
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ring  out,  or  in,  a  conical  plug  shown  between  the  Details  of 

°      ^  the  Sus- 

gS  €,  /.  pension. 

le  aluminium  wire  carries  between  its  upper  end 
the  needle  a  small  concave  mirrot*  of  silvered  glass, 
t  used  with  a  lamp  and  scale  to  show  the  position 
le  needle.  The  mirror  is  guarded  against  external 
lie  influence  by  two  projecting  brass  pieces,  which 
I  nearly  a  complete  cylinder  round  it.  The  part  of 
wire  just  above  the  needle  is  protected  by  the  tube 
ni  at  the  bottom  of  Fig.  56.  This  tube  extends 
n  below  the  needle  a  little  distance,  and  is  cut  away 
iach  side  to  allov/  the  needle  free  play  to  turn 
ad. 

'he  interior  coating  of  the  Leyden  jar  is  formed  The 
&  quantity  of  sulphuric  acid  which  it  contains,  and  jar. 
ch  also  serves  to  preserve  a  dry  atmosphere  within 
jar,  the  exterior  coating  by  strips  of  tinfoil  pasted 
its  outer  surface.  The  acid  has  been  boiled  with 
Aate  of  ammonia  to  free  it  from  volatile  impurities 
ch  might  attack  the  metal  parts  of  the  instrument. 
'  jar  itself  is  enclosed  within  a  strong  metal  case  of 
igonal  form,  supported  on  three  feet,  with  levelling 
•W8.  The  line  joining  two  of  these  feet  (which  are 
front)  is,  when  level,  parallel  to  the  axis  of  the 
die  if  the  latter  is  properly  adjusted. 
The  needle  is  connected  with  the  inner  coating  of 
'  jar  by  a  thin  platinum  wire  kept  stretched  by  a 
ttinum  weight  at  its  lower  end,  which  hangs  in  the 
«.  The  wire  is  protected  from  electrical  influence  by 
SQaid-tube  forming  a  continuation  of  the  narrower 
«ri-tube,  partly  shown  in  Fig.  56,  and   therefore 
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extending  from  below  the  quadrants  to  a  short  distance 
above  the  acid,  and  connected  also  by  a  platinum  wire 
with  the  acid. 

The  Sub-  The  supporting  plate  in  Fig.  56  carries  the  disc  of  in 
Ga.uge'  i<liostatic  gauge  of  the  kind  described  in  p.  269  above. 
Electro-  The  height  of  the  disc  is  adjustable  by  means  of  a  fine 
screw  and  jam-nut  below  it.  The  supporting  plate, 
with  the  suspension  and  disc  of  the  gauge,  &c.,  is 
enclosed  within  an  upper  brass  ca.se,  called  the  Ian- 
tern,  which  closes  tightly  the  central  opening  of  the 
cover.  The  top  of  the  lantern  is  the  guard-plate 
of  the  gauge,  and  carries  the  aluminium  trap-door 
and  lever  with  sighting  plate  and  lens  as  already 
described. 

A  glass  window  in  the  lantern  allows  light  to  pass  M 
the  niiiTor,  and  the  suspension  to  be  seen.  A  small 
opening  in  the  glass,  closed  when  not  in  use  by  a  screw- 
plug  of  vulcanite,  enables  the  operator  to  adjust  the 
suspension  without  removing  the  lantero. 

icicctrodes,  The  principal  electrodes  of  the  quadrants  are  brass 
rods  CiiseJ  in  vulcanite,  and  are  arranged  so  as  to  be 
HKA'ablc  vertically.  Each  is  terminated  above  in  a 
small  brass  binding  screw,  and  is  connected  below  by  a 
light  spiral  spring  of  platinum  with  a  j)latinized  contact 
piece,  wliich  rests  by  its  own  weight  on  a  jmrt  of  the 
upper  surface  of  the  quadrant,  also  platinized  to  ensure 

Q J ^ ^ 

front  of  the  mirror.  One  is  in  contact  with  the  quadnnt 
(.onnectod  below  to  the  micrometer  quadrant,  the  othir 
to  the  quadrant  connected  to  that  below  the  indiictii^u 
plate. 


A:c. 
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1  insulated  charging-rod  descends  throngh  the  Electrodes, 
)ni,  and  carries  at  its  lower  end  a  projecting  spring  ^ 
rass.  When  the  rod  is  not  in  use  the  spring  is  not 
ontact  with  anything ;  but  when  the  jar  is  to  be 
ged  the  rod  is  turned  round  until  the  spring  is 
ight  into  contact  with  the  supporting-plate,  which, 
:ated  above,  is  in  contact  with  the  acid  of  the  jar. 
he  potential  of  the  jar  is  maintained  constant  by  a 
enisher  in  the  manner  already  described  for  the 
lute  electrometer.  A  spring  catch  keeps  the  knob 
he  replenisher,  which  is  on  the  upper  side  of  the 
JIT,  in  such  a  position  when  not  in  use  that  the 
iers  are  not  in  contact  with  any  of  the  springs, 
to  the  upper  side  of  the  cover  are  screws,  three  in 
iber,  by  which  the  cover  is  secured  to  a  tightly 
ng  flat  ring  collar  below  it,  to  which  the  jar  is 
ented,  and  to  which  the  case  is  screwed ;  two  screws, 
on  each  side,  which  fix  the  lantern  in  its  place ;  a 
covering  an  orifice  communicating  with  the  interior 
ihe  jar ;  two  binding  screws  by  which  wires  can  be 
nected  to  the  case ;  and  a  knob  similar  to  that  of  the 
Anisher,  which,  when  turned  against  a  stop  marked 
ntact/'  connects  by  an  interior  spring  the  quadrant 
m  the  induction  plate  with  the  case,  and  when 
led  in  the  opposite  direction  to  an  adjoining  stop 
ied  "  no  contact,"  insulates  that  quadrant  from  the 
i.  Two  keys,  for  turning  the  pins  a,  6,  c,  &c.,  are  kept 
down  outside  the  case  through  holes  in  the  pro- 
ing  edge  of  the  cover.  The  cover  also  carries  a 
Jl  circular  level,  set  so  as  to  have  its  bubble  at  the 
tre  when  the  cover  is  levelled  by  an  ordinary  level. 

U  2 
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Wlien  this  has  been  done  the  accuracy  of  con9tra^ 

tion  of  the  quadrants  ensures  that  they  are  also  level 

The  level  has  a  slightly  convex  bottom,  and  is  screwed 

down  with  three  screws,  so  that  when  the  instrament 

is  set  up  for  use,  a  final  adjustment,  to  show  bori- 

zoutality  of  the  quadrants,  can  easily   be  made  bf 

turning  the  screws. 

A<l,jiist-        Full   instructions  for  setting  up  and  adjustiii^  the 

"*^the       quadrant  electrometer  are  sent  out  with  each  instru- 

gujidmnt-  rnent  by  the  maker,  and  are  therefore  available,  if  kept, 

„ieter :—  ^^  ^^^^Y  ought  to  be,  beside  it  in  the  case.    We  shall 

Adjust-    suppose  therefore  that  the  detiiched  parts  have  been 

I])6llt  of 

th.'Xcedlc.  put  into  their  places,  the  acid  poured  into  the  jar, 
and  the  instrument  set  up  and  levelled;  but  as  a 
quadrant  electrometer  is  now  part  of  every  wcU- 
equipped  physical  laboratory,  and  is  used  over  a  wide 
ran^e  of  electrical  work,  we  shall  describe  here  the 
principal  adjustments. 

The  two  front  ([uadrants  are  pulled  out  as  far  as 
possible,  to  allow  the  operator  to  observe  the  position 
of  tlie  needle,  which  should  rest  with  its  plane  horizontal 
and  midway  between  the  upper  and  under  surf;»cti5 of 
the  quadrants.  If  it  requires  to  be  raised  or  iowereJ- 
the  operator  winds  or  unwinds  the  fibres  by  turning  the 
pins  r,  d,  to  which  they  are  attached.  The  suspt»nsion 
wire  of  the  needle  should  pass  through  the  centre  of 
the  circular  oriSce  formed  in  the  upper  surface  of  tk 
quadrants,  when  these  are  symmetrically  arranged.  If 
the  wire  is  not  in  this  position  the  pins  a,  //,  are  turn«-'i 
so  as  to  carry  the  point  of  suspension  forward  or  UA 
until  the  wire  is  adjusted,  and  then  one  pin  is  cairitJ 


i 
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forward  and  the  other  back,  without  altering  the  position 

of  the  wire,  until  the  black  line  along  the  needle  is 

faiallel  to  the  transverse  slit  separating  the  quadrants. 

.  The  scale  is  placed  at  the  proper  distance  to  give  a    AOjust- 

^Iktinct  image  of  the  wire  across  the  line  of  divisions  tjj^gjji,. 

JB  front  of  the  lamp  flame,  then  levelled  and  adjusted 

10  that,  when  the  image  is  at  rest  in  the  centre,  the 

otremities  of  the  scale  are  at  equal   distances  from 

tfae  needle. 

When  the  best  relative  positions  of  the  instrument    "Hole, 
and  the  stand  for  the  lamp  and  scale  have  been  ascer-  ^l^^'^^^f\ 
tiined,  these  are  fixed  by  the  "  hole,  slot,  and  plane  "     fixing 
arrangement  adopted  by  Sir  William  Thomson,  to  allow  an^'jus/ru- 
iny  instrument  supported   on  three  feet  or   levelling     ">ent. 
Knrews  to  be  removed  at  pleasure,  and  replaced  without 
readjustment  in  its  original  position.    A  conical  hollow, 
nr  better,  a  hole  shaped   like  an   inverted   triangular 
)yramid,  is  cut  in  the  table  so  as  to  receive  the  point 
which  should  be  well  rounded)  of  one  of  the  levelling 
crews,  without  allowing  it  to  touch  the  bottom.     A 
/-groove,  with  its  axis  in  line  with  the  hollow,  is  cut 
or  the.  rounded  point  of  another  levelling  screw,  and 
he  third  rests  on  the  plane  surface  of  the  table.    If  it  is 
iesired  to  insulate  the  electrometer  case  it  is  supported 
m  three  blocks  of  vulcanite  cemented  to  the  table; 
lud  in  one  of  these  the  hollow  is  cut,  in  another  the 
/-groove. 

When  the  jar  is  being  charged,  the  main  electrodes,  Method  of 
the  induction  plate  electrode,  and  one  of  the  binding    *^  ^jj^"*^' 
Knrews  on  the  cover,  are  kept  connected  by  a  piece  of    Electro- 
ine  brass  or  copper  wire.    The  charging  electrode  is  "*^  *'^'\^^' 
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Motho<l  of  turned  round  so  as  to  bring  the  spring  at  its  lower  end  ' 

^  t^"^  ^^^^  contact  with  the  supporting  brass  piece,  and  a 
Electro-  positive  charge  is  given  to  the  jar  by  means  of  the  small 
electrophorus  which  accompanies  the  instrument  He 
cover  of  the  jar  is  tapped  during  the  process  to  release 
the  balance  lever  from  the  stop,  to  which  it  maj  be 
adhering.  When  the  lever  rises  the  charging  rod  is 
tumeii  so  as  to  disconnect  the  spring,  and  the  cbaige  is 
then  adjusted  to  the  normal  amount  (determined  by  the 
distance  of  the  attracting  disc  from  the  trap  dwr)hj 
the  replenisher. 

The  spot  of  light  may  in  the  process  of  charging  hira 
moved  from  its  position  for  no  electrification,  and  must 
bo  brought  back  by  moving  out  or  in  the  quadrant 
carrioil  by  the  micrometer  screw.  ] 

T,oaka<^-  of      In  ordinary  circumstances  the  leakage  of  the  jar  will 
ami    ^  cause  the  liair  to  fall  down  in  twenty-four  hours  about 

U-iiicaics.  i^jiif  tho  breadth  of  the  lower  black  spot.  This  loss  of 
ohar^^o  from  the  jar  is  made  good  by  the  replenisher: 
hut  if  the  leakage  is  considerably  greater,  the  main  stem 
slu)uld  bo  washed  by  nieans  of  a  piece  of  hard  silk 
ribbon  (to  avoid  shre<ls)  with  soap  and  water,  then  with 
clean  water,  ami  finally  carefully  dried.  Shreds  and 
dust  on  the  iioetlle  and  quadrants  may  tend  to  discharjje 
the  jar,  and  anytliinjjof  this  kind  should  be  removed  hv 
care  fully  and  liii^htly  dusting  the  needle  and  quadrants 
with  a  clean  earners  hair  brush.  The  jar  is  selecu^j 
for  its  hij2;h  insulating  power,  but  if  the  acid  has  in 
careless  handling  of  the  instnimcnt  been  splashed  over 
the  interior  surface  there  may  be  considerable  leaks^ie 
over  the  surface  of  the  jar  to  the  case.     This  can  be 
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remedied  by  removing  the  acid  and  carefiilly  washing  Leakage  of 
Uie  jar.     The  replenisher  may  also  cause  leakage  of  ''^'^^"^*^** 
the  jar  through  a  deterioration  of  insulating  power  of  Remedies. 
the  vulcanite  Role-plate  which  connects  the  inductors. 
Such  a  deterioration  with  lapse  of  time  is   not  nn- 
oommon   in  ebonite,   and   is  a  consequence   of  slow 
chemical  action  at  the  surface.     A  nearly  complete 
care  can  be  effected  by  removing  the  piece  and  washing 
it  carefully  by  prolonged  immersion  in  boiling  water, 
and  then  re-covering  its  surfhce  with  a  film  of  paraffin. 

The  insulation  of  the  quadrants  is  now  tested.  One  Method  nf 
pair  of  quadrants  is  connected  to  the  case  and  a  charge  jusnlatinn 
producing  a  difference  of  potentials  exceeding  the  °^  ^p^' 
greatest  to  be  used  in  the  experiments  is  given  to  the 
insulated  pair  by  means  of  a  battery,  one  electrode  of 
which  is  connected  to  the  electrometer  case,  while  the 
other  is  connected  for  an  instant  to  the  electrode  of  the 
insulated  quadrants ;  and  the  de6ection  of  tlie  spot  of 
light  is  read  off.  The  percentage  fall  of  potentials  pro- 
duced in  thirty  minutes  or  an  hour  is  obtained  merely 
by  taking  the  ratio  of  the  diminution  of  deflection  which 
has  taken  place  in  the  interval  to  the  original  deflection. 
If  this  is  inappreciable  the  quadranta  insulate  satis- 
factorily. In  any  case,  for  satisfactory  workini?  the  rate 
of  loss  of  potential  shown  by  the  instrument  should  not 
be  greater  than  that  of  the  body  tested. 

If  the  insulation  is  imperfect  the  glass  stems  support-    Remrdy 
ing  the  quadrants  should  be  washed  by  passing  a  piece   i^aWti.' 
of  hard  silk  ribbon  well  moistened  and  soaped,  then 
with  clean  water  to  remove  the  soap,  and  dried  by  tl:e 
same  piece  of  ribbon  well  dried  and  warmed.    If  this 
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does  not  succeed,  the  fault  probably  lies  in  the  vul- 
canite insulators  of  the  electrodes,  which   should  be 
well  steeped  in   boiling  water,  then   re-covered  witli 
clean  parafSn  and  replaced.     Care  must  be  taken  if 
this  is  done  not  to  bend  the  electrodes. 
Adjust-        The  final  adjustment  of  the  tension  of  the  threads 
r"nsioii^of  *^  equality  is  now  made.     One  pair  of  quadrants  is  con- 
Thrvads.    nected  to  the  case,  and  the  other  piir  insulated.    The 
poles  of  a  single  Daniell's  cell  are  then  connected  to  tlie 
electrodes,  and  the  extreme  range  of  <leflection  proiluccJ 
by  reversing  the  battery,  either  by  hand  or  by  a  con- 
venient reversing  key,  is  observed.     One  side  of  the 
instrument  is  then  raised  by  screwing  up  that  side  bj 
one  or  two  turns  of  one  of  the  front  pair  of  levelling 
screws,  and  the  range  of  deflection  aLjain  noted.     It'  the 
rani^e  is  i-reater  the  iibre  on  that  side  is  too  sli'»rt.  it' 
the  range  is  smaller  the  librc  is  too  long  (see  p.  -^.^ 
al)<)ve) ;  and  the  length  must  be  corrected  by  tuniiiii: 
one  or  other  of  the  pins  to  which   the  fibres  are  sus- 
])cnded.     The  pins  can  be  reached   by  the  aiKirture  in 
the  window  of  the  lantern  ordinarily  closed   by  ilie 
vulcanite  plug  ;  and  to  prevent  discharge  of  the  jar  lb'.* 
kev  with  vulcanite  handle  should  be  used  to  turn  them. 
The  black  line  on  the  needle  will  retjuire  readjnstnicut 
by  the  screws  aft^T  each  alteration  of  the  sus|»ension. 
Ilrtero-         The  ordinary  method  of  using  the  quadrant  elccrri*- 
*^oMh"r   meter  is  heterostatic,  since  the  jar  is  kept  at  a  constant 
liistru-    potential,  generally  m.uch    higher   than  any  potential 
which  the  instrument  is  used  1  asure.     The  slia]>e 

of  the  needle  is  such  that  for  most  practical  purport's 
e(juation  (G5)  (p.  61  above)  m  ly  be  regarded  as  giring 
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ccurately  the  couple  deflecting  the  needle,  when  the    Hetero- 
[uadxants  are  symmetrical  about  the  needle  and  close,     of  the 


for  small  deflections  we  have,  as  in  (66),  for  the     Instru- 

nieiit. 

leflection  -D,  in  terms  of  the  potentials  V,  F^.  V.,  of 
Jie  needle  and  the  two  pairs  of  quadrants  respectively, 
the  equation 

2)  =  c(r,-r^(r-Ii±il*)   .   .   (4) 

where  c  is  a  constant  depending  on  the  instniment  and 
the  mode  of  reckoning  of  D.  If  V  be,  as  it  usually  is, 
great  in  comparison  with  V^  or  Fg,  then 

Tj  -  Fj  =  C'Z; (5) 

where  C"  is   the  now  practically  constant  value  of 

c{v  -  iv,  +  v;)i2}. 

If  the  angle  of  deflection  0  of  the  ray  of  light  is  not 
a  very  small  angle,  the  couple  given  by  the  bifilar,  it  is 
to  be  remembered,  is  proportional  to  sin  ^0.  Hence  if 
D  be  the  distance  in  divisions  on  the  scale  (supposed 
straight  and  at  right  angles  to  the  zero  direction  of  the 
ray)  through  which  the  spot  of  li<;ht  is  deflected,  and  It 
the  horizontal  distance  of  the  scale  from  the  mirror  in 
the  same  divisions,  we  have  tan  0  =  DjB,  from  which  0 
can  be  found  and  hence  ^0,    We  have  then 

where  JT  is  a  constant. 

Equation  (4)  would  be  more  nearly  satisfied  if  the 
central  portions  of  the  needle  to  well  within  the 
quadrants  were  o  ich  as  possible  cut  away,  leaving 
only  a  framework  opposite  the  oriflce  at  the  centre  of 
the  quadrants  to  support  the  needle. 
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r.radeB  of       The  electrometer,  when  used  heterostatically,  admits 
DCS8.      ^f  ^  number  of  ditTerent  grades  of  sensibility.  These 
are  shown  in  the  two  follo>ving  tables,  where  L  dewrte* 
the  electrode  of  the  pair  of  quadrants,  one  of  whidiii 
below  the  induction  plate,  R  the  electrode  of  the  otb^ 
pair  of  (quadrants,  /  the  electrode  of  the  induction-plate, 
0  an  electrode  of  the  case  of  the  instrument,  and  C 
the  electrode  of  the  conductor  to  be  tested.    LC  denotes 
tliat  L  is  connected  to  (7,  RO  that  R  is  connected  to  0, 
RLC  that  RL  and  C  are  connected  together,  and  soon, 
{L)  that  the  quadrants  connected  with  L  are  insulated 
by  raising  Z.  {R)  that  the  quadrants  connect-ed  with  i2 
are  similarly  insulated,  (JRL)  that  both  L  and  B,  are 
raised.  The  disinsulator  mentioned  (p.  291  above)  isuseil 
to  free  the  quadrants  connected  with  L  from  tlie  induced 
charj^e  wliich  they  generally  receive  when  L  is  raise*!. 

gradp:s  of  sensitiveness. 

A.  B. 

Iiifluctor  ooiinortpd  with  quail-  Inductor  connected  as  iiii"' 

rant  beneatli  it.  cated  below. 

FULL    I'OWKH  Fi:i>L    POWER 

Inductor  Insnlate<l. 

PlMINlsnF.D   POWKU.  GRADES  oF   DIMIKISHEP  P'^ER. 
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Either  of  these  grades  of  sensibility  may  of  course  also 
\  varied  by  increasiDg  the  distance  of  the  fibres  apart. 
The  qaadrant  electrometer  can  bo  made   to  give    Gradna- 
flolts  in  absolute  measure  by  determining  the  con-  Quadrant 
int  C  of  equation  (50),  by  which  the  deflection  must    Electro- 
J  multiplied  to  give  the  difference  V^  —   V^    This 
m  be  done  by  observing  the  deflection  produced  by  a 
itteiy  of  electromotive  force  of  convenient  amount, 
^termined  by  direct  measurement  with  an  absolute 
ectrometer  or  otherwise.    Different  such  electromotive 
fees  may  be  employed  to  give  deflections  of  different 
Mmnts  and  thus  give  a  kind  of  calibration  of  the  scale 
avoid  error  from  non-fulfilment  of  condition  of  pro- 
rtionality  of  deflection  to  difference  of  potentials. 
The  quadrant  electrometer  may  also  be  used  idio-  Idiostatic 
•tically  for  the  measurement  of  differences  of  potential  Quadrant 
not  less  than  about  80  volts.     The  volt  is  the  prac-    Electro- 
al  unit  of  electromotive  force,  and  is  about  1*07  times 
>  electromotive  force  of   a  Daniell's  cell.     For  its 
inition  see  Vol.  II.     When  it  is  so  used  the  jar  is 
;  uncharged,  the  charging-rod  is  brought  into  contact 
h  the   inner  coating  of  the  jar,  and  joined  by  a 
e  with  one  of  the  main  electrodes,  so  as  to  connect 
needle  to  one  pair  of  quadrants.    The  other  pair  of 
tdrants  is  either  insulated  or  connected  to  the  case  of 
instrument.     The  instrument  thus  becomes  a  con- 
iser,  one  plate  of  which  is  movable,  and  by  its  change 
position  alters  the  electrostatic  capacity  of  the  con- 
iBer.     The  two  main  electrodes  are  connected  with 
i  conductors,  the  difference   of  potentials  between 
ich  it  is  desired  to  measure. 
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l.liostatic       A  lower  grade   of   sensibility  can   be  obtained  by 

IT  f 

Quadrant  Connecting  the  needle  through  the  charging-rod  to  the 
Klectro-    electrode  JB,  and  using  the  induction-plate  instead  of 

the  pair  of  quadrants  connected  with  Z,  which  tie 

insulated  by  raising  their  electrode. 

When  the  instrument  is  thus  used  idiostatically  F 

in   equation   (49)   above   becomes   equal  to   Fp  vA 

instead  of  (50)  we  have 

i)=  ^(r,- r^* (6) 

that  is,  the  deflection  is  proportional  to  the  square  d 
the  difference  of  potentials  and  therefore  independent 
of  the  sign  of  that  difference.  It  is  to  the  left  or  right 
according  to  the  electrode  connected  to  the  needle. 
This  independence  of  sign  in  the  deflection  renders  the 
instrument  thus  used  applicable  to  the  determination  of 
potentials  in  the  circuits  of  alternating  dynamo-  or 
magneto-electric  generators.  (See  below,  Vol.  II.) 
Mojlifirii-  The  quadrant  electrometer  has  been  modified  by 
ttoiKs  of    (j;gf^.r(jnt  makers.     In  a  form  made  in   Paris  for  M. 

>:i!ulrant 

Kh'ctro-  Mascart,  the  needle  is  kept  at  a  constant  potential  by 
being  connected  to  the  ix)sitive  pole  of  a  dry  pile,  the 
negative  pole  of  which  is  connected  to  the  case,  and  the 
replenisher  is  dispensed  with. 

In  anotlier  form  devised  bv  Prof.  Edelmann  of 
Municli,  and  suitable  for  some  purposes  as  a  lecture- 
room  in.strument,  the  quadrants  are  longitudinal  seg- 
ments of  a  somewhat  long  vertical  cylinder,  and  the 
needle  consists  of  two  coaxial  cylindric  bars  connected 
by  a  cross-frame,  and  suspended  by  means  of  a  bifihtf* 
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{lass  vessel  below  contains  strong  sulphuric  acid  in 
ich  dips  a  vane  carried  by  a  platinum  wire  attached 
the  needle. 

For  practical  work  Sir  William  Thomson  has  lately  Sir  W. 
istnicted  a  form  of  electrometer  to  be  used  idio-  pje^tro-* 
tically,  and  has  called  it  an  electrostatic  voltmeter.  «^t^c 
is  represented  in  Fig.  57,  and  may  be  described  as  an 
condensef,  one  plato  of  which,  corresponding  to  the 
edle  of  the  quadrant  electrometer,  is  pivoted  on  a 
rizontal  knife-edge  working  on  the  bottoms  of 
inded  V-grooves  cut  in  the  supporting  pieces.  This 
ite  by  its  motion  alters  the  electrostatic  capacity  of 
s  condenser.  The  fixed  plate  consists  of  two  brass 
ties  in  metallic  connection,  each  of  the  form  of  a 
able  sector  of  a  circle,  which  are  placed  accurately 
ndlel  to  one  another,  with  the  movable  plate  between 
em  as  shown  in  the  figure.  The  upper  end  of  the 
3fvable  plate  is  prolonged  by  a  fine  pointer  which 
>ve8  along  a  circular  scale,  the  centre  of  which  is  in 
e  axis.  The  fixed  plates  are  insulated  from  the  case 
the  instrument;  the  needle  is  uninsulated. 
Contact  is  made  with  the  plates  by  insulated  terminals 
•ed  outside  the  case.  The  two  shown  on  the  left- 
ind  side  in  the  figure  belong  to  the  fixed  plate,  and  a 
lular  pair  on  the  right-hand  side  are  in  connection 
ith  the  movable  plate  through  the  supporting  V- 
'oove  and  knife-edge.  The  terminals  of  each  pair 
^  connected  by  a  safety  arc  of  fine  copper  wire  con- 
*iied  within  a  U-shaped  glass  tube  suspended  from 
'^  terminals,  and  the  terminals  in  front  in  the  diagram 
ludi  are  separated  from  the  plates  by  the  arcs  of  wire 
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Sir  W.     tire  aloQO  used  for  connficting  to  the  conductors,  or' 
piiints  of  iin  electric  circuit,  the  difference  of  potedl 
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When  a  difference  of  potentials  is  established  between 
le  fixed  and  movable  plates  the  latter  move  so  as  to 
ciease  fhe  electrostatic  capacity  of  the  condenser,  and 
le  couple  acting  on  the  movable  plate  in  any  given 
>8ition  is,  as  in  the  quadrant  electrometer  when  used 
iostatically,  proportional  to  the  square  of  the  diffor- 
ice  of  potentials.  This  couple  is  balanced  by  that 
le  to  a  email  weight  hung  on  the  kuife-edge  at  the 
ver  end  of  the  movable  plate. 

The  scale  is  graduated  from  0°  to  60°  so  tliat  the 
iccessive  diviirions  represent  equal  differences  of  pote ri- 
al. Three  different  weights,  32*5,  97-5,  390  milH- 
rammes  respectively,  are  sent  with  the  instrument  to 
rovide  for  three  different  grades  of  sensibility.  Thus 
le  sensibility  with  the  smallest  weight  on  the  knife- 
dge  is  a  deflection  of  one  division  per  50  volts,  with 
he  two  smaller  weights,  that  is  four  times  the  smallest, 
ne  division  per  100  volts,  with  all  three  weights  or 
ixteen  times  the  smallest  weight,  one  division  per 
«0  volts. 

The  electrostatic  voltmeter  is  graduated  as  follows. 
^  known  difference  of  potentials  is  obtained  by 
neans  of  a  battery  of  from  50  to  100  cells  with  a 
^igh  standard  resistance  in  its  circuit.  An  absolute 
)^vanometer  or  current  balance  (see  Vol.  II.)  measures 
he  current  in  the  circuit,  and  the  product  of  the 
numerics  of  the  current  and  the  resistance  gives  that 
*f  the  potential-difference  between  the  terminals  of  the 
^tter.  These  terminals  are  connected  to  the  working 
^nninals  of  the  voltmeter,  and  the  defiectioiis  noted 
^th  the  smaller  weights  on  the  knife-edge. 


Sir  W. 
Tliomsoii's 
Electro- 
static 

Voltmeter. 


Scalo  of 
Volt- 
meter. 


<  I  rad  na- 
tion of 
Volt- 
meter. 
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Gradua-       For  the  Iiigher  potentials  a  number  of  condensers  of 
Volt-      g^^  insulation  are  joined  in  series  and  charged  bj  an 
meter,     application  of  the  wires  from  the  terminals  of  the  re- 
sistance coil  to  each  condenser  in  succession  from  one  end 
of  the  series  to  the  other.    This  is  done  so  as  to  cliorge 
each  condenser  in  the  series  in  the  same  direction,  and 
as  the  same  difference  of  potentials,  V  say,  is  produced 
between  the  plates  of  each  condenser,  the  total  difterence 
between  the  extreme  plates  is  n  V,  if  there  be  »  con- 
densers.    A  convenient  large  potential-difference  can 
thus  be  obtained  with  sufficient  accuracy,  and  being 
applied  to  the  working  terminals  of  the  voltmeter  it 
made  to  give  divisions  for  a  series  of  different  weights 
])ung  on  the  knife-edge.     These  divisions  correspond  of 
course  to  deflections  for  known  potentials  with  onf  of 
the  weights  on  the  knife-edge. 

The  divisions  thus  obtained  are  then  checked  bv 
using  three  instruments  wliich  liave  been  dealt  with  in 
this  way.  Tiiey  are  joined  in  series  and  a  difference  of 
j)otcntials  established  between  the  extreme  tenninaU, 
which  is  observed  also  by  the  third  joined  «acros8  the 
other  two.  Thus  by  a  process  of  successive  halving 
and  doubling  the  scale  is  iilled  up. 

A  description  of  Lippiuann*s  capillary  electrometer 
will  be  given  in  Vol.  II.  in  connection  with  the 
Measurement  of  Electromotive  Forces. 


CHAPTER  VI. 


THE  COMPARISON  OF  RESISTANCES. 


We  give  here  some  account  of  methods  for  the  com- 
parison of  the  resistances  of  conductors  in  which  steady 
currents  are  kept  flowing.  In  most  cases  the  conductor 
to  be  compared  is  arranged  in  a  particular  way  in  con- 
nection with  other  conductors,  which  are  then  adjusted 
so  as  to  render  the  current  through  a  certain  conductor 
of  the  system  zero.  From  the  known  relation  of  the 
resistances  of  the  other  conductors  the  required  com- 
parison is  deduced.  In  this  and  in  other  arrangements 
the  existence  of  an  electric  current  has  to  be  observed, . 
and  in  some  cases  the  amount  of  the  current  must  be 
measured.  It  is  therefore  necessary,  although  the  subject 
of  the  measurement  of  currents  belongs  properly  to  the 
electromagnetic  part  of  this  work,  to  describe  shortly 
the  means  adopted  in  the  comparison  of  resistances  to 
detect,  and,  when  required,  to  compare  currents  of 
electricity. 

The  instrument  used  is  called  a  galvanometer.  Its  Oersted's 
action  is  based  on  the  phenomenon  observed  by  Oersted  ^p^-^ncT  k 
and  explained  by  the  electromagnetic  theory  of  Ampere,  of  Galva- 
that  if  a  wire,  along  which  a  current  is  flowing,  be  held  '^°™®  ®^* 
parallel   to  a  magnetic  needle  resting  in  equilibrium 
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rigbtS 


under  the  action  of  magnetic  force,  it  will  be  defli 
from  its  original  position  towards  a  position  at  rigl 
angles  to  the  wire.  To  lix  the  ideas,  let  the  needle  be 
a  thin  straight  longitudinallj  magnetized  bar,  in  equi- 
librium under  the  action  of  magnetic  force  with  ita 
length  horizontal,  and  free  to  turn  round  a  vertical  aaris ; 
and  let  the  wire  carrying  the  current  be  stretched  parallel 
and  near  to  the  needle  above  it  or  below  it.  The  direction 
in  which  the  needle  turns  round  la  reversed  if  the  wire. 
supposed  first  placed  above  the  needle,  is  then  placed 
below  it :  again  it  is  reversed  when  the  portion  of  wire 
held  near  the  needle  is  turned  end  for  end  without  other 
change  of  position.  An  augmented  deflection  ia  there- 
fore obtained  if  the  wire  is  bent  round  so  that  one  portion 
is  above  and  the  other  below  tlie  needle,  and  a  still 
greater  when  the  wire  supposed  covered  with  non-con- 
ducting material,  is  wound  closely  into  a  coil  of  sevenli 
turns  which  is  then  placed  with  its  plane  parallel  to 
length  of  the  needle ;  for  the  eSccts  due  to  tlie  u] 
and  to  the  lower  portions  of  the  wire  are  then 
same  direction.  A  coil  of  wire  thus  placed  relatively 
a  magnetic  needle  suspended  so  as  to  be  free  to  tl 
round  a  fixed  generally  vertical)  axis  is  a  galv 
meter. 

Galvanometera    for  ordinary   testing    purposes 
generally  made  by  winding  wire  covered  with 
some  other  non-conducting  substance,  round  a  hoi 
core  or  bobbin,  symmetrica!  about  a  straight 
magnetic  needle,  generally  comjto&ed  of  two  or  tbroft* 
more  small,  and  as  nearly  as  may  be  equal 
relatively  fixed  parallel  to  one  another  with  titoir 
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poles  turned  in  the  same  direction,  and  their  centres  in  Testinj 
a  plane  perpendicular  to  their  lengths,  is  suspended  , 
with  its  centre  •  at  some  convenient  point  (generally 
the  middle  point)  of  the  axis  of  the  coil.  The  coil  is 
so  placed  and  levelled  that  the  needle,  supposed  at  rest 
under  the  action  only  of  the  magnetic  force  of  the  field 
in  which  the  apparatus  is  placed,  has  its  length  at  right 
■  angles  to  the  same  axis. 


The  form  of  galvanometer  generally  employed  in  the 
measurement  of  resistances  is  the  reflecting  galvano- 

*  The  mM^netic  niia  and  magaetic  centra  of  such  an  UBemlilage  of 
jaeta  will  be  deliiicd  in  ths  Chaptcron  Mngnetimi ;  Tot  onr  prexent 
jWwt  it  in  snllicieDt  to  say  thitt  we  can  adjust  tbe  gnlTanomBter  so 
t  th«  tnAgnetic  axU  aud  centre  may  b«  as  nearly  its  wi:  plwae  in 

f  FBquiiwl  poution. 

X  2 
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Tiinmson'a  meter  invented  by  Sir  William  Thomson,  one  arrange- 
Galva-  nient  of  wbich  is  ahown  in  Fig.  58.  For  most  purposes 
the  ordinary  form  of  the  instrument  can  be  used.  In 
this  a  mirror  of  silvered  glass  to  which  the  needle- 
magnots  are  cemented  at  the  back  is  hung  withlu  &,. 
cylindrical  cell  about  half  a  centimetre  in  diameter.  ' 
ends  of  the  cylinder  areclosed  by  glass  plates  from  foil 
to  five  millimetres  apart,  held  in  brass  rings  which  e 
be  screwed  out  or  in  so  as  tu  increase  or  diminish  t 
length  of  the  cell.  The  mirror  is  hung  by  a  piece  of  J 
single  silk  fibre  passed  through  a  small  hole  i 
cylindrical  surface  of  the  cliamber  and  fixed  there  n 
a  little  shellac.  The  mirror  is  only  of  slightly  smal 
diameter  than  tlie  cylinder  in  which  it  hangs,  so  thai  Ij 
this  arrangement  the  fibre  is  very  short,  rendering  i 
necessary  in  cases  in  which  deflections  have  to  be  r 
oflf  to  allow  for  the  effects  of  torsion.  The  cylindrical" 
chamber  is  screwed  into  one  end  of  a  cylinder  of  sbghtly 
greater  diameter  which  fits  the  hollow  arc  of  the  coil, 
and  ia  called  the  galvanometer-plug.  Wlien  the  plug  is  in 
position  the  mirror  hangs  freely  within  its  cell,  with 
therefore  the  point  of  suspension  on  the  highest  gene* 
lod  of  rating  line  of  the  cylinder.  Deflections  of  the  nee 
ifleu"^  are  observed  either  by  the  Poggendorfl'  telescope  n 
.tiuiii.  or,  and  much  more  generally,  by  the  ordinary  project 
method  described  on  p.  211  above. 

The  weight  of  the  needle  and  mirror  is  under  oneg: 
and  hence  the  period  of  free  vibration  of  the  b 
system  about  any  position  of  equilibrium  is  short, 
needle  is  also  made  tu  come  quickly  to  rest  by  the  m 
uess  of  the  chamber  in  winch  it  hangs.     Since  the  mill 
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irly  fills  the  whole  cross-section  of  the  cell,  the  air 
ipa  the  motion  of  the  mirror  to  a  very  great  extent 

in  when  the  cell  has  its  largest  volume.     The  mirror 

ij  he  made  quite  "  dead-beat "  (p.  224  above)  by 
screwing  in  the  front  and  back  of  the  cell  until  the 
space  is  sufficiently  limited. 

In  instrumeuta  in  wbJcb  it  is  desirable  to  avoid  eSecte  r 
of  toraion  the  galvanometer  coil  is  made  in  two  lengths, 
which  are  fixed  end  to  end,  with  a  narrow  space  between  " 
them  to  receive  the  suspension  piece.  This  piece  forms 
a  chamber  in  which  the  needle  hangs  between  the 
two  halves  of  the  coil  and  gives  a  length  of  fibre  which 
at  shortest  is  equal  to  the  radius  of  the  outer  case  of  the 
L'oil,  and  which  can  obviously  be  made  as  long  as  is 
Jfsired.  The  part  of  the  hollow  core  at  the  needle  is 
clused  in  fi'ont  and  at  back  by  glass  plates  carried  by 
rings.  These  can  he  screwed  in  or  out  by  a  key 
without  so  aa  to  diminish  or  increase  the  size  of 
idismber,  and  thus  render  the  needle  system  more  or 
less  nearly  "  dead-beat." 

The  galvanometer  is  generally  set  up  so  that  the  P 
deflections  are  read  by  the  ordinary  deflection  method  '! 
(p.  211  above).    It  is  only  necessary  to  arrange  that  the   ; 
needles  when  no  current  is  flowing  in  the  wires  shall 
hang  parallel  to  the  plane  of  the  coils.     This  is  done  as 

lows.   A  straight  thin  knitting  wire  of  steel  is  mag- 
id  and  hung  by  a  single  silk  libre  of  a  foot  or  so 

length.  This  can  easily  be  done  by  taking  a  sufficiently 

ig  single  fibre  of  silk  and  forming  a  double  loop  on 
end  by  doubling  twice  and  knotting.  In  this  double 

ip,   made   wiilely  divergent,   the   atcel   wire   is   laid 
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ProrcMor  borizonUDyy  and  the  m^  end  of  the  fibre  is  attndied 
Toal^^  to  a  sappoit  carried  hy  a  ooa^enieiit  stand,  which  is 
wmteur.  yien  {daoed  so  that  the  wire  takes  op  a  positioQ  in  the 
diiection  of  the  horizcmtal  omnponent  at  the  magnetic 
field  where  the  needle  is  to  be  {daoed.  A  line  can  now 
be  drawn  paraUel  to  the  wire  on  the  table  beneath  it. 
All  that  is  neoesBaiy  then  is  to  place  the  galvanometer 
so  that  the  front  and  back  planes  of  the  cml  are  Tertical 
and  paiaUel  to  this  line,  and  adjust  the  lamp  and  scale 
as  described  above. 

It  is  sufficient  for  our  present  purpose  to  state  that 
if  the  needles  be  so  small  as  in  the  Th(»nson  reflecting 
galvanometer,  and  torsion  can  be  neglected,  the  current 
in  the  coil  may  be  taken  as  proportional  to  the  tangent 
of  the  deflection  angle,  and  therefore  if  that  angle  be 
not  greater  than  three  or  four  degrees  the  current  may, 
with  an  error  not  greater  than  -f  per  cent.,  be  taken  as 
proportional  to  the  deflection  simply.  We  shaD  discuss 
the  measurement  of  currents  fully  in  later  chapters. 
.Adjust-  The  galvanometer  should  be  made  as  sensitive  as 
Field  for  P^^ssible  by  diminishing  the  directive  force  on  the  needle 
fw^rihi-  as  far  as  is  practicable  without  rendering  the  needle 
"  *  ^*  unstable.  This  is  easily  done  by  placing  magnets  near 
the  coil  so  that  the  needle  hangs,  when  the  current  in 
the  coil  is  zero,  in  a  very  weak  magnetic  field.  That 
the  field  has  been  weakened  by  any  change  in  the  dis- 
position of  the  magnets,  made  in  the  course  of  the  adjust- 
ment, will  be  shown  by  a  lengthening  of  the  period  of 
free  vibration  of  the  needle  when  deflected  for  an  instant 
by  a  magnet  and  allowed  to  return  to  zero.  The  limit 
of  instability  has  been  reached  when  the  position  of  the 
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K)t  of  light  for  zero  current  clianges  from  place  to  place 
1  the  scale,  and  the  intensity  of  the  field  must  then  be   ] 
ightly  raised  to  make  the  zero  position  of  the  needle 
e  of  stable  equilibrium. 

Although  not  absolutely  essential,  except  when  accu- 
rate readings  of  deflections  are  required,  it  is  always 
well,  when  the  field  is  produced  by  magnets,  to  arrange 
them  so  that  the  field  at  the  needle  is  nearly  uniform. 
.  may  therefore  be  produced  by  two  or  more  long 
[nets  placed  parallel  to  one  another  at  a  little  dis- 
mce  apart  symmetrically  with  respect  to  the  centre  of 
B  needle  above  or  below  it,  and  with  their  like  poles 
med  in  the  same  directions ;  or  a  long  magnet  placed 
Imrizontally  with  its  centre  over  the  needle,  and  mounted 
on  a  vertical  rod  so  that  it  can  he  slided  up  or  down  to 
give  the  required  sensibility,  may  be  used. 

Sensibility  is  sometimes  obtained  by  the  use  of  astatic 

galvanometers,  but  these  are  rarely  necessary  and  are 

more  troublesome  to  use  than  the  ordinary  non-astatic 

ttrument.     Such  galvanometers  will  be  described  in 

bl.  II. 

iFor  the  comparison  of  the  resistances  of  conductors  K 
ib^  resistances  the  relations  of  which  are  known  are 
Bployed.  These  are  generally  coils  of  insulated  wire 
nind  on  bobbins  which  are  arranged  so  that  the  coils 
I  be  used  conveniently  in  any  desired  combination. 
ich  an  arrangement  of  coils  is  called  a  resistance  buz. 
.  £9  and  60  show   resistance   boxes  of   different 


In  a  resistance  box  each  coil  has  a  separate  core, 
bicb  ought  to  be  a  braes  or  copper  cylinder  split  longi- 


H      Box. 
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Uiilmally  in  previ'nt   induction    currents,  and  con 
with   thia  rubber  or  varnished  paper  for  insula 
Th«ae  ewes  are  shown  in  Fig.  til.     The  melAlIic  t 
fiMilttAtm   tbe   cooling  of   the  coil    if  an  appi 
ri»  of  tttnperaturu  is  produced  by  the  passage  of>| 
runvot  thrutigb  it.     Afivt  each  layer  of  the  coil  1 
bo<-o  wound  it  is  dipped  in  melted  paraffin,  so  as  i 
ih^*  sptrvs  r^ativtily  to  one   another,   prewire 
from   damp,  and   insure   belter   iasulation.     It  Is  | 


■  rf.r(]y  pare  ponffin,  wid 
■  "  -  ■  II-'' sulphuric  nvid  is  prfifieut 

SB  II.  I'uis**  Uud.  (iK(«iiik<ii  isrtbwn-pd  l«>iiWe  mar 
W  cwnnl  Ml  vmfy  ^  Uw  ictko  of  the  aciil  on  tb"f 
<»■**)  «t  Um  mwlMior.  bat  br  th«>  T 
«N»  fe  flKtn<t>tic  action  to  th*  a.  i  ; 
•iHti  i»  al  all  .KMiUfuI  sbuukl  b«  v 
.  ••'IW  «Ufc  tM>«  watiw.  to  nuov^  tW 
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The  wire  elioaon  for  the  higher  resistances  is  generally    Mnterial 
11  f  -.      1  .■  .      .  ^       i  of  CoiLi. 

,  alloy  ot   one   part   platinum   to  two  parts   silver. 

Ihis  has  a  liigh  specific  resistance  {p.  381)  below), 
Wmbined  with  a  small  variation  of  resistance  with 
temperature.  For  the  lower  resistances  wire  of  greater 
hickness  is  employed  on  account  of  its  greater  con- 

Jdiictivity,  which  enables  a  greater  length  of  wire  to  be 

Itaseit  and  thus  facilitates  accurate  adjustment. 


Coils  are  now   sometimes   nmde  of  "  platinoid,"   a 

species  of  German  silver  which  does  not  tarniali  seriously 

arith  exposure  to  the  air  and  has  a  low  variation  of 

distance  with  temperatnre  (see  Table  V.). 

kWhen  ft  coil  of  given  resistance  is  to  be  wound,  a 

E  well-insuJatcd  wire  of  slightly  greater  resis- 

termined  by  comparison  at  ordinary  tempera- 

me  of  the  processes  to  be  described)  is  cut, 

Pon  itacif  at  its  middle  point,  and  wound  thus 
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Winding  double  on  its  core.  This  is  done  to  avoid  tho  effects  of 
induction  (sec  335  below]  when  the  current  is  in  a  state  of 
ariatioD,  as  ^rhen  starting  or  stopping.  After  tbc  coU^J 
has  been  wound  its  resistance  is  again  measured,  and 
good  insulation  has  been  obtained,  it  ought  now  to  show 
aa  lightly  increased  resistance,  on  account  of  the  change 
produced  in    the  wire  by  bending.     The  coil  is  fixed 


in  position  by  two  long  brass  or  copper  screws  drM 
Fig.  61,  passing  through  ebonite  discs  in  the  etulsi 
its   core,   which  fasten  it  to   the   cover  of   the 
These  should  he  suiEciently  massive  to  give   no  i 
prectable  resistance.     These  screws  are  attached  to  t 
adjacent  brass  pieces  n, «,  on  the  outside  of  tho  c 
and  have  tlie  ends  of  the  wire  of  the  coil  soldered  1 
I  so  that  the  coil  bridges  a^ToHs  the  gap  t 


RESISTANCE  COILS. 


ttlie  figure  between  every  adjacent  pair  of  brass 
eces.  The  coil  is  now  brought  to  the  temperature  at 
which  it  13  to  be  accurate  and  finally  adjusted  so  that 
its  resistance  taken  between  the  brass  pieces  is  thf 
required  resistance. 

Coils  are  made  in  multiples  of  the  "  Ohm  "  or  practical 
unit  of  resistance.  The  ohm  will  be  defined  absolutely 
1  the  second  part  of  this  work :  it  is  sufficient  at  present  ' 
0  say  that  tlie  X^i/a/ OAm  as  adopted  by  the  International 
^ingress  of  Electricians  held  at  Paris  in  1884p  is  equal 
D  the  resistance  of  a  uniform  column  of  pure  mercury 
p06  centimetres  long  and  one  square  millimetre  in  cross- 
Dtiou,  at  the  temperature  0°  C.  The  mode  of  realizing 
Bich  a  standard  is  described  below,  p.  384. 

A  series  of  coils  are  arranged  in  a  reaistance  box  in   j 

pome  convenient  onler  either  in  series  or  in  multiple    j 

Fig.  62  shows  a  series  arrangement  suitable  for 

lany  purposes.     The  numbers  indicate  tlie  number  of 

i  in  the  corresponding  coils.     The  space  between 

each  pair  of  blocks  is  narrow  above  and  widens  out 

below,  as  shown  in  Fig.  62,  to  increase  the  effective 

^^^distance  along  the  vulcanite  from  block  to  block.    In  the 

^^Badjacent  ends  of  the  brass  pieces,  between  which  is  the 

^^ftarrow  gap,  are  cut  two  narrow  opposite  grooves,  so  as 

^^■io  form   a  slightly  conical  vertical  socket.     This   fits 

a    slightly  conical   plug.  /  in   Fig.   61,   which   when 

inserted  bridges  over  the  gap  by  making  direct  contact 

between  the  blocks,  and  when  not  thus  in  use  is  held 

in  a  hole  drilled  in  the  middle  of  the  upper  surface  of 

The  coil  is  short-circuited  when  the  plug 

I,  that  is  a  current  sent  from  one  block  to 
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!r  pafutes  almost  eDtirely  across  the  plug  on 
ftbcuuRt  of  the  much  greater  resistance  of  the  coil.  The 
huQiUo,  /,  of  the  plug  is  generally  made  of  ebonite. 

The  plan  of  arranging  a  aeries  resistance  box  which  is 
most  economical  of  coils  is  a  geometrical  progression  with 
[1  ratio  2,     In  such  a  box  two  units  are  generally 


1 

h     ■ 


provided  to  enable  the  box  to  be  conveniently  tested. 
The  inconvenience  of  the  arrangement  is  in  the  reduc- 
tion of  any  resistance  which  it  is  jnoposed  to  unplug 
in  the  box  to  its  expression  in  the  binary  scale  of 
notation.  For  exampla  if  the  resistance  370  is  to  be 
found  OQ  the  box, this  is  expressed  as  2^+8*+2*+S* -1-8 
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817 


or   101110010,  and  the  corresponding  plugs  insei-ted,       Box 
namely  the  first  phig  beyond  the  units,  and  the  fifth,    *"^^ 
sixth,  eighth  beyond  the  units.  The  process  of  reduction    Geomet- 
is  performed  as  follows  by  dividing  successively  by  2,    Progres- 
and  writing  the  remainders  as  successive  figures  of  the      ^^^ 
number  from  right  to  left  in  the  order  in  which  they 
are  obtained,  ending  with  the  last  quotient,  which  is  of 
course  1. 

370 


185 

0 

92 

1 

46 

0 

23 

0 

11 

1 

5 

1 

2 

1 

1     0 


Hence  370  =  101110010  in  the  binary  scale.  It  is 
not  however  always  necessary  to  go  through  this  pro- 
cess. Practice  with  a  box  on  this  principle  leads  soon 
to  readiness  in  deciding  what  coils  are  to  be  unplugged, 
or  what  is  the  resistance  of  any  set  of  coik  which  may 
be  unplugged.  It  is  well  to  remember  that  any  coil  of 
the  series  is  greater  by  unity  than  the  sum  of  all  the 
preceding  coils  of  the  series. 

Figs.  63  and  64  show  the  arrangement  of  coils  in  a 
resistance-box  lately  invented  by  Sir  William  Thomson,    gjr  -yv. 
in  which  the  geometrical  progression  arrangement  has  '^omson's 
been  adopted.     The  interior  of  the  box  is  a  copper      Box. 
cylinder  with  projecting  rings  soldered  round  it  so  as  to 
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SirW.  ^   form  recesses  in  which  the  coils  are  wound.     The  coils 

JteKimance  '""®  iDiwle  of  platinoid  wire  well  insulated  with  silk, 

IB"*-      and  are  wound  double  in  the  usual  way.     An  outside 
cylinder  of  copper  is  Bcrewed  on  round  the  rings,  and 


k 


a  rise  of  temperature  in  any  part  ia  rapidly  equalized 
by  the  surrounding  copper  case. 

The  pieces  marked  a,  a,  are  copper  or  brass  plates, 
here  shown  straight,  but  in  the  actual  instrument  usually 


thus  circular  rings.  Between  these  plates  are  seen  discs 
I,  b,  b,  &c.,  of  gun  metal,  which  carry  tubes  passing 
down  through  the  vulcanite  top  of  the  box  as  shown  in 


I 
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the  lower  figure.  The  vertical  stem  of  a  knee-piece 
passes  through  each  tube,  and  the  horizontal  part 
carries  beneath  it  a  spring  projecting  over  the  next  disc. 
A  coil  is  placed  between  each  successive  pair  of  tubes, 
and  is  cut  out  by  depressing  the  corresponding  cam 
lever  rf,  which  brings  the  spring  underneath  into  contact 
irith  the  disc  over  which  it  projects.  The  contact 
iMtween  the  stem,  each  knee-piece,  and  its  tube  is 
shunted  over  by  a  flexible  spiral  of  copper ;  and  the 
piece  is  prevented  from  rising  when  the  lever  cam  is 
depressed  by  a  spHt-ring  round  its  lower  end. 

The  flexible  spirals  are  protected  from  damage  by 
over  twisting  by  stops  which  prevent  each  knee-piece 
iiving  more  than  half  a  turn.  In  the  Fig.  the 
I  a,  a  are  shown  connected  by  the  three  resistances 
T-j,  in  series ;  but  any  combination  of  aeries  and 
.oltiple  arc  can  be  obtained  by  turning  round  the 
knee-pieces  so  as  to  make  contact  with  the  terminal- 
pieces  a,  a,  when  the  cam  levers  rf  are  depressed. 
03ius  by  turning  these  pieces  so  as  to  make  contact 
nith  a  and  a'  alternately,  the  whole  series  of  coils  can 
Be  arranged  in  multiple  arc. 

The  coils  form  a  geometrical  series  from  1  to  4096 
with  a  common  ratio  2,  The  unit  is  duplicated  for  the 
reason  stated  above. 

le  "  Dial "  form  of  series  resistance  box  shown  in 
59  above,  is  preferable  to  the  ordinary  forms  for  , 
.ny   purposes.     It  contains  three  or  four   or   more 
ttts  of  equal   coils,   each   nine  in  number.     One   set 
fejpODSiiatB  of  nine  units,  the  next  of  nine  tens,  the  next 
(  hundreds,  and  so  on.    Besides  these  the  box 
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eometimes  contains  a  set  of 
nine  cuila  each  a  tenth  of  a 
unit.  Fig.  05  is  a  plan  of  a 
live-dial  box.  The  seta  of 
coils  are  arranged  along  the 
box  in  order  of  magnitude. 
Each  Bet  ia  arranged  in  series, 
and  the  blocks  to  wliicb  the 
extremities  of  the  coils  are 
attached  are  arranged  in  cir- 
cular order  round  a  central 
block,  which  can  be  connected 
to  any  one  of  the  ten  blocks 
of  the  set  surrounding  it,  by 
inserting  a  plug  in  a  socket 
provided  for  the  purpose.  Each 
central  block,  except  tlie  first 
and  last,  is  connected  by  a 
thick  copper  bar  inside  to  the 
initial  block  of  the  succeed- 
ing series  of  nine  coils,  as 
shown  in  Fig.  65  by  the 
■lotted  lines.  The  ten  blocks 
of  each  set  of  coils  are  num- 
bered 0,  1,  2,  .  . .  9,  as  shown. 
Thus  a  current  passing  to  one 
of  the  central  blocks  passes 
across  through  the  bar  to 
the  next  series  of  coils,  then 
through  the  coila  until  it 
reaches  a  block  connected  to 
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the  central  piece  by  a  plug,  when  it  passes  across  to' the 
centre  and  then  to  the  next  series  of  coils.  If  no  coil 
of  a  series  is  to  be  put  in  circuit,  the  plug  joins  the 
central  block  to  the  coil  marked  zero. 

In   a  five-dial  box  the  central   blocks  are   marked    Arrange- 

1  nieut   of 

respectively  tenths,  units,  tens,  hundreds,  thou-    coiisin 
SANDS,  and  the  resistances  are  read  oflF  decimally  at  ^^^  ^o^- 
once.     Thus  supposing  the  centre  in  the  first  dial  to  be 
connected  to  the  block  marked  5,  in  the  second  dial  to 
the  block  marked  7,  in  the  third  to  that  marked  6,  the 
resistance  put  in  circuit  is  67*5  units. 

The  advantage  of  the  an-angement  consists  in  the  fact  Advantage 
that  only  one  plug  is  required  in  each  dial  whatever  the    ^r^-^pce- 
resistance  may  be,  and  since  the  plugs  when  no  coils  are     ment. 
included  complete  the  circuit  through  the  zeros,  there 
is  always  the  same  number  of  plug  contacts  in  circuit, 
instead  of  a  variable  number  as  in  the  ordinary  arrange- 
ment. 

Besides  the  dial  resistances  there  is  generally  in  each  Bridge 
box  a  set  of  resistances  arranged  in  the  ordinary  way, 
and  comprising  two  tens,  two  hundreds,  two  thousands, 
and  sometimes  two  ten-thousands,  fitted  with  terminals 
to  allow  the  box  to  be  conveniently  used  as  a  Wheat- 
stone  Bridge,  as  described  below.  The  extremities  of 
this  series  of  resistances  can  be  connected  by  means  of 
thick  copper  straps  with  the  series  of  dial  resistances. 
Each  pair  of  equal  coils  are  sometimes  wound  on  one 
bobbin  to  ensure  equality  of  temperature. 

It  is  sometimes  desirable  to  have  a  ready  means  of 
varying  the  ratio  of  two  resistances,  or  of  increasing  a 
single   resistance   by   steps  of  any   required  amount. 

VOL.  I.  Y 
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Resistance  For  this  purposo  a  resistance  slide  is  a  convenient 
arrangement.  A  form  devised  by  Sir  William  Thomson 
is  shown  at  CD  in  Fig.  6G.  Along  a  metallic  bar  r  in 
front  of  a  series  of  equal  resistance  coils  slides  a  con- 
tact piece  8  by  which  r  is  put  in  conducting  contact 
with  any  one  of  the  series  of  brass  or  copper  blocks  by 
which  the  coils  are  connected.  The  figure  shows  a  com- 
bination of  two  slides  used  by  Sir  William  Thomson 
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and  Mr.  C.  F.  Varlev  fur  cabk-  tcstiiiL:.  Each  rt.si^taiiLV 
in  AB  is  Hve  times  that  of  each  coil  in  CD,  and  thvre 
is  the  same  numlKT  in  eaeli.  so  tLat  the  whole  resist- 
ance of  CD  is  twice  that  of  eaeli  I'oil  in  Ah.  Ti*c 
slider,  *^.  oi  Ah  consists  ot"  two  c«>ntact  pieces  iu>ulat.«l 
from  one  another  on  the  slimier,  and  at  such  a  distjUKt- 
apart  as  to  embrace  two  coils.     The  termin:i::>  ot"  '.'U 
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are  connected  to  CG  as  shown  in  the  figure,  and  tltere- 
fore  in  wliaiever  ratio  the  reiustauce  01)  is  divided  by 

I   the  contact  piece  a,  in  tliat  FAtio  is  the  joint  rosistAm.'!! 

,  of  the  two  coila  CC  divided.  CD  thus  fiirnis  a  vernier 
for  AB.  In  the  arrangement  figured  the  resiaiancfi 
CD  is  divided  into  the  two  parts  12  and  8,  and  tliert- 
ftire  the  fixth  and  seventh  coils  of  AB  which  are 
(etweeii    the    terminals    of    S  an.-    divided    into    twi- 


kimilarly  situated  parts  !2  and  H,  Hence  the  wliolo 
pf-sistancfi  between  A  imJ  B  is  divided  into  the  two 
8  56  and  44. 

Fig.  ti7  shows  a.  dia!  form  of  the  double  resistance 
pide.     The  main  coils  are  on  the  left,  the  vernier  coils 

1  the  right.  Each  slide  may  be  detached  and  used 
bdcpendcntly  if  required, 
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Boxes  in  which  the  coils  in  circuit  are  in  multiple 
arc  were  first  made  at  the  suggestion  of  Sir  William 
Thomson,  aod  called  Conductivity*  Boxes,  because  the 
conductance  in  circuit  is  obtained  by  adding  the  con- 
ductances of  the  coils.  Fig,  68  shows  the  arrangement. 
Each  coil  is  a  resistance  coil  wound  on  a  bobbin  as 
described  above  and  has  one  eJttrenaity  connected  to  a 
massive  bar  a,  the  other  to  a  brass  block  c,  outside 
the  box,  which  c.in  be  connected   by  a   plug  to  the 


massive  bar  b.  The  resistance  in  circuit  is  obtained 
at  once  by  adding  the  conductances  of  the  coils  thus  in 
circuit,  and  taking  the  reciprocal  of  their  sum.  The 
conductances  of  the  coils  are  marked  on  the  corre- 
sponding blocks  outside  the  cover. 

This  arrangement  is  very  convenient  for  the  measure- 

■  The  word  "  Coadactanca  "  (see  p.  204)  U  now  beJDg  widely  used 
iniUid  of  "  CondnctiTity,"  atid  we  shall  in  this  chapter  Mtd  hence- 
forth adopt  the  term. 


CORRECTION  OF  COILS  FOB  TEMPEKATURE. 

inent  of  low  reaiatanecs  audi  as  oue  ohm  ami  \indor,  as 
'^  gives  a  loEg  gi-adaiioQ  of  fractions  by  combiniition  of 

t  coils. 

I  Sir  William  Thomaon  lias  proposed   to  call   a   box 

I  thus  a  Mho-Box,  where  "Mho"  is  the  word 

pObm  "  read  backwards  to  iudicate  that  the  box  gives 

inductances,  that  is  reciprocala  of  resistances. 

.  The  resistance  of  almost  all  wires  increases  with  rise    ; 

f  temperature,  and  the  box  is  generally  adjusted  to  be  ^'*"  °^ 

a  couvenient  mean   temperature   which   is     ture  on 

u-ked  on  the  cover.  The  value  of  the  resiatance  shown 

f  the  box  at  any  other  temperature  ia  obtained  when 

Qie  change  of  temperature  can  be  ascertained  from  the 

lowu   variation   of  resistance   with  temperature.     A 

Iftble  of  the  variation  of  the  resistances  of  different 

Itbstauces  with  temperature  is  given  at  the  end  of  this 

^ome. 

"he  general  internal  temperature  can  be  observed 
f  means  of  a  thermometer  passed  through  one  of  the 
which  should  be  left  in  the  side  of  the  box  to 
k)w  free  circulation  of  air.  Local  changes  of  tempera- 
!  may  sometimes  be  produced  in  the  coils  without 
lAecting  appreciably  the  general  internal  temperature, 
leae  changes  cannot  be  accounted  for,  as  it  is  impossible 
E>  observe  them  with  any  accuracy,  but  can  be  avoided 
f  using  only  the  very  feeblest  currents,  and  continuing 

9  for  the  shortest  possible  time. 
The  general  internal  temperature  can  also  be  measured  Tempe 
by  means  of  an  auxiliary  roil  provided  for  the  purpose. 
This   is  constructetl  of  thick   copper   wire  wound   on  ="  A'lxi'i 
^bouite,  and  extends  along  the  whole  length  of  the  box,      CoiL.^ 
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liiiiiMi.i    Snu'n  Hn*  vurintion  <»f  rosiataucc  of  copper  relatively 

ihuu'..m'.\    *"  '^»'**  »'f  *^»*'  win*  of  wliioh  tlio  coils  are  constmcted 

»u   \tuih    I,  known.  \\i»  ci\\\  U\  inoasurinu  the  resistance  of  this 

wil       a\i\»h:ii\  uiut  l»v  tho  Iwx  its^^If  obtain  a  closely  approxi- 

\\\.\\\*  rs!iiu:Uv'  \»f  tho  iutoriial  toiuj-V  rat  lire. 

V\w  (v'unHMatmv  \:iriition  nuiy  K^  niaie  for  all  the 
i%»iU  i!»o  viuu'  ,4s  i\w  !n»^i:o>t  viirint: -ii  t'«  r  anv  one.  bv 

I  k  I  s  •  •  •  ■  ^  ■  ■ 
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^^^^^"  RHEOSTAT.  S!:    ' 

^BOO    for    the    comparison   of   each   of    ihe   hundreda,  ProcesHof 

In  the  case  of  a  box  arranged  in  geometrieal  progrcs-  Box.  J 
-ion  with  common  ratio  2,  and  first  term  1,  the  unit  is  I 

duplicated  for  the  sake  of  comparison.  Each  unit  having  I 

heen  compared  with  a  standard,  they  give  together  a  M 

comparisoD  of  the  next  coil,  which  is  2,  then  that  with  I 

the  two  units  give  4,  with  which  the  coil  of  4  units  can  I 

be  compare<l,  and  so  on.  ■ 

The  actual  methods  of  comparing  coils  are  described  I 

below  {p.  353  et  scq.).    It  la  to  be  remembered  that  in  the  I 

comparison  of  the  coils  of  low  resistance  the  connecting  I 

wires  (which  should  be  in  all  cases  short  and  thick)  I 

Kust  be  taken  into  account.  ^ 

In  the  use  of  a  set  of  resistance  coils  it  is  important 
at  the  plugs  be  kept  clean,  and  the  ebonite  top  of  the 
Dox,  especially  between  the  blocks  of  brass,  kept  free 
from  dust  and  dirt.     The  ebonite  may  be  freed  from 
grease  by  washing  it  with  benzole  applied  sparingly  by 
B  of  a  brush,  and  a  film  of  parafiGn  oil  should  then 
if  spread  over  its  surface.     The  plugs  and  their  socketsi 
Uiy  also  be  freed  from  adhering  greasy  films  by  washing 
L  the  same  way  with  benzole  or  very  dilute  caustic 
wh.     The  latter  should  not  however  be  allowed  to 
jjiel  the  ebonite  surface.     If  necessary  the  sockets  may 
be  scraped  with  a  round-pointed  scraper.  On  no  account 
should  the  plugs  or  sockets  be  cleaned  with  emery  or 
Band  paper. 
L  It  is  frequently  necessary  to  adjust  a  current  to  a 
^mivenieut  strength  by  varying  the  amount  of  resiet- 
^^fce  in  circuit.     When  the  amount  of   resistance  in 
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circuit  need  sot  be  known,  this  can  be  doDe 
readily  by  means  of  a  rheostat,  or  resistance  coils 
series  with  &  I'heostat,  an  arrangement  which  has  tli 
advantage  of  giving  a  contiuiioua  vaviation  of  t1. 
resistance.  A  form  of  rheostat  constructed  by  ^ 
William  ThotnEon   is  shown  in  Fig,  69.     Two  mi 


j 


cylinders  are  mounted  side  by  side  on  parallel  axes  K 
are  geared  so  as  to  be  driven  at  the  Rame  rate  in  tli^ 
name  direction  hy  a  third  shaft  turned  by  a  nvtn' 
Along  this  shaft,  from  end  to  end  of  llio  cyliudi-r   : 
worked  a  screw,  which  when  turned  moves  a  nut  aIm*^ 
a  graduated  scale  at  the  top  of  the  inEtrument.     One  j 
the  cylinders  is  covered  with  well  vami§hed  paper,  1 
other   has  a  clean   metal    surface.      A   bare   wire  \ 
platinoid   or   other   material   is   wound  partly  on  i 
GyliD<ier  partly  on  the  other,  and  in  passing  from  c 
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cylinder  to  the  other  threads  through  a  hole  in  the  nut.  Rheostat. 
Thus  if  the  cylinder  be  tamed  the  relative  amounts  of 
wire  on  the  two  cylinders  can  be  varied  at  pleasure,  and 
the  wire  is  laid  on  them  helically  in  a  regular  manner. 
The  toothed  wheel  by  which  one  of  the  cylinders  is 
turned  is  connected  with  the  axle  by  means  of  a  spring 
previously  wound  up  so  as  to  give  a  couple  tending  to 
wind  the  wire  on  the  cylinder.  The  wire  is  thus  kept 
taut  and  the  spires  prevented  from  shifting  on  the 
cylinder. 

The  course  of  the  current  is  along  the  wire  on  the 
paper  covered  cylinder,  then  to  the  bare  cylinder. 
Thus  the  resistance  in  circuit  is  regulated  by  the 
amount  of  the  wire  on  the  former  cylinder.  A  com- 
parative estimate  of  this  is  given  by  the  scale  along 
which  the  nut  moves. 

The  arrangement  of  screw  and  nut  for  guiding  the 
wire  above  described  seems  to  have  been  first  used  in  a 
rheostat  constructed  by  Mr.  Jolin  of  Bristol. 

A  simpler  form  of  rheostat,  first  used  by  Jacobi,  con-  Jacobi's 
sists  of  a  single  cylinder  of  insulating  material  round  *^^®o»^*^- 
which  the  wire  is  wound  in  a  helical  groove.  A  screw 
of  the  same  pitch  as  the  groove  is  cut  in  the  axle  of  the 
cylinder,  and  works  in  a  nut  in  one  of  the  supports. 
The  cylinder,  when  turned,  moves  parallel  to  itself,  so 
that  the  wire  is  kept  in  contact  with  a  fixed  rubbing 
terminal.  Another  rubbing  terminal  rests  on  the  axle, 
to  which  one  end  of  the  wire  is  attached. 

The  method  of  comparine:  resistances  of  most  general    Wheat- 

stone's 

use  is  that  known  as  Wheatstone's  Bridge.  The  arrange-    Bridge, 
ment  of  conductors  used  is  that  shown  in  Fig.  34,  with 
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a  battery,  generally  a  single  DanieH's  or  Menotti'a  cell, 
imiladed  in  r^,  and  a  galvaDometer  in  r^.  A  much 
liiglicr  battery  power  is  however  sometimes  required, 
i-8pecially  in  cable  and  other  testing.  The  three  con- 
ductors whose  resistances  are  r^,  r^,  r,  are  coils  ol'  a 
resistance  bos  provided  with  tenninals  so  an'anged  that 
iroimections  can  be  made  at  the  proper  places  to  form 
(he  bridge,  for  example  as  in  Fig.  62,  which  shows 
II  reaialaiice  boK   fitted   up  ns  a  Wheat.stoiie  Bridgi 


It  will  be  easy  to  make  oot  in  Fig.  70  the  terminals 
rorresponding  to  A,  B,  C,  D  respectively  of  Fig,  34, 
Fig.  60  above  shows  a  so-called  "Post-Office  Re- 
sistance B<tx "  in  which  the  battery  and  galvanometer 
keys  are  mounted  on  the  cover,  and  permanently 
connected  to  the  proper  points  inside  the  box;  and 
Kg.  66  a  Wbeatstone  Bridge  arrangement  of  reast- 
ance  slides. 

The  resistance  to  be  compared  is  placed  in  the  positioo 
JtD,  uul  convenient  values  of   r^  and  r^  are  dtoeen. 


■i^M. 
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while  rg  is  varied  ^dntil  no  current  flows  through  the  Wheat- 
galvanometer.  Tlxe  value  of  r^  is  then  found  by  (15)  of  Brid^©* 
Chapter  II.,  which  since  7^  is  zero,  may  be  written 

r,"}'r, (10) 

If  rj  and  r^  are  equal,  r^  is  equal  to  r^,  and  is  read  off 
at  once  from  the  resistance  box. 

In  the  practical  use  of  Wheatstone's  Bridge  we  have  Arrange- 
generally  to  employ  a  certain  battery  and  a  certain  Bridge  for 
galvanometer  for  the  measurement  of  a  wide  range  of   Greatest 

,  .^  .  .11./.  ^  .  .1     Sensibil- 

resistances ;  and  it  is  possible  if  great  accuracy  is  required  ity. 
so  to  choose  the  resistances  of  the  bridge  as  to  make  the 
arrangement  have  maximum  sensibility.  An  approxi- 
mate determination  is  first  made  of  the  resistance  to  be 
measured.  Call  this  r^.  It  has  been  shown  independently 
by  Mr.  Oliver  Heaviside,*  and  by  Mr.  Thomas  Gray,t  Practical 
that  if  the  battery  and  galvanometer  are  invariable  we  inv^j^i^ 

should  make  Battery 

and  Galva- 
iioiiieter. 


'1  =  '^ViP     ^3=    V  VO    — H"'     ^2=    1/^4' 5 


r^  +  r^      ^       y     *  ^  r^  +  r^' 


If  the  resistances  of  the  battery  and  galvanometer  are 
at  the  disposal  of  the  experimenter,  then  on  the  sup- 
position that  the  resistance  of  the  galvanometer  may  be 
taken  equal  to  r^,  the  most  sensitive  arrangement  is  that 
in  which  each  of  the  resistances  is  equal  to  r^. 

♦  Phil  Mag.  vol.  xlv.  (1878),  p.  Hi. 
t  Jbid.  vol.  xii  (1881),  p.  283. 
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Avy,)  '*  ^  •'»"'•*»♦•»'«  iin*terrti*  «inft  cnnditiomL    WnJ^L^^ 

/fit     du     (fin     iPn       d^ 
.///    4f,'    '/^^'    ///•/    c//-,r//-3* 

.     im.-I,  i.v'  -'1  ii'iiiv?  Hi'%  fti-'tt  fwrt  ri  ffnrential  coeffioient!*  9cpar- 
,(   I,'  1.  /•  I  .,  iliii  ftir Ur.r  <j  -  0,  arjii  r^  —  0,  or  r^  =    \^^'    ^nj 

\^*t'./*       '^     Siih<tfi!iiliii<  these  values  of  r.  and  r   in 

II..    ^,..' •  •••1  foi   Oi#^  lliK^fi  NccoiKl  ilitTerential  coeffieFent:*  we 

hi.  t  til. I   II.-  i.i»«M   pHi  <>tf»»irHj»oiidiiig  values  gives  positive 

i/*'«        //■«         '/■-«   f/^H 


i/*'«        //■«         '/■-«   ^/*<»  /     li^H    \- 


tv  Iti- li  ••{  till'  ii»>i(iitu»M  lui   ,1  iiiiiiiiiHiiii,  wiiile  the  drsc  nair  ijt 
\  lUi    ■  .,i\iii  lifilht'i   I  iiia\uiiiiiii  iti>r  .'i  iniiiiiiiuui. 

\\  1     *i  iH  » »..inm'  ili-ki  l}u»  utA.N»  ot*  wire  in  liie  ^^HiVajioiii^cer  ;i  a 
i'»  ill."  •■A\4u'iu.»^i»\Si\    iV'iv*'    u  !he  'it'fule  :!*^  i»    vt-]    h^ 
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We  have  in  this  case  to  find  when  Djrir^^r^  is  a  minimum.    Galvano 
This  can  be  put  into  the  form  (m  +  nr^jkfJr^  where  w,  n,  k,    ^^^^^^ 
do  not  involve  rg.     Equating  the  first  differential  coeflBcient  of   y^friauif 
this  quantity  to  zero,  we  get  for  a  minimum  r^  =  m/n,  or  after 
reduction  r^^  =  ri{r^  +  rg)/(r,  +  rj).     This  value  of  r^  taken  along 
with  the   already  found  values  of  Ti   and   rj  gives  maximum 
sensibility  to  the  bridge  arrangement  When  the  battery  only  is 
kept  constant 

Lastly,  let  the  total  area  of  the  acting  surfaces  in  the  battery 
be  given,  while  the  resistance  may  be  varied.  In  this  case  we 
have  (p.  148  above)  greatest  sensibility  when  the  resistance  of  the 
battery  is  made  equal  to  the  external  resistance.  If  balance  is  ' 
nearly  obtained,  we  may  take  as  the  external  resistance  between 
A  and  B  the  value  (rj  +  r^Xr^  +  fiV^r^  +  r2  +  ft  -^  rX  If  r^ 
may  be  taken  as  the  resistance  of  the  battery  alone  (that  is,  if 
the  electrodes  joining  the  battery  to  A  and  B  be  made  so  massive 
that  their  resistance  may  be  neglected)  we  have  to  arrange  the 
battery  so  that 

r,^p+lfytr.) (j,^ 

Simultaneous  with  this  we  have  the  three  equations  already 
found,  namely, 

From  these  it  follows  that 

fj  =  r,  =  rg  =  r<  =  Tg  =  fg.     .     ,     .     .     (16) 

It  is  to  be  carefully  observed  that  for  a  given  available  electro- 
motive force  in  the  circuit  not  susceptible  of  alteration,  the 
sensibility  is  greater  the  smaller  r^. 

Unless  in  particular  cases  in  which  great  accuracy  is    Prafticul 
necessary,  any  convenient  values  of  r.,  r„  will  give  results  ^^"V;  ^^}' 

*  .      1  1  .      Sensihihtv 

sufficiently  accurate  for  all  practical  purposes;  but  in  when  Full 
arranging  the   bridge   with   these   the   following   rule  j^'^nl^^ot 
should  be  observed :    of  the  resistances  r^,  r^  of  the    needed, 
galvanometer    and   battery  respectively,   connect    the 
greater  so  as  to  join  the  junction  of  the  two  greatest  of 
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Pnetial  the  four  Other  resistances  to  the  jmictioii  of  die  too 
1^1^^  least    This  rale  follows  easflj  fiom  (15)  of  Chapi  IL 
wbMi  Foil  For  inteichaDgiDg  r^  and  r^  we  alter  only  die  rwiwe 
mrJtn^  of  D,  and  calling  the  new  Tslne  1/  we  get 

The  expression  on  the  right  will  be  negative  if  r^r^ 
and  Tp  r,  be  the  two  greatest  or  the  two  least  of  the 
other  resistances.  Hence  on  this  sapposition  the  vahie 
of  D  has  been  diminished,  and  therefore  the  conent 
through  the  galvanometer  for  any  small  vahie  of 
r^r^^  r^r^  increased  by  making  r^  join  the  juncticm  of 
rj,  ^3  to  that  of  r*,  r^.  In  cases  in  which  the  resist- 
ances in  the  bridge  are  large,  a  galvanometer  of  high 
resistance  should  also  be  used. 
Anhngf^-  In  the  practical  use  of  the  method  the  eleotrtxles  of  the 
111'  nt  cf  ]j^ii^Y\  should  be  carried  to  the  terminals  of  a  reversing 
key,  so  that  the  testing  current  may  be  sent  in  opposite 
fHr«-ctions  if  desired  throuirh  the  resistances  of  the 
bridtre.  Also  a  single  spring  contact -ker;  vi-hicli  makes 
Clint  net  only  wlien  depressevl.  should  be  places!  in  r.^. 
Mf».lf-  of  These  keys  are  convenient  when  arranged  side  by  side, 
Ojpf  rating,  j.^,  ^j^^t  the  operator  placing  a  finger  on  each  can  depress 
one  after  the  other.  A  convenient  furm  of  wire  rocker 
with  mercur>"  cups,  combining  the  two  keys,  may  be 
easily  made  by  the  operator.  When  the  bridge  has  been 
set  up  and  a  test  is  about  to  be  made,  the  single  key  in 
r^  is  first  depressed  to  test  whether  any  deflection  of 
the  galvanometer  needle  is  pnxluced  without  closing 
the  battery  circuit.  If  there  is  a  deflection,  this  must 
be  due  either  to  thermoelectric  action  in  the  galva- 
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nometer  ciretiit,  or  to  leakage  from  the  battery  to  the  Motle  of 
galvaiKHfieter  wires.  The  procedure  in  this  case  will  be  ^^^"  "*^' 
stated  presently.  If  there  is  no  deflection,  the  operator 
then  opens  the  galvanometer  circuit,  depresses  the  key 
which  completes  the  battery  circuit,  and  immediately 
after,  while  the  former  key  is  kept  dovvn,  depresses  also 
the  galvanometer  key.  After  the  circuits  have  been 
completed  just  long  enough  to  enable  the  operator  to 
see  whether  there  is  any  deflection  of  the  needle,  tlie 
keys  are  released  so  as  to  break  the  contact  in  the 
reverse  order  to  that  in  which  they  were  made.  This 
order  of  opening  the  circuits  enables  him  to  make  a 
second  observation  of  deflection  without  its  beins: 
necessary  to  again  send  a  current.  It  is  easy  to 
imagine  and  construct  a  form  of  contact-making  key, 
which  being  depressed  a  certain  distance  completes  the 
battery  circuit,  and  on  being  depressed  a  little  further 
completes  the  galvanometer  circuit,  and  therefore  on 
being  released  interrupts  these  circuits  in  the  reverse 
order.  This  form  of  key  is  of  use  in  the  testing  of 
resistance  coils  in  which  there  is  considerable  self- 
induction.  For  general  work,  however,  it  is  inconvenient, 
as  the  reverse  order  of  making  the  contacts  may  have  to 
be  adopted.  Again,  in  many  practical  operations,  such 
as  cable  testing,  &c.,  the  contacts  have  to  be  made  after 
different  intervals  of  time  in  different  cases. 

The  object  of  thus  completing  and  interrupting  the    EiFect  of 
battery  circuit  before  that  of  the  galvanometer  is  partly  induction 
to  avoid  error  from  the  efiects  of  self-induction.     When 
a  current  in  a  conducting  wire  is  being  increased  or 
diminished,  an  electromotive  force,  the  amount  of  which 
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Effect  of  depends  on  the  arrangement  of  the  conductor,  is  called 
Induction.  ^^^  P^^J*  80  as  to  oppose  the  increase  or  diminution  of 
the  current.  The  effect  of  this  electromotive  force  is  to 
produce,  therefore,  a  weakening  of  the  electromotive 
force  of  a  battery  for  a  very  short  time  after  the  circuit 
is  completed,  and  a  strengthening  during  the  very  short 
interval  in  which  the  current  falls  from  its  actual  value 
to  zero  at  the  interruption  of  the  circuit.  Its  value  is 
small  when  the  wire  is  doubled  on  itself  so  that  the  two 
parts  lie  along  side  by  side,  the  current  flowing  out  in 
one  and  back  in  the  other ;  but  is  verv  considerable  if 
the  wire  is  wound  in  a  helix,  and  still  greater  if  the 
helix  contains  an  iron  core.  The  electromotive  force  of 
solf-induction  is  directly  proportional  to  the  rate  of 
variation  of  the  current  in  the  circuit,  and  thus  is 
explained  the  bright  spark  seen  when  the  circuit  of  a 
j)<)W('rful  ek'Ctro-nia^iet  is  Imhcn. 
EfFt'ct  r.f  It,  then,  one  or  more  of  the  coils  of  a  Wlieatstone 
iln.'tion'ii  I^i'i<^J,^^^  arrangement  were  wound  so  as  to  have  selt-in- 
Wlir.'it-  (1  notion,  the  electromotive  force  thus  called  into  play 
Hii(l"c.  would,  if  the  galvanometer  circuit  were  completed  before 
that  of  the  battery,  ]»roduce  a  sudden  deflection  of  tlie 
iralvanometer  needle  w^hen  the  hatterv  circuit  is  closed. 
All  properly  c<»nstructe(l  resistance  coils  are, as  has  been 
stated,  made  of  wires  which  have  been  first,  doubled  on 
themselves  and  then  wound  double  on  their  bobbins, 
and  have  therefore  no  self-induct i«ni.  The  wire  tesUd. 
however,  and  the  connections  of  the  briJ^e  have  ixene- 
rallv  more  or  less  self-induction,  the  etiect  of  which, 
unless  the  contacts  were  made  as  described  above,  miirht 
be  mistaken  for  those  of  unbalanced  resistance.     This 
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moJe  of  winding  the  coils  also  avoids  direct  tlcctro- 
magnetic  effects  on  the  coils  on  the  galvanometer  needle 
when  the  coils  are  placed  near  it. 

If  on  depressing  the  galvanometer  key  at  first  as 
described  above  a  current  is  found  to  be  produced  by 
thermoelectric  or  leakage  disturbance,  and  the  spot  of 
light  is  therefore  dbplaced.  Ihe  operator  keeping  down 
the  galvanometer  key  depresses  the  battery  key,  and 
observes  if  there  is  any  permanent  deflection  of  the  spot 
of  light  from  its  displaced  position  during  the  time  that 
the  battery  key  is  kept  down.  This  is  easily  distin- 
guished from  the  sudden  deflection  due  to  self-induction, 
as  that  immediately  dies  away  to  zero  as  the  current 
■<xiaea  to  its  permanent  value. 

Ife   If  the  sudden  deflection  of  the  galvanometer,  as  it 

Riay  be  in  the  ca^e  of  a  dynamo  or  electro-magnet,  is 

loo  violent  and  long  continued,  the  reversing  key  of  the 

battery  should  he  used,  the  battery  contact  made  first  in 

each  case,  and  the  mean  of  the  results  taken. 

When  comparing  a  resistance  the  operator  first 
observes  the  direction  in  which  the  mirror  or  needle 
is  deflected  when  a  value  of  r,  obviously  too  great  is 
used,  and  again  when  a  much  smaller  value  of  r,  is 
used.  If  the  deflections  are  in  opposite  directions,  the 
value  of  Tj.  which  would  produce  no  deflection  of  the 
hi't'dle.  lies  between  these  two  values,  and  the  operator 
imply  narrows  the  limits  of  r^  until  on  depressing  the 
■galvanometer  key  no  motion,  or  only  a  very  small 
molion,  of  the  needle  is  produced.  It  may  happen. 
however,  that  the  value  of  the  resistance  which  is  being 
compared  may  be  between  two  resistances  which  have 
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Mwlo  of  the  smallest  difference  which  the  box  allows.  Thus 
coniiiiued.  with  a  resistance  box  by  which  with  equal  values  of 
Ti  and  rj  he  cannot  measure  to  less  than  yV  ^^  ^^  ohm, 
he  may  either  by  making  the  ratio  of  r^  to  r^,  10  to  1, 
or  100  to  1,  obtain  the  values  of  r^  to  one  or  two  places 
of  decimals.  Any  inaccuracy  in  the  relation  of  the  arms 
of  the  bridge  may  be  eliminated  by  reversing  the 
arrangement,  that  is,  interchanging  r^  and  r^,  and 
7*3  and  r^,  and  taking  the  mean  of  the  results. 

Whatever  be  the  ratio  of  r^  to  r^,  if  he  can  read  the 
deflections  when  first  one  and  then  the  other  value  of 


h — •" 
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V.  ibotwoon  which  r,  lies,  and  which  dit^Vr  bv  onlv 
^\»  o(  i\u  ohnO  is  used,  ho  can  find  r^  to  another  place 
of  deeimnls  bv  inteqvlation  hv  proportional  p;\rts.  F«t 
example,  let  the  value  1-OG  of  r,  pro^luoe  a  citrieoti'^n 
of  the  spot  of  liiiht  of  i>  divisions  to  the  lei":,  a:;-:  1 -»'•-' 
a  J.etleetion  of  14  liivisions  t--^  the  riizht :  the  va'ue  of 
•\  wh.ivh  wov.l  i  PTWiiKV  K\!ar.oe  is  ee.ua':  to 
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tiot  introduced  by  Rirchhoff.    In  this  an  exact  balance  Kirchboff' 
I  obtained  by  moving  a  sliding  contact-piece  along  a      '  ^ 

paduated  wire  which  joins  the  two  resistances  r,,  r^  of 

fig.  70.     A  diagrammatic  sketch  of  the  arrangement 
I  shown  in  Fig,  71.     S  is  the  sliding- piece,  A,  B  the 

(ire  along  which  it  slides.    A,  B  is  stretched  in  front  of 


off'a 

I 


scale  a  metre  in  length  graduated  to  half-millimetreB 
and  doubly  numbered,  from  left  to  right  and  from  right 
to  left.  The  coils  a.  c,  d,  b  of  the  diagram  have  the 
respective  resistances  r,,  Tj,  r,,  T^.  Fig.  72  shows  a  form 
of  the  instrument  manufactured  by  Messrs  Elliott  Bros. 


Fig.  73  shows  an  easily-made  and  cheap  form  of  wire  t.  Cmy  t, 
fidge  devised  by  Mr.  T.  Gray,     vj,  w  is  the  wire,  mmle    "'"'"B'- 
bf  platinoid  or  German  silver,  which  is  stretched  above, 
rut  not  in  contact  with,  a  baae-boani,  passes  round  the 
uulatiug  and  supporting  vulcanite  block  B  from  the 
z  2 


I 


ronPAKisos  or  kesistasces.  ■ 

■  merctiry  cup  r^  to  the  olber  e^.  A  rulcanite  crossbar  A 
clamjje  Hut  wire  in  podtioo  near  the  cups.  If  the  wire 
be  long  several  each  crossbars  maj  be  osed.  Each  end 
(ff  the  wire  is  soldered  to  a  large  mass  of  cO|^>er,  bent  as 
Mbowa  in  Fig.  7-t  »  as  to  dip  into  a  mercury  cup 
without  anj  mk  of  contact  of  the  mercury  with  the 
soldered  jimctioD.  The  cops  should  be  of  copper,  and 
may  convemently  be  made  of  the  form  Eho«'a  in  the 
figure,  and  fixed  id  holes  in  the  wooden  or  ebonite 
supporUng-block.      The    ends  of    t^e    copper    pieces 


dipping  into  them  should  be  carefully  squared  and  bear 
against  the  copper  bottoms. 

The  wire  is  divided  into  parts  of  equal  resistance  by 
a  process  of  calibration  (p.  342  et  seq.,  below)  and  marks 
indicating  these  parts  are  made  on  a  rule  attached  to 
the  base-board,  along  which  the  contact-piece  slides. 
A  movable  scale  is  used  to  subdivide  the  space  between 
two  divisions. 

On  a  plate  of  ebonite  or  well-paraffined  hard  wood 
are  fixed  mercury  cups  c^  c^  c^,  made  as  just  described. 
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^BB^e   auxiliary   resistances  r^,   r^   of  the  bridge  when  T.  Gray'a 

fequired  are  placed  between  Cj  and  e,,  c^  and  c^,  while  "H^ 

the  wires  to  be  compared  connect  Cj  and  Cj,  Cg  and  c^.  H 

Since  the  wire  w,  w  can  be  made  long,  the  auxiliary  H 

Eisfances  are  not   frequently  required.     When   they  ■ 

I  be  dispensed  with,  Cj  and  c,  are  removed  and  c,  H 

ced  in  the  socket  A,  and  the  wires  to  be  compared  H 

are  then  placed  between  c^  and  c,,  Cj  and  e^.  I 

This   method    of   obtaining   balance   was   used    by  I 

Matthiessen  and  Hockiu  in  the  very  careful  comparisons  H 

of  resistance  made  by  them  in  their  work  as  members  H 

of  the   British   Association   Committee   on   Electrical  H 

Standards ;  and  it  was  found  by  these  experimenters  that  H 

an  alloy  of  85  parts  of  platinum  with  15  parts  of  iridium  I 

formed  an  excellent  material  for  the  gi-oduated  wire.  I 

This  alloy,  they  found,  did  not  readily  become  oxidized.  H 

Platinum -silver  alloy  is  however  frequently  employed.  H 

The  contact  piece  is  generally  a  well-rounded  edge  I 

of  steel  with  a  slight  notch  to  receive  the  wire.     The  I 

I  knob  pressed  by  the  operator  bends  a  spring  which  H 

sses  the  contact  piece  with  just  sutGcient  pressure  H 

gainst  the  wire.      A   turning  bar  can   he   put  into  H 

■'position  to  keep  down  the  contact  when  desired.     Tlie  H 

iliding  piece  carries  a  vernier  which  enables  fractions  of  H 

'  &  division  to  be  read  on  the  scale.  H 

The  method  of  testing  by  this  instrument  is  precisely  H 

the  same  as  by  the  ordinary  Wheatatone  Bridge,  except  H 

,  that  when  balance  has  been  nearly  obtained  in  the  usual  H 

timy,  by  varymg  the  relation  of  the  resistances  t-j,  t^,  r^  H 

mStit  a  particular  position  of  the  sliding  piece,  an  exact  ^| 

Kpalftuce  is  obtained  by  shifting  the  sliding  piece  in  the  ^M 
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(Mlbtm-    |wper  directirai  along  the  iriie.    Snppodi^  that  tlw 

yfln:     resistance  of  the  wire  per  tmit  of  leagtli  has  been 

^^^^  determined  for  different  parts  of  the  wir^  and  tliat  die 

MB  ud    fesistsoces  of  contacts  have  been  detannined  (p.  357) 

^""^    and  allowed  for,  the  valae  of  r^  is  at  onoe  found  b^ 

taking  into  account  the  lesiatancea  of  the  s^menta 

of  the  wire  AB  on  the  two  ndes  of  the  point,  contact  at 

which  gives  zero  deflection. 

Calltot-        The  wire  AB  may  be  "caiilwated"  by  one  of  the 

Win :     following  methods.     The  fitst  is  that  which  was  em- 

^i^Su^  ployed  hf  Matthiessen  and  Hockin.*    Let  r,  and  r«  (a,  b 

■am  toil   in  Fig.  71)  be  soch  resistances  that  balance  is  obtained 

^"^    at  some  point  P  in  AB,  and  let  r^r,  (c,  d  in  Fig.  71)  be 

two  coils,  dtfiering  in  resistance  by  say  ^  per  cent.    Let 

r,  +  a  be  the  total  resistance,  including  contacts  between 

C  and  P,  and  r^  +  fi  that  between  B  and  P,    Sow  alter 

7)  by  inserting  a  short  piece  of  wire.    This  will  shift  the 

zero  point  along  the  wire  through  a  certain  distance  to 

the  left.     Balance  so  as  to  find  this  point,  which  call 

Pj ;  then  interchange  r,  and  r^,  and  balance  agnin,  and 

call  the  second  point  thus  found  P^     Let  z  denote  the 

resistance  between  P  and  P,,  /  the  resistance  between 

F  and  Pg,  x  the  resistance  of  the  short  piece  of  wire 

added  to  r„  and  I  the  length  of  wire  between  P^  and  P^ 

We  have  plainly  the  two  equations. 


.    .    (17) 


*  Btforit  on  SlidriaU  SlandauU,  p.  IIB^ 
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from  which  we  obtain  for  the  resistance  per  unit  of   Mathies- 
length  between  P^  and  P^.  Hocldn's 

Method. 

The  value  of  a;  is  easily  obtained  with  sufficient 
accuracy  from  either  of  equations  (17),  as  2;  is  approxi- 
mately known  from  the  known  resistance  of  the  whole 
wire.  In  this  way  the  resistance  per  unit  of  length  at 
different  parts  of  the  wire  can  be  easily  found,  and,  if 
necessary,  a  table  of  corrections  formed  for  the  dififerent 
divisions  of  the  scale. 

Professor  Carey  Foster  has  given  the  following  method  Carer 
for  the  calibration  of  the  bridge  wire.  The  arrangement  S^^^d'. 
is  shown  diagrammatically  in  Fig.  75.  The  battery 
shown  in  Fig.  71  is  removed,  and  two  equal  copper 
bars  are  attached  at  G,  D  (Fig.  71),  at  right  angles  to 
the  bars  of  the  bridge  at  those  points.  Between  the 
extremities  of  these  is  stretched  a  second  slide  wire. 
Or  the  slide  wire  of  a  second  bridge,  from  which  all 
other  connections  have  been  removed,  may  be  connected 
to  C  and  D  by  wires  from  the  end  bars  to  which  it  is 
attached.  In  place  of  the  coils  c,  d  of  Fig.  71,  and  the 
middle  bar  of  the  bridge  is  substituted  a  single  Daniell's 
or  other  cell.  One  terminal  of  the  galvanometer  is 
connected  to  a  sliding  piece  on  the  wire  Wy  the  other 
to  a  sliding  piece  on  the  other  wire,  W\  In  place  of  r^ 
and  r^  are  substituted  two  small  resistances,  one  simply 
a  piece  of  thick  wire  c,  the  other  a  resistance  ^, 
equal  to  that  of  a  convenient  portion  say  from  80  to  100 
millimetres  of  the  bridge  wire.    The  former  of  these  has 


I 
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IweB  niUn]  tlif  wnnector,  the  latter  the  gauge.  Tliey 
vt  oonowMft)  to  tlie  bridge  by  merciiry  cups  in  the 
rM)»M>r  tlescribed  on  p.  340  above,  and  some  form  of 
tnilirbbrartl  i^  usually  employed  to  cliect  the  inter- 
(ifc«u^<«  described  below. 

^ipfwung  the  gauge  placed  first  on  the  left  and 
1)»^  connector  on  the  right,  the  slide  on  JC  is  moved 
fiMki  up  to  the  extremity  B,  and  balance  is  obtained  by 
kinrinf;  the  slider  on  fV  at  some  point  near  J).  The 
IJRUjp*  uml  connector  are  then  interchanged,  and  balance 
ii  ngiUD  obtained  by  shifting  the  slider  on  W*  towards 
Um  l«ft  to  some  point  I. .. 


The  gauge  and  connector  are  again  interchanged,  and 
balance  obtained  by  shifting  the  slide  on  H'to  the  left, 
and  BO  on  until  both  wires  have  been  traversed  almost 
completely  from  end  to  end.  The  distance  through 
which  the  slider  is  moved  at  each  interchange  of  the 
resistance  is  read  off,  and  gives,  as  we  shall  now  show,  a 
determination  of  the  average  resistance  per  unit  of 
length  over  that  portion  of  the  wire.  Let  P  and  P"  be 
points  of  contact  on  W  and  W  when  balance  is  obtained, 
let  the  permanent  resistances  included  with  W,  W 
at  the  left-bund  ends  be  denoted  by  a,  i,  and  at  the 
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right  ends  by  a\  V  respectively,  the  resistance  of  the     Carey 
connector  by  c,  of  the  gauge  by  g,  of  the  wire  from    Method. 
-4  to  P  by  2,  of  the  whole  wire  by  w,  of  the  wire  W 
from  ^'  to  P'  by  z\  and  of  the  whole  wire  by  v/.     If 
the  connector  be  on  the  left  and  the  gauge  on  the 
right,  we  have  by 


c  -^  n  -k-  z       g  -^  b  -^  w  --  z 


a 


U  ■\-  w  —  z' 


.    (19) 


and  if  the  gauge  and  connector  be  interchanged  so  that 
r  receives  a  new  value  r^, 

a'  +  z'      "      b'-^W'-z-     '     '     '     ^^^ 

From  these  equations  we  get  at  once 

g-c  =  z^-z (21) 

that  is,  the  steps  along  W  have  each  a  total  resistance 
equal  to  g  —  c,  a  result  evident  without  calculation  at 
all. 

Again,  supposing  the  gauge  at  first  on  the  left,  and 
next  on  the  right,  the  slider  on  W  is  shifted,  and  we  get 
the  equations 

a'  4  r  V  +  v:*  -  / 

g  •\'  a  -\-  T       b  +  c  -^  w  "  z 

a  4-  /     _     V  '\-  w'  -^  z\ 
c-fa-fr       b  -^  g  -i-  uf  ^  z' 

These  give 

,  V         a'  -f  6'  +  w»' 


(22) 


COMPARISON  OF  RESISTANCES. 


The  quantitiea  on  tlie  right-hand  side  are  all  con- 
stanU,  and  therefore  the  wire  W  is  thus  divided  into. 
parts  of  equal  resistance.  From  the  known  resistancft 
of  the  whole  wire,  which  can  be  found  as  sliown  oa 
p.  354  below,  the  reaiatance  of  each  part  can  be 
found.  The  steps  on  each  wire  are  thus  steps  of 
equal  resistance. 

The  following  are  the.  actual  results  obtained  in  the 
caUbration  of  the  slide-wire  of  a  bridges  performed  in 
the  Physical  Laboratory  of  the  University  College  of 
North  Wales  by  the  method  just  described. 


1 


FMtt  ot  tht  win  of  tqatl  retlaUnea 
^=r). 

RMdings  (Uken  uni 
ml  light  haiKl  eod). 

Lcngllut 

Rrndini;!. 

»    .  .             'O' 

0...  10-59 
9-79...2035 
19-70... 30-26 

29-84... 40-41 
39-69... 50-22 
49-7 1... 60-27 
59-80.. .70-38 

69-83.. .80-32 
79-86... 90-38 
89-41.. .99-97 

10-59 
10-56 
10-58 
10-57 
1053 
10-56 
10-65 
10-50 
10-52 
10-56 

0.  .    10 
10...   20 
20...  30 
30...  40 
40.,.   50 
50..    60 
60...  70 
70...  80 
81K..  90 
90.. .100 

■94429 

-94697 
-94697 
■94607 
■94!I67 

-94697 
-94787 
■95238 
■95057 
■94697 

0...100 

9-47873  r 

Tlu  niuDb«n  in  ths  right-hanil  colnmn  ore  taken  from  tables.     The 
rwnlts  *re  of  coarao  not  comet  to  the  nnmber  of  decUnaU  given. 
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It  will  be  noticed  that  the  second  reading  in  any  line  Carey 
of  the  first  column  is  not  exactly  the  same  as  the  first  Method, 
reading  in  the  next  line.  This  was  caused  through  its 
being  difficult  to  balance  by  adjusting  the  contact  on 
the  auxiliary  wire.  Balance  was  therefore  obtained 
after  a  step  was  taken  along  the  auxiliary  wire  by 
moving  the  slider  through  a  short  distance  on  the  wire 
which  was  being  calibrated. 

The  value  of  r  found  as  described  below,  p.  355  was 
*0452  ohm.  From  this  the  resistance  of  the  part  of  the 
wire  between  two  readings  of  the  scale  is  found  as 
shown  in  the  table. 


K 


I      I 


\ 


e 

Fio.  76. 


O/ 


A  modification  of  this  method  which  works  well  in  T.  Qray's 


practice  and  avoids  some  difficulties  has  been  made  by 
Mr.  Thomas  Gray.  The  two  wires  TT,  W,  are  arranged 
parallel  to  one  another  as  in  Fig.  76,  and  are  connected 
at  the  ends  A,  C  and  B,  D  by  two  equal  small  resist- 
ances of  suitable  amount  g.  The  equality  of  these 
resistances  can  be  tested  with  great  ease  and  delicacy 
by  connecting  the  battery  at  A,  B,  and  balancing  with 
the  galvanometer  between  a  point  on  W  and  another 


First 
Method 


Bri 


idge. 


COMPARISOS  OF  RESISTANCES. 
LGnr's  on  W,  llien  transferring  the  battery  contacts  to  C,  D 
Itcthixl  ^'^^  observing  if  the  balance  ia  disturbed.  If  it  is  not 
—^7  the  resistances  are  equal.  When  the  resistances  have 
been  adjusted  to  equality,  the  battery  is  brought  into 
contact  at  A  and  J)  and  balance  is  obtained  by  placiqj 
one  galvanometer  terminal  close  to  £  on  W,  and  1 
other  at  6  on  W.  The  battery  contacts  are  then  ti 
ferred  to  B  and  C,  and  balance  ia  obtained  by  sbif 
the  terminal  of  the  galvanometer  on  W  to  some  j 
a  while  that  on  W  is  kept  at  6,  The  battery  contfl 
is  then  transferred  to  A.  D,  and  balance  obtained  1 
Kioving  the  terminal  on  W  so  that  the  points  \ 
contact  arc  it,  d,  and  so  on. 

The  readings  on  the  graduated  scales  are  taken  fl 
the  successive  points  of  contact,  and  divide  each  wirtiij 
will  be  shown  presently,  into  steps  each  of  resistance  j 
The  contact  of  the  battery  at  A,  D  or  B,  C  can  Ik 
made  by  means  of  two  simple  rockers  K,  K,  workin- 
between  mercury  cups  or  ordinary  metal  contacts,  or  h\ 
means  of  any  simple  key.  This  renders  unneceaa 
any  mercury  cup  switchboard  arrangement  for  t 
ferring  coils. 

Tims  the  method  has  the  great  advantage  tbatti 
contacts  are  all  permanent  except  those  of  the  batt 
and  the  sliders,  no  one  of  which  of  course  introdgj 
any  error. 

Let  contact  be  made  by  the  battery  at  A  and  DM 
balance  be  obtained  with  the  galvanometer  at  poin 
and  t  on  the  wires  Wand  W,  then  calling  as  befor 
i  the  resistances  of  the  wires  between  A  and  o.  O  « 
e  respectively,  and  w,  lo'  the  resistances  of  tbo  wW 
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wires,  we  have,  neglecting  (which  will  not  affect  the  T.  Gray's 
result)  constant  resistances  of  connecting  bars,  &c.,  Method 

w-z+gw'-z'  ,^^^    Brii'ge. 


z  +g 


(23) 


Let  the  battery  now  be  transferred  to  JB  and  G  and 
balance  be  obtained  at  d  and  e.  Denoting  the  resistance 
between  A  and  d  by  z,  z,  we  again  have 


w  —  Zj^  _w'  —  z'  '\'  g 
Equations  (23)  and  (24)  give 


(24) 


(25) 


or  the  steps  along  W  are  steps  of  equal  resistance.    The  T.  Gray's 
same  can  of  course  be  proved  for  W\ 


Fig.  77  shows  another  arrangement  devised  by 
Mr.  T.  Gray,  which  has  also  the  advantage  of  having 
permanent  gauge  contacts.  A  and  C  are  joined  by  a 
short  thick  wire  or  connector  c,  while  B  and  D  are 

i 


Method 

by 
Bridge. 


TP- 


\  \!  \Y      "1 


B 


4 


£ 

Fio.  77. 

joined  by  a  gauge  g.  The  battery  contact  is  made 
alternately  at  B  and  -D  by  a  key  JST,  and  balance  is 
obtained  by  moving  the  galvanometer  contact  on  W 
and  W  alternately.  This  arrangement  is  rather 
simpler  to  set  up  than  the  former  but  gives  steps  the 


COMPARISON  OF  RESISTANCES. 


T.  (]«>■■»   resistances  of   whicli  are   in   geometrical  progression. 
il^i'w    I'heBe  though  perhaps  not  quite  so  convenient  as  st«p8. 


.,  ^T       of  equal  resistance  give  the  required  calibration  with. 
•*"''k^      -   flj   ■      *  .  c  -  .        - 

Biitncieiit  exactness;    Jo: 

the  steps  which  takes  pi; 


if  the  increase  in  length  of 
ace  from  one  end  to  the  other 
prove  inconvenient,  the  calibration  may  be  repeated  in 
the  reverse  direction.  According  as  the  calibration  of 
W  is  to  be  begun  at  B  or  at  A,  and  according  as  that 
of  W  ia  to  be  begun  at  C  or  at  D,  the  first  contact  of 
the  battery  must  be  made  at  i>  or  at  B. 

Let  a  and  r,  e  and  d,  d  and/, /and  g,  be  four  aucce»- 
sive  positions  of  the  galvanometer  terminals  for  which 
balance  is  obtained,  and  let  %,  z^,  t^  be  the  resistances 
on  W  from  A  i/a  a,  A  \£>  i,  A  ija  g  respectively,  s',,  s'j, 
the  resistances  on  W  from  C  to  e,  C  to  /  respectively. 
Then  if  the  battery  be  connected  to  B  for  the  contacts 
a,  e,  we  get  for  these  successive  positions  the  equations 
""  -  ^i  +  !7  _  "^  -  ^'i     "-  -  ^1  _  'g'  -  ^'»  ^-  g. 


\ 


(20) 


These  give 

H-  ^t  ^  (w  +  9)  {w'  +  g  +  c) 

2,  -  Zj  ^{w'  +  c) 

a  constant  ratio.  An  equation  similar  to  (27)  could  of 
course  be  found  for  two  successive  steps  on  W. 
T,  r.ray's  Mr.  T.  Gray  has  also  suggested  the  following  very 
Diff  ^^  simple  method  which  is  practically  identical  with  that 
tiftl  G«l-  previously  used  by  Prof.  Tait  for  the  comparison  of  low 
Taiiomaier.  resistances  (see  below,  p.  371).    It  has  been  found  to  give 
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excellent  results.  The  arrangement  is  shown  in  Fig.  78.  T.  Gray's 
The  wire  FT  to  be  calibrated  is  joined  up  in  series  with  a  Differen- 
siDjrle   Daniell  or  stora<re-cell,   with   resistance  *  just   *^^  ^^}' 

o  ^.  J,  n.        n       '       '     manometer. 

enough  to  prevent  an  excessive  current  trom  flowing  m 
the  circuit,  if  the  cell  is  of  very  low  resistance.  It  is 
advantageous  to  use  a  differential  galvanometer.  A 
pair  of  electrodes  (not  shown  in  the  figure)  from  one 
coil  of  the  galvanometer  are  attached  to  terminals  which 
are  fixed  for  the  time  in  contact  with  the  wire  W  at 
two  point3  close  to  one  end,  or  at  the  two  ends  of  a  con- 
venient gauge  wire  in  the  same  circuit.  The  resulting 
deflection  is  annulled  by  placing  electrodes  from  the 


hF 


"6 


w 


<i> 


-M 


B 


Fig.  78. 

other  coil  in  contact  at  other  two  points  on  the  wire. 
For  the  latter  pair  of  terminals  it  is  convenient  to  have 
a  sliding  piece  with  two  contacts,  one  for  each  terminal, 
^ith  index  marks  opposite  the  scale  at  a  distance  apart 
nearly  equal  to  that  between  the  contacts.  A  part, 
carrying  one  index  mark,  and  the  corresponding  contact 
making  point,  is  made  movable  with  a  fine  screw,  so 
that  the  distance  between  the  contact  pieces  may  be 
increased  or  diminished  by  a  small  amount  to  enable 

*  Since  this  resistance  need  not  be  of  known  amount  it  may  be  that 
of  a  convenient  portion  of  a  rheostat  wire  incladcd  in  the  circuit  (see 
p.  328  abore). 


COMPARISON  OF  RESISTANCES. 

Jr.  GriiT'«  balance  to  bo  obtained.     Tbis  double  contact  piece  I 
wifertn'^  simply  moved  along  by  steps  each  equal  to  the  < 
tance    existing   between  the  contacts,   which   insi 
*  that  the  nearer  point  of  contjict  with  the  wire  for 
new  position  la  coincident  with  the  farther  poiat 
contact   for  the   last   position,  the  words   nearer 
farther  being  used  relatively  to  the  end  of  the  wira 
which  the  calibration  is  begun.     The  farther  contact  h 
the  movable  one,  and  this  is  adjusted  for  compensatioa 
at  each  step.     Plainly  the  wire  is  thus  divided  into 
steps  of  equal  resistance.     The  contacts  may  also  bo. 
made  by  fine  wires,  caused   by  light  weights  to 
on  the  wire  which  is  being  calibrated.    I'or  a  sim] 
test  of  the  uniformity  of  a  wire,  the  contacts  may  h' 
simply  slided  along  the  wire,  and  the  change  in  deflection 
noted.     The    distance    through   which   the   adjiistAli!>j 
electrode  would  have  to  be  moved  in  order  to  redoce 
the  deflection  to  zero  for  any  step,  may  be  inferred  ft 
the   deflection   produced   by  transferring  the  movi 
terminal  once  for  all  by  the  micrometer  screw  thi 
a  measured  distance  along  the  wire. 

By  thus  displacing  the  movable  contact  piece  throi 
a  small   distance   from   the  position  for  balance, 
observing  the  deflection,  the  Bensibility  of  the  metlii 
can   be   ascertained   and   increased   or  ilimintshed 
altering  the   resistance   or  the  electromotive  force 
circuit 

The  theoiyoftbis  method  is  obvious.     Thedifie 
of  potentials  between  the  ends  of  the  movable  clfcl 
when  balance  is  obtained  is  always  in  the  same  ratio 
the  difference  of  potentials  between  the  Sxed 


COMPARISON  OP  TWO  NEARLY  EQUAL  COILS. 

wever  the  electromotive  force  of  tlie  battery  may 
lory;  hence  the  distance  between  them  for  balance  is 
UJependent  of  the  current  flowing  through  the  battery. 
The  same  method  can  be  used  with  an  ordinary 
ftlvanometer  by  bringing  the  spot  of  light  back  to  the 
>  position  by  means  of  a  controlling  magnet  The 
Ktrodes  are  then  shifted  step  by  step,  and  any  change 
t  the  deflection  is  shown  by  the  deflection  of  the  spot 
i  light  from  zero. 

'  In  all  these  methods  disturbance  from  thermoelectric 
rents,  due  to  accidental  differences  of  temperature 
t  the  surfaces  of  contact  of  dissimilar  metals,  is  to  be 
avoided  by  using  the  reversing  key  in  the  battery 
circuit,  and  balancing  for  both  directions  of  the  current ; 
and  if  there  is  any  difference  of  position  for  balance, 
taking  the  mean  position  as  the  correct  one. 

The  slide-wire  bridge  may  be  used  for  the  accurate 
comparison  of  resistance  coils  with  a  standard,  say  for 
the  adjustment  of  single  ohms  witli  a  standard  ohm. 
Fig.  71  (p.  338  atHJve)  shows  the  arrangement  adopted, 
7\  and  »-,  are  the  resistances  of  the  coils  a,  b  to  be  com- 
pared, and  are  nearly  equal,  jj  and  r^  are  the  resist- 
ances of  the  two  coils  c,  d,  and  are  each  nearly  equal  to 
r,  or  r,.  The  connections  are  made  by  mercury  cups  as 
already  described.  Balance  is  obtained  with  the  contact- 
>  somewhere  near  the  middle  of  the  slide-wire, 
coils  7-1,  T^,  are  then  interchanged  and  balance  again 
ained.     By  (21)  above  we  have 


SfiS^I 


■gutut 
Therm  0- 

Diatnrii. 


'•l  -  '■4  =  ^1  -  ^1' (27) 

',  are  the  resistances  of  the  wire  from  A  to 


SSI  COMPAEISON  OF  HESI8TANCES. 

Cotnp«r[-    t,he  point  of  contact  in    tlio   two  cases.      If  p  be   the 

'by  SUdc^  resistance  per  unit  of  k-ngth  for  the  whole  wire,  »,,  dj 

*''=       the  distances  (reduceJ,  if  necessary,  by  calibration,  as 

shown   above,   to  distances   along   a  wire  of  uniform 

raaistance  p  per   unit  of  length)  measured   along  the 

wire  from  A,  we  have 


»C>,  -  «s) 


■     (28) 

These  results  are  evidently  free  from  any  uncertainty 
as  to  the  resistance  of  tLe  junctions  of  the  slide-wire  to 
the  copper  bars  at  its  ends,  and  from  any  error  due  to 
want  of  correspondence  between  the  index  raarb  on  the 
slidiug-piece  and  the  pM*iut  of  contact.* 

If  a  separate  experiment  be  made  with  a  coil  of 
accurately  known  resistance  r,,  jnst  a  very  little  leas 
than  that  of  the  whole  wire,  and  a  second  conductor 
of  resistance  T^  so  small  that  it  may  be  neglected,  the 
value  of  p  may  be  obtained  from  the  equation 


P  = 


Si-Sj 


If  the  coils  compared  are  too  unequal  to  allow  balance 

to  be  made  on  the  wire,  a  series  of  intermediary  coils 

may  be  obtained,  so  as  to  give  a  gradual  descent  from 

one  coil  to  the  other. 

MathcMl  of      The  resistance  of  the  wire  between  any  two  readings 

R^u^  may  also  be  determined  by  the  following  method,  which  is 

wire  *  1^^ '^■^"'^'^r^  <=°'l  ""7  ^  "'^u'^'^'y  o4J<l"ted  to  any  required 

valae  b;  first  making  jt  slighdj  too  great,  and  then  jaining  it  in 
nnltiple  aic  with  a  thin  wire  cut  so  as  to  give  as  oMrly  aa  posaible  th« 
Tequired  correction.  If  the  ob«erT«d  reiistance  be  r„  and  that  reqoirad 
Tj,  tba  naiatuice  of  Uia  correcting  wire  is  rir^(r,  -r,). 


I 


MEAaDBKMENT  OF  RESISTANCE  OF  SLIDE-WIRE. 

due  to  Mr.  D,  M.  Lewis.  The  total  resistance  of  the  wire 
is  approximately  found  by  measuriug  it  with  an  ordinary 
bridge  consisting  of  a  post^ofBce  set  of  coils  or  other 
available  form  of  resistance  box.  Two  coils  are  then 
made,  tbe  resistance  of  each  of  whicb  is  less  tbiui  unity 
by  a  quantity  which  is  nearly  equal  to,  but  not  greater 
than,  the  total  resistance  of  the  wire,  Theae  can  be 
also  made  by  means  of  an  ordinary  resistance  box. 
Let  Ri,  Jij  be  the  aa  yet  not  accurately  known  resistances 
of  these  coils.  Each  is  tested  as  follows  in  the  slide 
wire  bridge  against  a  unit  coil,  a  standard  ohm  for 
example.  The  unit  coil  is  first  placed  in  the  position  a 
of  Fig.  71,  and  one  of  the  two  resistances,  Jij  say,  is 
placed  in  tbe  position  b.  The  connections  should  be 
made  by  mercury  cups  as  already  described.  In  the 
positioQB  marked  c,  d  are  placed  permanently  two  coils 
of  nearly  equal  resistance.  The  magnitudes  of  these 
need  not  be  known,  but  should  not  be  greater  than  one 
or  two  units.  Balance  is  obtained  with  the  slide  S  at 
a  point  near  the  end  B  of  the  slide  wire,  and  the  reading 
on  the  slide  scale  is  taken.  The  coil  R^  and  the  unit 
are  then  interchanged,  and  balance  obtained  with  the 
slide  near  A.  The  difference  of  the  two  readings  gives 
the  length  of  wire  intercepted  between  them,  and  this 
must  be  equal  in  resistance  to  1  —  Ji,, 

The  other  coil  R^  is  now  substituted  for  fl,  and  two 
readings  for  which  balance  is  obtained  taken  iu  the 
same  way.  These  give  a  length  of  the  wire  the  resist- 
ance of  which  is  1  —  R^, 

The  two  resistances  are  now  pat  together  in  series 
and  tested  against  the  unit  in  precisely  the  same  way. 


Hetliod  o 
Gmling 

orSlitte 
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Motliod  of  and  give  between  tlie  two  reaiiings  taken  a  length  of 

ReSe  wire  Of  resbt^nce  R,  +  B^-1. 
.ifSlide  Now  from  ii  previously  made  caiibration  of  the  wire 
the  resistances  of  the  three  portions  of  the  wire  thua 
observed  can  be  obtained  in  terms  of  tiie  resistance 
of  the  calibration -step,  and  three  equations  are  thus 
available  for  the  determination  of  the  three  unknown 
quantities  R^,  E^,  and  r,  the  resistance  of  the  step  used 
in  calibration,  as  in  p.  346  above.  The  following  table 
gives  the  results  of  this  process  applied  to  the  slide  w-ire 
the  calibration  of  which  is  given  above. 


1 

I 


BMUmoM. 

Wtre. 

ofr.    ObUl™d(ren>T.We.p.M»ibo«. 

Left. 

Right 

^1 

1 

«. 

1-40 
97-72 

9-130G3r 
[9-47875  ^-13220--21690=9-135] 

t 

1 

014 
98-97 

9-36797r 
p-47873 --01322 --09754=9-363] 

»,+«. 

1 
«.  +  «■ 

69-70 
31-46 

3-6249flr 
[379058- -02843 --13717=3-625) 

Hero  1  -  E,  -  913Ir,  1-  R,  =  9-368r 

S,+B,-l-  3'625r 
and  therefore 

_2^Jii     1  -  R3    fl,  +  fl^~i i_  _ 

'"   0131    '    9-368    "       3-625       ~    22124" 
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Substituting  this  value  of  r  in  the  first  two  equations 
we  find  Ri  and  B^  This  can  be  used,  as  shown  at  p.  346 
above,  to  find  the  resistance  of  the  portion  of  the  wire 
between  any  two  readings  of  the  scale. 

An  accurate  comparison  of  two  nearly  equal  resist-  Compari- 
ances,  for  example  a  unit  with  its  copy,  can  be  obtained  "^^^ri^^ 
by  making  the  r^  and  r^  to  be  compared  occupy  the  ^vaA  Re- 
positions c,  d,  of  Fig.  71.    Balance  is  first  obtained  with 
r^  and  r^  in  one  pair  of  positions,  then  they  are  inter- 
changed and  balance  again  obtained.    Assuming  that 
the  permanent  resistances  are  included  in  r^,  r^,  rg,  r^, 
and  giving  z^,  Z2  the  same  meanings  as  at  p.  345  above, 
we  have 

7-2  ^       r^  +  Zi       _  r^  -h  w  "  z,2 
rg       r^  +  w  ^  z^"       rj  i-  z^ 

__     r^-^-  r^4-  w  -^  z^  —  z^ 
""  rj  4-  r^  -h  t^  -  («i  -  22) 
and  therefore 


^2  -  ^3  _  2(2j  -  2:2) 


(30) 


^3  ?'i  +  r^  +  it;  -  {z^  -z^     *    ' 

Hence  the  greater  r^  +  r^  the  greater  z^  —  z^.  Thus 
by  choosing  a  pair  of  resistances  as  neiirly  equal  as 
possible,  and  sutBciently  great,  rg  and  r^  may  be  com- 
pared to  any  needful  degree  of  accuracy. 

The  permanent  resistances,  a,  ff  say,  corresponding  to  Measure- 
the  coils  a,  b  of  Fig.  71,  may  be  estimated  by  the  following  "^^^^^ 
method,  by  which  two  low  resistances  can  be  measured  Low  Re- 
when  the  ratio  of  two  others  is  accurately  known.  Let  ®^^**'^^®*- 
the  resistances  rg,  r^  of  c,  d  in  Fig.  70  have  the  known 
ratio  /A.     We  shall  suppose  r^  and  r^  to  be  so  low 
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resistances  that,  with  a  value  of  {i  Hifferiog  conBidei^ 
ably  from  unity,  balance  can  be  found  on  the  win 
Balance  is  obtainctl  with  the  coils  in  the  positio 
shown  in  Fig.  71 ;  tiien  r^  and  r^  are  interchangectfl 
and  balance  is  again  obtfdned.     We  have 


^^+  w  -  ;, 
From  these  equations  we  obtain 


■(^4 


If  thick  copper  pieces  be  substituted  for  the  coils  a,  6  o 
Fig.  71,  their  resistances,  if  the  connections  as  is  under? 
stood  are  made  with  proper  mercury  cups,  may  be  talten^ 
OS  zem,  and  a  and  jd  are  approximately  given  by  (31)S 
The  values  of  a,  ^  thus  obtained  may  be  used  for  tha^ 
coiTeclion  of  the  values  of  r,,  r^  found  as  just  describt 
This  correction  will  not  be  appreciably  affected  by  tlw 
unknown  permanent  resistances  corresponding  to  tlu 
coib  c,  d.  if  Ti.  Tg  are  taken  moderately  large  so  that  thq 
actual  ratio  may  be  taken  as  equal  to  their  known  ratioi 
'  DbvomH-       Neither  of  the  arrangements  of  Wheatstone's  Bridge 
l^Bfi^^  described  above  is  at  all  suitable  for  the  comparison  a 
the  resistances  of  short  pieces  of  thick  wire  or  rod,  foi 
example,  specimens  of  the  main  conductors  of  n  Io4 
resistance  electric  light  installation,  the  resistoncea  < 
which  are  so  small  as  to  be  eompanible  with,  if  not  V 
than,   the  resistances  of  the  contacts  of  the  differen 
wires  by  which  they  ai-e  joined  for  moasurement. 
obtain  an  accurate  result  in    such   a   case,  we   m 
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compare,  directly  or  indirectly,  the  diflFerence  of  poten- 
tials between  two  cross-sections  in  the  rod  which  is 
being  tested,  with  the  diflFerence  of  potentials  between 
two  cross-sections  in  a  standard  rod,  while  the  same  cur- 
rent flows  in  both  rods,  in  a  direction  parallel  to  the  axis 
at  and  everywhere  between  each  pair  of  cross-sections. 

Sir  William  Thomson  has  so  modified  Wheatstone's  Thomson'B 
Bridge,  by  adding  to  it  what  he  has  called  secondary      ^^ 
conductors,  as  to  enable  it  to  be  used,  with  all  the  con-  Secondary 

Conduc- 

venience  of  the  ordinary  arrangement,  for  the  accurate      tow. 
comparison  of  the  resistance  of  a  foot  or  two  of  thick 


Batterjf 


copper  conductor  with  that  between  two  cross-sections 
in  a  standard  rod.  The  arrangement  is  shown  in  Fig. 
79.  CD  are  two  cross-sections,  at  a  little  distance  from 
the  ends  of  the  conductor  to  be  tested,  and  AB  are 
two  similar  cross-sections  of  the  standard  conductor. 
These  rods  are  connected  by  a  thick  piece  of  metal,  so 
that  the  resistance  between  JS  and  C  is  very  small,  and 
the  terminals  of  a  battery  of  low  resistance  are  applied 


r  so 

lost 
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t  the  other  extremities  of  the  nxls  as  shown.  Th^' 
Ktions  BC  are  connected  also  by  a  wire  BLC,  and  the 
r  sections  AD  by  a  wire  AMD,  in  each  case  by  as  gotid 
nieUillic  contacts  as  possible.  BLO  and  AMD  may 
very  conveniently  be  wires,  along  which  sliding  contact-  , 
jiieces  L  and  J/ can  be  moved,  with  resistances  .B,B,fl,J~ 
uf  half  an  ohm  or  an  ohm  each,  inserted  as  shown  L 
the  figure.  The  sections  A,  D  are  so  far  from  the  ends' 
of  the  rods,  and  the  wires  AMD,  BLC  are  made  of  so 
gr«at  resistance  (one  or  two  ohms  is  enough  in  most 
cases),  that  the  current  throughout  the  portions  of  ^tft  j 
conductors  compared  is  parallel  to  the  axis,  aod  thi 
effect  of  any  small  resistance  of  contact  there  may  \ 
at  A,  B,  (',  D  is  simply  to  increase  the  effective  resist- 
ance of  BLG  and  AMD  by  a  small  fraction  of  the  actual 
resistance  of  the  wire  in  eacli  case.  The  terminals  of 
the  galvanometer  G  are  applied  at  L  and  M,  and  ibe 
circuits  of  the  galvanometer  and  battery  are  oom^ 
pie  ted  through  a  double  key  as  in  the  ordiiu 
bridge.  A  reversing  key  is  inserted  in  the  batte 
circuit  as  in  other  cases,  to  enable  the  comparison  to  I 
made  with  both  directions  of  current. 

Let   the  resistances  AM.  DM  be  denoted  by  r,.  »"|'^ 
BL.  CL  by  a.  b.  AB,  CD  by  r,.  r„  and  BC  by  «.     Supi 
r,  and  r^  to  be  varied  by  moving  the  sliding  piece  ati 
till  no  current  flows  through  the  galvanometer.    To  R 
tlie   relation  which  must  hold  among  the  rusistAnflf 
when  this  is  the  case,  we  may  suppose  the  poiut  X,  c 
nected  by  a  bar  of  zero  resistance,  with  the  croa 
of  E,  which  is  at  the  same  potential  as  L.    Call  1 
3-section  K.    The  resistance  of  the  ]>ortioii  of  BC  1 
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the  left  of  JT  is  a«/(a  +  J),  and  of  the  portion  to  the  Thomson's 
right  i«/(a  +  b).     The  resistance  between  B  and  KL      ^^^ 
is  therefore  {ahl{a  +  &)}/{«  +  asKa  +  6)},  or  ««/(a  +  i  +  8),  ^^^^*^>' 
and  similarly  that  between  C  and  JTX  is  6a/(a  +  6  4-  «).      tors. 
Hence  by  (1)  we  have 


^{^^  +  irfhr)'''''{''*-^rrh-} 


or 


8 


^1^  -  ^2  =  ^  ^  5  ^  /g^s  "  ^i)    •     •     •     (32) 

Now  8  has  been  supposed  very  small  in  comparison 
with  a  +  b,  and  a  and  2^  can  be  easily  chosen  so  as  to 
make  ar^  —  br^  approximately  equal  to  zero.  Hence 
equation  (4)  reduces  to 

ri^l'r, (33) 

the  formula  found  above  for  the  ordinary  Wheatstone 
Bridge. 

The  apparatus  illustrated  in  Fig.  80  is  convenient  for  Practical 
the  carrying  out  of  this  method  in  practice.  On  a  ^PP^**" 
massive  sole  plate  of  iron,  P,  are  mounted  two  vertical  Thomson's 
guide-rods  of  copper,  A,  A,  and  parallel  to  these  the  ^^' 

rods  to  be  compared,  viz.,  a  standard  rod  C,  and  the 
rod  to  be  tested  C^  C,  C^  are  .supported  with  their 
lower  ends  in  two  mercury  cups  cut  in  a  single  block 
of  copper.  This  block  corresponds  to  the  piece  £  in 
Fig.  79.  The  upper  ends  of  (7,  Cj  are  fixed  in  screw 
blocks  of  copper,  i,  i,  to  which  also  are  attached  the 
terminals  of  a  constant  battery  JS  of  low  resistance.  A 
reversing  key  K  is  interposed  between  t,  t  and  the 
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l»tterr.     A  scaJe  D  graduated   along   its   two   edges 
nearly  fills  tlie  space  between  the  rods  C,  C,. 


A  pair  of  resistance  coils,  r,  r,  are  fixed  to  the  sole 
plate,  and  liave  one  terminal  of  each  connected  hy  a 
atrip  of  copper,  which  also  carries  the  terminal  screw  T. 
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The  other  terminals  of  these  coils  are  fixed  to  two  pnMitieal 

mpper  slidera,  S^,  S^,  which  move  aloug,  but  are  in-  ■APPF"™* 

lulated  from,  the  giiide-rods,  and  cany  contact  pieces  ThonsBon'a 

',  each  of  which  is  bevelled  off  to  a  knife-edge  on  "  ^^' 

a  level  with  its  upper  side.     This  knife-edge  is  pressed  ^^ 

Igainst  the  corresponding  rod  by  springs  s,  s,  which  are  ^H 

insulated  so  as  not  to  touch  the  rods.     The  coils  r,  r  ^^t 

'toe  attached  directly  to  the  contact  pieces  c,  c.    Thus  ^^| 

S^r  T T  S3,  corresponds  to  the  partial  circuit  BRLRC  ^H 

of  Fig.  79.  ^M 

Near  the  upper  ends  of  0,  C^  is  a  similar  arrangement  ^^| 

of  sliders.  S,  S^  with  spring  contacts  and  attached  coils,  ^H 

£,  R.    These  coils  are  connected   by  a  copper  strip  ^H 

^^mrhich  carries  the  terminal   T^     The  coils  R,  R  are  ^H 

^^fcttached  to  the  upper  ends  of  the  guide-rods  A,  A,  and  ^H 

^^^Hirough  these  to  the  sliders  S,  Sy    The  gutde-rods  are  ^H 

^^uo  thick  that  no  appreciable  change  is  made  in  the  ^^| 

^H'tatio   of  the   resistances   of  the   parts   of  the  partial  ^^| 

^Hheircuit  SRT,RS^  on  the  two  sides  of  T,  by  varying  the  ^H 

positions  of  tlie  sliders.    This  partial  circuit  corresponds  ^H 

to  ARMED  of  Fig.  7i).  ^M 

Each  pair  of  coils,  r,  r  and  R,  R,  may  be  wound  on  a  ^H 

single   bobbin  with   advantage.     The  arrangement   is  ^^M 

thereby  rendered  more  compact,  and  there  is  less  risk  ^^M 

of  error  from  difference   of  temperature  between  the  ^^M 

^L^bobbina,  or  of  thermoelectric  disturbance  between  their  ^H 

^B^ermin&la.  ^H 

^H^   Between  T  and  T,  is   placed  the  galvanometer  G,  ^H 

^^Brhich   is   provided  with   a   simple   key  A',  placed   for  ^^M 

^^^WDvenieuce   in   the   actual    arrangement    beside   the  ^^H 

^■kBhis  key  K  ^^^H 


■ 

m 

1 
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MatthieB- 

Where                    B  =  r  +  a  +  k. 

M 

■      HoekiD'i 
K     Uethod. 

similarly                                                     ^| 

k          R                        ™ 
Therefore 

n 

1 

b-  a        r*i  -  r,  +  /3  -  a 

■    (35) 

k                         R               '     ■     ■ 

1 

In  the  same  way  we  get 

w 

d-c       /.-f.  +  S--, 

.     (3G) 

i                      R            ■    ■    ■ 

and  cotnbiniDg  the  last  two  equations  we  get  for  the 
ratio  of  the  resistances  of  the  conductors  between  the 
pairs  of  knife-edges- 


b-a 
d-s 


/i  -  r,  +  ff  -  t 
=  /   _  .  +  S  _  - 


(37) 


PotentiaU. 


Usthod  of  The  following  method  of  comparing  resistances 
Comp«ri-  ^^  ^^  principle  the  same  as  Thomson's  Bridge  with 
secondary  conductors,  and  Matthiesseo  and  Hockin's 
method  described  above,  a^,  hke  them,  it  consists  in 
comparing  the  difference  of  potentials  between  two 
cross- sections  near  the  ends  of  the  conductor  to  be 
tested  with  the  difference  of  potentials  between  two 
cross-sections  in  a  standard  conductor,  when  the  same 
uniform  current  ia  flowing  in  both.  It  is,  however,  more 
readily  applicable  in  practice,  and  is  very  useftil  for  a 
great  many  purposes,  as  for  example,  in  the  testing  of 
the  armatures  or  magnet  coils  oiM/AjgSg^  in  the  esti- 
mation of  the  resistances  of  cooti^^^^^n  the  deter- 
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of  the  specific  condoctivities  of  thick  copper  Mijdiod  of 

jods.     All  that  is  required  is  a  small  battery,  a   Compwi- 

suitable    galvanometer    of    sufficient    seDsibiltty,   ^^"^  p1'"'tiM 

two  or  three  resistance  coils  of  froui  ^  ohm  to  1  ohm. 

These  coils  may  very  convenieatly  for  many  purposes  he  ^_ 

made  of  galvanised  or  tinned  iron  wire  of  No.  H  or  16  ^^M 

B,  W.G,,  wound  round  a  piece  of  wood  ^  inch  thick,  from  ^H 

^H'8  to  10  inches  broad,  and  from  12  to  18  inches  long,  with  ^H 

^^biotches  cut  in  its  sides,  at  intervals  of  a  quarter  of  an  ^H 

^^Rnch,  to   keep   the  wire   in   position.     To  avoid   any  ^^M 

^^pelectromagnetic  effect  which  may  bu  produced  by  the  ^^M 

^H  coils  if  they  happen,  when   carrying   currents,  to  be  ^^M 

^V  placed   near  the  galvanometer,   the   wire    should    be  ^^M 

doubled  on  itself  at  its  middle  point,  the  bight  put  ^^M 

round  a  pin  fixed  near  one  end  of  the  board,  and  the  ^^M 

wire  then  wound  double  on  the  board,  the  two  parts  ^^M 

being  kept  far  enough  apart  to  insure  insulation.     Re-  ^^M 

sistance  coils  made  in  this  way  are  exceedingly  useful  ^^M 

for  electric-lighting  experiments,  as  the  thickness  of  the  ^^M 

wire  and  its  exposure  everywhere  to  the  air  prevent  ^^M 

undue  heating  by  strong  currents,  or,  if  there  is  much  ^H 

I      heating,  obviate  the  risk  of  damage.     For  the  battery  a  ^H 

^^Ksingle  cell,  as  for  example  a  gravity-Dauiell,  or,  if  the  ^^M 

^^^BEtttery  is  to  be  carried  from  place  to  place,  two  her-  ^^M 

^^Hpatically-sealed  chloride  of  silver  celb,  which  may  be  ^^M 

^^Hciined  in  series  or  in  multiple  arc  as  required,  may  very  ^^M 

^^^■onvoniently  be  used.     Sir  William  Thomson's  graded  ^^M 

^^^■otentiol  galvanometer  *   (see   Vol,   II.)   is   the   most  ^^H 

^^^B  *  HiUub  high  resLatancegslTaiioioeterin  whit^h  the  nro<]l«  flyati^m.  ^^H 

^^^Bsu^ntnmeUr,  can  he  [itu-ed  with  its  cciilK  itt  lUiriTeut  dieUnivs  ^^| 

^^^^^nn  tlie  eentre  of  itie  coil  to  give  diffsreut  Jugrees  of  seDsibitiljf ,  and  ^^^H 

^^^B^rthet  f  nivi Jed  wiih  one  or  mora  tangnets  to  inleniif;  tlie  nio^autic  ^^^^ 


Sfii 
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Practical        In  tfao  uae  of  the  instrument  tlie  rods  to  be  comparei! 
^'fj'   *  are  placed  in  position,  and  the  sliders  on  the  rod  of 

Thonuon'a  lower  resistance  are  placed  so  that  their  upper  edges, 
and  therefore  their  knife-edgea,  are  opposite  the  lowest 
and  uppermostdivisions  of  the  scale.  The  lower  contact 
piece  on  the  otlier  rod  is  placed  with  its  upper  edge 
opposite  the  lowest  division  of  the  scale  on  that  side. 
The  upper  contact  piece  on  the  same  rod  is  then  sliifted 
until  no  current  flows  through  the  galvanometer. 
Balance  is  obtained  for  both  directions  of  the  current, 
and  the  mean  position  of  the  slider  taken,  to  eliminate 
error  from  thermoelectric  disturbance. 

A  number  of  standard  rods  of  different  thicknesses 
are  provided  with  the  instrument  in  order  that  nearly 
equal  ratios  may  be  obtained  over  a  wide  range  of  low 
resistances. 


-        1  '^C3c' 
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The  following  method  was  used  for  the  same  purpose 
by  Messrs.  Matthiesaen  and  Hockin  in  their  researches 
on  alloys.    AB,  CD,  Fig.  81,  are  the  two  rods  to  be 
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compared.  They  are  conoected  in  circuit  with  two  Matthfd 
coils  of  resietancoa  r,  s,  which  have  between  them  a 
graduated  wire  WW,  as  in  Kirchhoff's  bridge.  SS  are 
two  sharp  knife-edges,  the  distance  of  which  apart  can 
be  accurately  measured,  fixed  in  a  piece  of  dry  hard 
wood  or  vulcanite,  and  connected  with  mercury  cups  on 
its  upper  side.  This  arrangement  is  placed  on  the 
conductor  AB,  so  that  the  knife-edges  making  contact 
include  between  them  a  length  SS'  of  the  rod.  Tf  is 
a  precisely  similar  arrangement  placed  on  CD.  One 
terminal  of  the  galvanometer  ia  applied  at  S,  and  the 
resistances  r,  s  adjusted  so  that  a  point  P  on  the  wire 
which  gives  balance  is  found  for  the  other  terminal. 
The  terminal  of  the  galvanometer  is  shifted  to  iS",  and  a 
second  point  P  found  by  varying  the  resistances  of  the 
coils  from  r„  s,  to  t\,s\  in  such  a  manner  as  to  keep 
the  sum  t  +  s  constant.  Similarly  balance  is  found  for 
TT'  with  values  t^,  Sj,  r'j,  s\,  for  the  resistances  of  the 
coils,  fulfilling  the  condition  that  the  sum  r  +  ij  is  the 
same  as  in  the  former  case.  Let  a,  h,  c,  d,  Ic  denote  the 
resistances  between  L  and  S,  L  and  5",  L  and  T,  L  and  T . 
L  and  U  respectively ;  a,  fi,  7,  S  the  resistance  between 
°in  the  four  cases,  «  the  resistance  of  the  whole 
t  WW.    We  have  by  (1) 


(34) 
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t  4f  O^ow.  luay  serve  to  illustrate  this  method.  An 
^  ■«■  vtn  coil,  of  half  an  ohm  resistance,  was  joined 
to  «mt  of  Ute  tenniaais  of  a  standard  Dauiell,  and  short 
vim  tttadied  to  the  other  terminal  of  the  cell  and  the 
ftw  •»!  of  the  coil  were  made  to  complete  the  circuit 
tkoogb  the  srmature,  by  being  pressed  on  two  diametric- 
ally Ofiposite  commutator  bars,  from  which  the  brushes 
•ad  the  DUgnet  connections  had  been  removed.  The 
nhirtmrln  of  the  galvanometer,  which  was  one  of  Sir 
ViUuun  Thomson's  dead-beat  reflecting  galvanometers 
of  high  n^sistance,  were  apphed  alternately  to  the  same 
eoounutator  bars,  and  to  the  ends  of  the  half  ohm,  find 
tho  readings  recorded.  The  following  are  the  results, 
•xtncted  irom  the  Laboratory  Records,  of  three  con- 
secutive experiments : 

EXPERIUEHT  1. 

BsuUng  on  DeflKtlon  of 

aalr.  Spot  of  Light. 


Optntten. 
GbIv.  zero  read 
Electrodes  on  ^  ohm 


597 


383 


ElFEKlMENT    II. 

Oalv.  zero  read  21 

Electrodes  on  armature  60 


EXPBBIUENT  III. 

Oalv.  zero  read  214 

Electrodes  on  ^  ohm  874  660 

„  „  urmature  607  393 

„  „  i  ulim  672  658 

The  first  experiment  gives  for  x  the  value,  SUS  x  '5/643, 

m  '298  ohm.     The  other   two   experiments,  although 


^  resut 

I 
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their  numbers  are  different,  give  very  nearly  the  same 
result,  which  agrees  closely  with  a  measurement  made 
iut  eight  months  before,  by  the  same  method,  with  a 
led  potential  galvanometer. 

In  the  ordinary  testing  of  the  armatures  of  machines 
by  this  method,  the  circnit  of  the  battery  may  be  com- 
pleted through  the  brushes ;  but  if  the  machine  has 
been  wound  on  the  shunt  system,  care  must  he  talcen 
.to  previously  disconnect  the  magnet  coils.  In  every 
ease  the  galvanometer  electrodes  must  he  placed  on  the 
commutator  bars  directly. 

Prof  Tait  •  has  used  a  differential  galvanometer  (see 
below,  p.  37+)  for  this  method  of  determining  low  resist- 
ances. The  conductors  to  be  corapai'ed  were  arranged 
in  scries,  so  that  the  same  current  flowed  through  both. 
The  terminals  of  one  coil  were  then  placed  at  two 
points  on  one  conductor,  the  terminals  of  the  other 
coil  at  two  points  on  the  other,  such  that  the  galva^ 
nometcr  deflection  was  zero.  The  difference  of  poten- 
tials between  the  points  of  eaeh  pair  was  therefore  the 
same  in  the  two  cases.  Hence  the  lengths  of  portions 
of  the  two  conductors  of  equal  resistance  were  obtained . 

The  following  zero  method,  due  to  Mr.  T.  Gray,  is 
founded  on  the  same  principle.  The  arrangement  of 
apparatus  is  shown  in  Fig,  82.  One  terminal  of  a 
battery  of  one  or  two  low  resistance  cells  is  attached  to 
a  stud  on  a  thick  copper  bar  P,  the  olher  terminal  to  a 
metallic  axis  round  which  the  copper  bar  A  turns.  The 
k  makes  contact  at  its  outer  end  with  a  bare  wire 

id  a  bare  rod  bent  round  into  concentric  circles  with 
■   Tram.  R.S.E.,  va\,  :ixriii.  1877-8. 

D   B    2 


Pottnti.il 
Method 

with 
Doubis- 
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'ii^kS'  '*'**'*  *'  *^®  ^'^'^  "f  t^''  ^^'  ^"^"^  having  a  pair  i 
remote  extremitiea  connected  with  mercury  cups  i 
binding  tenninals,  and  the  other  pair  of  extremiti 
free  as  shown.  To  one  of  these  terminals  is  connccld 
one  end  of  the  bar  to  be  tested,  to  the  other  < 
end  of  tlie  standard  bar.  The  other  end  of  one  { 
these  bars,  say  the  gtandard,  is  connected  to  a  mercin 
cup  S,  which  is  in  line  with,  but  is  insulated  from 
a  row  of  mercury  cups  or  a  mercuty  trough  cat  in 
a  copper  bar  placed  parallel  to  P.     Between  this  bar 


and  the  trough  are  stretched  a  series  of  parallel  ' 
all  of  the  same  material  and  length  and  as  nearly  i 
passible  of  the  same  resistance;  and  a  single  wire.  I 
the  same  resistance,  material,  and  length,  connects  t 
bar  P  and  the  cup  S  with  which  the  standard  bar  is  t 
contact.    These  wires  may  be  conveniently  slraigbt  r< 
of  platinoid,  an  eighth  of  an  inch  in  diameter,  and  i 
feet  long,  soldered  at  one  end  to  the  bar  P,  and  | 
the  other  to  stout  wcU-amalgamaled  copper  terminaj 
dipping  into  the  mercury  cups  or  trough.     The  f 
may  be   made   of  the   same   resistance   by  meana  i 
a    slide    wire    bridge,   or   by   the    method    doscrilM 
below. 
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J' The  cup  S  and  the  terminals  T  are  now  brought  to   Pnttaitbl 
Hie  potential  by  turning  the  bar  h  round  on  the  circular      ^riili 
wire  until  a  seneitive  galvanometer,  /,  joining  them    Doum 
shows  no  deflection.     This  galvanometer  is  then  left 
^nnected,  and  by  means  of  a  second  sensitive  galvano- 
,  two  pairs  of  points  a,  d  and  c,  d  are  found 
Btween  which  in  each  case  no  current  flows  when  they 
e  connected  by  a  wire.    Each  pair  of  points  are  there- 
;  at  the  same  potential.     Hence  if  we  denote  by  ri 
i  resistance  of  the  standard  between  b  and  d,  by  r.^ 
^at  of  the  other  rod  between  a  and  e,  and  by  n  the 
mber  of  wires  joining  F  and  T,  we  have 


I A  differential  galvanometer  (p.  374  below)  with  two 
■dependent  pairs  of  terminals  may  be  employed  for  this 
^thod.  One  coil  may  be  made  to  join  a,  b,  the  other 
K  d,  or  one  coil  may  he  made  to  Join  b,  d,  and  the  other 
i,  c.  In  the  former  case  either  the  effect  on  each  coil 
must  be  made  zero,  or  care  must  be  taken  to  connect  the 
proper  terminals  to  a,  b  and  c,  d.  The  resistance  of  the 
galvanometer  coils  except  when  the  current  in  each 
coil  is  made  zero,  must  be  so  great  as  not  to  cause  any 
sensible  alteration  of  the  potentials  at  the  points  at 
which  the  terminals  are  applied. 

The  wires  joining  P  to  S  and  T  may  be  tested  for 
equality  as  follows.  Two  nearly  equal  wires  are  made 
b Join  Pio  S  and  P  ia  T,  and  h  is  placed  so  that  the 
pvanometer  /  shows  zero  current.  The  wire  joining 
a  3?  ia  then  removed  and  another  put  in  its  plac 
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If   the  current  in  /  still  remains  zero  for  the  i 
position  of  k  the  latter  wire  and  the  former  are  of  t 
same  resist&Dce.     If  not  the   necessary  correction  : 
made  (see  footnote  p.  354)  and  the  comparison  repeatfi 
Before  the  invention  of  the  Bridge  Method  resu 
ances  were  in  general  compared  by  a  process  o 
liition ;  by  varying  the  resistance  in  a  circuit  incladi 
the  resistance  to  be  measured  by  known  amounts;  or 
by  means  of  a  clifferential  galvanometer.     In  the  first 
the  resistance  to  be  compared  was  placed  in  the  circuit 
of  a  galvanometer  and  battery,  and  the  deflectioa  of 
the  galvanometer  noted.     The  nnknown  resistance  w« 
then  replaced  by  a  variable  and  known  resistance,  whichlfl 
was  adjusted  until  the  former  deflection  was  reproduce 
The  unknown  resistance  was  then  taken  as  equal  to  t' 
adjusted  value  of  the  variable  resistance.     This  method 
as  well  as  the  second  involved  the  assumption  that  t' 
electromotive  force  and  resistance  of  the  battery  i 
maioed  the  same  in  both  experimeDts.    This  assompl 
cannot  in  general  be  made  with  safety  if  accurate  results 
are   required.     These  two    methods  are   now   seldom 
or  never  used,  and  we  shall  not  here  further  disc 
them. 

The  method  by  differential  galvanometer  is  umila 
but  does  not  involve  the  assumption  just  refen-ed  t 
A  differential  galvanometer  is  an  instrument  with  td 
distinct  coib  each  with  a  pair  of  terminals  of  its  OV] 
Sometimes  the  two  coils  have  a  common  terminal, ' 
this  arrangement  serves  no  purpose  and  renders  t 
instrument  inapplicable  in  many  cases.     The  coila  I 

n  general  arranged  no  as  to  have  equal  resist* 
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SO  as  to  have  as  nearly  as  possible  equal  magnetic  Method  by 
effects  on  the  needle  for  all  positions  of  the  latter,  tiai  Oalva- 
Thus  in  such  an  instrament  when  equal  differences  of  aometer. 
potential  are  established  between  the  pairs  of  terminals 
so  as  to  produce  currents  in  opposite  directions  through 
the  coils,  the  needle  shows  no  deflection. 

To  determine  an  unknown  resistance  Vz  it  is  joined  as 
shown  in  Fig.  83  to  one  of  the  terminals  ^,  ^  of  a  coil 


Fio.  83. 


of  the  galvanometer.  The  other  end  of  the  resistance 
and  the  other  terminal  of  the  coil  are  connected  re- 
spectively to  the  terminals  a,  &  of  a  battery  B. 
Another  resistance  r^,  is  connected  in  a  similar  manner 
to  the  terminals  8, 8  of  the  other  coil  of  the  galvanometer, 
and  the  terminals  a,  b  of  the  battery.  Thus  the  battery 
current  flows  through  the  two  circuits  i  8  8  a,  b  t  t  a, 
so  that  the  magnetic  effects  produced  at  the  needle 
are  opposed.  The  resistance  rj  is  adjusted  until  no  de- 
flection is  produced.  If  the  resistances  of  the  galvano- 
meter coils  including  the  connecting  wires  on  each  side 
of  a,  b  are  equal,  r^  is  equal  to  r^.  It  is  better  however 
to  avoid  any  error  from  resistance  of  connecting  wires 
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fi  (which  may  now  be  an  unknown  but 
nriable  resistance  such  as  that  given  by  a 
t)  by  such  a  known  resistance  r\  as  does  not 
tbe  equilibrium.  Thon  r„  =  r\.  This  result  ia 
vnd^tly  independent  of  tbe  electromotive  force  and 
resistance  of  the  battery. 

To  find  the  sensibility  of  this  method  let  g,,  jj  be  the 
rea&tAOoes  of  the  coils,  r  the  resistance  of  tbe  battery 
wtd  wires  common  to  both  circuits,  r^,  r^  the  remaining 
puts  of  the  resistances  of  the  respective  circuits,  y^, 
•ff  the  currents  in  the  coils,  m  the  constant  which 
multiplied  into  71  gives  the  deflection  produced  by  the 
coil  of  resistance  ffj,  n  the  corresponding  constant  for 
the  other  coil,  then  if  a  be  the  deflection,  we  have 


a  =  ni7,  -  Ji7j  = 


S{Mff^  +  r^-n(g,  +  r^)} 


^('■i  +  '■i  +  Si  +  ffa)  +  (^i  f  ?,)  (j-j  +  i/t)' 
If  we  denote  the  denominator  of  this  value  of  a  by 
D,  we  may  write  the  equation 


Hence  if  a  be  accurately  zero 


(40) 


(41) 


Suppose,  after  adjustment  has  been  made  as  nearly 
as  possible  to  zero  deflection,  another  resistance  t\  to  be 
substituted  for  rj,  then  calling  D",  a',  E  the  new  values 
of  D,  a,  E,  we  have  by  (41) 


C40a) 


D' 


-^  =  m{g^  +  rj)  -  71(3,  +  r',) 
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Hence  by  (40)  and  (40a)  Sensibility 

n(r',-r,)^§a-P      .     .     .     (42)  ^Di^^n^ 

nometer 

Here  a  and  a'  are  so  small  as  not  to  be  observable,    Method, 
and  hence  to  the  degree  of  accuracy  to  which  each 
deflection  is  equal  to  zero  r\  =  r^,  whether  E  be  equal 
to  £'  or  not. 

By  first  adjusting  so  that  a  is  apparently  zero,  then 
putting  7*1  out  of  adjustment  by  a  known  amount,  and 
observing  the  corresponding  deflection  a,  the  sensitive- 
ness of  the  method  can  be  calculated  by 

and  JST  can  be  calculated  from  the  known  values  of  the 
other  quantities.  If  then  the  smallest  observable  de- 
flection be  known,  then  -F  being  taken  as  constant  the 
corresponding  error  is  approximately  known.  ■ 

In  most  differential  galvanometers  gi  =  g2*  ^^^ 
m  =  n.  In  such  cases  (40a)  becomes,  the  accents  being 
dropped, 

^       ^  _  ^(^1  4-  rg  +  2g)  -f  (r^  +  g)  (r^  4-  g)a 

Hence  if  r^  —  r^  =  Sr  where  r  is  a  small  quantity,  we 
have 

nE  ,  Sr .     . 

^"(r+(7)(2r  +  ri  +  ^)      '     '     '     ^**^ 

or  if  r  the  resistance  of  the  battery  be  small 

a  = ; -; ( 4o) 
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Equations  (44)  and  (45)  give  the  Bcnsibility  of  a 
galvanometer  so  adjusted- 
B  If  it  be  possible  to  vajy  the  resistance  of  the  coil, 
J  keeping  the  volume  of  the  condnctor  constant,  then  the 
resistance  of  each  should  bo  made  as  nearly  as  possible 
J  of  the  resistance  to  be  measured.  For  let  /  =  length 
i>f  wire  in  each  bobbin,  a  its  cross-sectional  area,  p  its 
specific  resistance  (p.  380  below),  v  —  volume  of  wire, 
then  v  =  la,g  =  Ipja  =  Ppjv.  The  value  of  n  is  propor- 
tional to  the  length  of  wire  through  which  the  current 
flows,  and  may  be  written  kt.    We  get  for  (44) 

ME.&r 


'h'i){- 


"-7(n +  »)(2'  +  '-. +j), 


and  tbis  BatisfieB  tlie  condition  for  a  iniDiiDum,  viz.  iPu/dP  >  1. 
Hence  a  is  a  maximum  when 


If  r  be  small  in  comparison  with  t^,  a  ia  a  maximum 
for  g  =  ir. 

A  cell  or  battery  of  small  resistance  is  generallv 
available,  but  it  is  not  generally  possible  to  vary  ' 
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any  required  degree.  Differential  galvanometers  can 
however  be  made  "with  their  coils  in  sections,  each 
provided  with  a  pair  of  terminals  so  that  they  can  be 
joined  in  any  possible  combination  of  series  or  multiple 
arc. 

When  the  resistances  to  be  compared  are  small  they  Method  by 
should  be  placed  across  the  terminals  of  the  coils  of  ^ili  g^?- 
the  galvanometer  as  shunts,  and  the  two  shunted  coils  vanometer 
joined  in  series  with  the  battery,  but  in  such  a  way  that   i^^  rc. 
the  currents  produce  opposite  effects  on  the  needle,  sistances. 
Let  7  be  the  whole  current  in  the  circuit,  and  as  before 
7i>  72  ^  *^®  currents  through  the  coils  of  resistance  g^y 
ff^,  and  let  a'  in  this  case  be  the  deflection.     Then 

a'  =  myy  —  ivy^ 
But 

^__y_Ii_       ^     7  ^2  ^ ^ 

^l  +  fl'l        ^2  +  5^2 

and  therefore 

^  ^  J^n(^'2  +  9^  -  ^^2(n  +  ^l)      ^       ^       (47) 

where 

D'  =  T-i^iCr^  +  g^  +  T^^ir^  -h  g^)  +  r{ry^  +  g^  {r^  +  g^. 

If  a  =  0,  mjn  =  r2{r^  +  g^jr^iri  +  g^.     Hence  if 
m  =  71,  flTj  =  ^2,  we  have  r^  =  r^. 

To  compare  when  m  =  ti  and  g^=i  g2=  g,  the  sensi-  Compara- 
bility of  this  method  with  that  of  the  last,  we  have  if  ^bUity^of^' 
rg  —  7*1  =  Sr,  a  small  quantity  Method. 

«'  =  ^ (48) 
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P 

^^M  This  method  is  more  sensitive  than  the  last  UD  jg< 

^H  that  is  if  r<  jr. 

^^V  The  sensibility  of  the  method  may  easily  be  found  as 

^H  in  the  former  case. 

^V']|«nn-  In  order  that  the  conducting  powers  of  different 
^^(jfig  subetaDces  may  be  compared  with  one  another,  it  ia 
*"***■  necessary  to  determine  their  specif  resistances,  that  ia,  the 
resistance  in  each  case  of  a  wire  of  a  certain  specifit't 
length  and  croaa-sectional  area.  We  shall  here  detiu 
the  specific  resistance  of  any  substance  at  any  given  ti'ii  j 
perature  as  the  resistance  between  two  opposite  faces  ul 
a  centimetre  cube  of  the  material  at  that  tempera) 
This  resistance  has  been  very  carefully  determined 
several  different  substances  at  ordinary  temperatures 
various  experimenters,  and  a  table  of  results  is  g 
below  (Table  V.). 

To  measure  the  specific  resistance  of  a  piece  of 
wire,  we  have  simply  to  determine  the  resistance  otl 
sufficiently  long  piece  of   the   wire   by   the   ordiai 
Wheatstone  Bridge  method  described  above,  and 
the  result  to   calculate   the  specific  resistance, 
the   length   of  the   wire   be   /   cms.,   its  croBB-se( 
i  square  cms.,  and  its  re»i8tance  R  ohms.     Then 
specific  resistance  of  the  material  would  be  Sxjl  ol 
The  length  Hs  to  be  carefully  determined  by  an 
rately  graduated  measuring-rod ;  and  the  area  >  a 
found  with  sufficient  accuracy  in  most  cases  by 

*  TLg  reoiprocal  of  this  (called  below  the  Bpeclflc  condnetivUjJli 
lie  ndrautageniuly  Called  tlie  lUctrie  conduetittUj)  of  tbc  «i  ~ 
the  word  candnctivity  be  set  free  by  tUe  adoptiuu  of  ttia  W 
dtKlanet  for  the  reciprockl  of  the  rGsiaUuu:e  at  a  ffvea  Mirf 
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^Hsieasureinent,   by   niE'ans   of   a    (iecimal    wire    gauge    1 
^■naeasuring  to  a  hundredth  of  a  niillinietre.     If,  how- 
ever, the  wire  be  very  thin,  the  cross-section  may,  if  the 
density   is  known,  be   accurately  obtained   in   square 
cms.   by  finding   the   weight   in  grammes  of  a  fluffi- 
ciently  long  piece  of  the  wire  (from  which  the  insulat- 
ing covering,  if  any,  baa  been  carefully  removed),  and 
ilividing  the  weight  by  the  product  of  the  length  and 
the  density.     Very  thin  wires  are   generally  covered 
with  silk  or  cotton,  which  may  very  easily  be  removed, 
31    without  injury  to  the  wire,  by  making  the  wire  into 
^Klh  coil,  and  gently  heating  it  in  a  dilute  solution  of 
^Kcaastic  soda  or  potash.     The  coating  must  not  in  any 
case  be  removed  by  scraping. 

If  the  density  is  not  known,  it  may  be  found  by 
weighing  the  wire  in  air  and  in  water  by  the  methods 
scribed  in  books  on  hydrostatics.     Ail  the  weights, 
»m  1  gramme  upwards,  ordinarily  used  in  weighing 
E  made  of  brass,  and  hence  when  conductors  of  nearly 
the  same  specific  gravity  as  brass  are  weighed  in  air, 
the  correction  for  buoyancy  may  be  neglected.     The 
weighing  in  water  however  must  be  corrected  both  for 
jansion  of  water  with  rise  of  temperature  and  for  the 
might  of  air  displaced  by  the  weights.     For  a  tem- 
)6rature  of  13°C.  these  corrections  are  as  follows.     For 
ixpansioa  of  water  an  increase  of  loss  of  weight  in  water 
'  '059  per  cent;  for  buoyancy  of  air  a  diminution  of 
irent  weight  in   water  of  -0143   per  cent.     Care 
l&ould  be  taken  in  weighing  to  prevent  air  bubbles 
1  adhering  to  the  sides  of  the  specimen ;  and  the 
iiiBed  for  weighing  should  6rst  have  been  carefully 
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boiled  to  espel  tLe  air  contained  in  it.  All  ( 
this  kind  may  be  avoided  by  boiling  tbe  water  1 
the  lipecimeii  in  it,  and  then  allowing  both  to  I 
together. 

If  the  wire  be  thick,  and  a  sufficient  length  of  { 
render  possible  an  accurate  measurement  of  its  r 
,  ance  by  the  ordinary  bridge  method  ia  not  conveaiea 
available,   one   of   the   methods   of  comparing 
resistances  described  above  (p.  358  et  seq.)  is  to  be  n 
The    most   convenient   in    many    cases  is  that 
described  (p.  366  et  seq!)  in  which  tbe  resistance  betin 
two  croBs-sections  of  the  bar  to  be  tested  is  c 
with  that  between  two  cross-sections  of  a  standard  ] 
of  pure  copper.     The  cross-sections  should,  if  the  4 
tance  between  them  be  not  thereby  made  t4M)  s 
chosen  ao  as  to  make  the  two  resistances  nearly  e 
If  we  put  V  for  the  number  of  divisions  of  deflet 
on  the  scale  of  the  potential  galvanometer,  when  I 
electrodes   of   the    galvanometer  are    applied   to  f 
standard  rod,  at  cross-sections  I  cms.  apart ;  V  that  W 
they  are  applied  to  the  rod  being  t«sted,  at  cros9-sect 
/'  cms.  apart,  then  we  have  for  the  ratio  of  the  r 
ance  of  unit  length  of  the  standard  to  the  resistand 
unit  length  of  the  wiie  tested  at  the  tempemtui 
which  the  comparison  is  made,  the  value  Vl'IVlM 
$  and  a'  be  the  respective  cross-sectional  areas,  whi 
this  case  are  easily  determinable  by  measurement  i 
a  screw-gauge,  and  we  assume  that  the  temperatun 
which  the  measurements  of  resistance  arc  made  u 
we  get  for  the  ratio  of  the  specific  reaiatances  at  0°  ( 
value  V'ts'j  Via,  and  therefore  also  for  the  ralJo  of  d 
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Ecific  conductivities  F7's/  V^ls'.  This  last  ratio  multi- 
scl  by  100  gives  the  percentile  conductivity  at  0°C.  of 
the  substance  as  compared  with  that  of  pui'e  copper.  If, 
as  will  generally  be  the  case,  the  temperature  at  wliich 
the  experiments  are  made  be  above  the  freezing-poiot, 
the  value  of  100  Vl'sj  Via',  may  be  taken  as  the  percen- 
tage of  the  specific  conductivity  of  pure  copper  at  the 
, .  ot^erved  temperature  possessed  by  the  substance,  and 
,  if  the  wire  tested  is  a  specimen  of  nearly  pure 
rpper,  will  be  nearly  enough  the  same  at  all  ordinary 
mperaturea. 

If  in  experiments  by  this  method  the  electrodes  are 
^plied  by  hand  to  the  conductors,  the  operator  should, 
lecially  if  the  electrodes  and  the  conductors  tested 
i  of  different  materials,  be  careful  not  to  handle  the 
B8,  but  should  hold  them  by  two  pieces  of  wood  in 
'  Strips  of  paper  passed  several  times  round  the  wires,  or 
by  some  other  substance  which  conducts  heat  badJy,  so 
that  no  thermal  electromotive  force  may  be  introduced 
into  the  circuit  of  the  galvanometer  (see  above,  p.  337J. 
He  may  conveniently  make  the  galvanometer  cuntuets 
by  means  of  two  knife  edges  fixed  in  a  piece  of  wood 

k which  can  be  lifted  from  one  conductor  to  the  other 
trithout  its  being  necessary  to  handle  the  galvanometer 
wires  in  any  way.  This  will  besides  render  any  measure- 
ment of  the  length  of  the  conductor  intercepted  be- 
tween the  galvanometer  electrodes  unnecessary,  as 
I  is  et^ual  to  V.  We  have  then  for  the  percentage 
specific  conductivity  of  the  substance  the  value 
100  Ts'lVs. 
Aa  «i  example  of  this  method  we  may  take  the 
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J  following  reswlta  of   a  measurement    (made    in    the 
Physical   Laboratory  of   the   University   of   Glasgow) 
of  the  specific  conductivity  of  a  short  piece  of  thick 
copper    strip.     The    specimen    was   joined    in    serie3 
with  a  piece  of  copper  wire  of  No.  0  B.W.G.  of  vq 
high  conductivity'  in  the  circuit  of  a  Danieirs  c^4 
low  resistance.     The   electrodes  of  a  high   resi 
reflecting  galvanometer  applied  at  two  points  700  c 
apart  in  the  copper  wire  gave  a  deflectiou  of  1535 
divisions,  when  applied  at  two  points  500  cms.  apart  in 
the  strip  270  divisions.     The  weight  of  the  wire  i 
metre  was  443  graromes,  of  the  atrip  per  metre  ISi 
grammes.    Hence  the  specific  conductivity  of  the  c 
strip  was  966  per  cent,  of  that  of  the  wiro  t 
which  it  was  tested. 
Tlie  accurate  realization  of  a  standard  ohm,  i 
,    lined  on  p.  315  above,  involves  the  determination  < 
1   the  specific  resistance  of  mercury,  an  operation  which 
requires  great  care  and  considerable  experimental  skill. 
The  tube  to  be  used  must  be  very  nearly  unifonn'S 
internal  cross-sectional   area,  and  must   be  filled  i 
vacuum  with  perfectly  pure  mercuiy.     Any  devi 
of  the  croM-section  from  uniformity  can  be  suffidti 
nearly  allowed  for  by  considering  the  mercury  oolitl 
as  made  up  of  a  number  of  short  columns  each  of  a 
section  equal  to  the  mean  cross-section  of  that  j 
the  tube.     The  mean  cross-section  for  each  of  a  i 
cient  number  of  such   short  columns  must   thei 
be  determined  as  accurately  as  possible  by  a  | 
calibration.     This  is  effected  hy  moving  a  short  colia 
of  mercury  from  one  position  to  another  along  the  t 
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!  length  which  it  occupies  in  each 


^^■nd  measuring 
^^BpsitioQ. 

^^K  A  tube  is  chosen  and  is  fitted  against  a  flnely  graduated 

^^Kale.     In  order  that  the  tube  if  accidentally  disturbed 

^^noay  be  replaced  a  mark  is  made  upon  it,  and  the  position 

of  this  on  the  scale  carefully  observed  and  noted ;  or  one 

end  of  the  tube  is  made  to  rest  against  a  piece  projecting 

froin  the  bar  to  which  the  scale  is  attached.     If  great 

i  desired  the  scale  is  engraved  on  a  rigid  bar 

[  which  move  two  reading  microscopes  with  cross- 

L     By  means  of  these  the  positions  of  the  ends  of 

^e  mercury  column  can  be  found.     For  many  purposes 

ftft  is  sufficient  to  read  off  the  positions  of  the  ends  of 

the  column  by  the  eye,  assisted  if  need  be  by  a  lens,  and 

parallax  may  be  avoided  by  using  a  scale  graduated  on 

a  slip  of  silvered  glass. 

Let  the  column  of  mercury  be  approximately  l/'n  of 

Ktlie  whole  length  of  the  tube  where  n  is  a  sufficiently 

reat  whole  number,  and  let  the  column  be  moved  in 

K^ach  case  from  one  position  to  the  nest  through  a  dis- 

B-tance  as  nearly  as  may  be  equal  to  its  whole  length,  so 

t  measurements  of  length  are  made  in  the  length 

of  the  tube.     Lot  r,,,  r^  denote  the  readings  of  the  ends 

of  the  column  in  the  first  position,  r\.  r^,  the  readings 

of    the    ends    in    the    second     position    and    so    on, 

^^ru   ^s>    ''»•■■•   '""-1     ^ing     nearly   coincident    with 

^^^v  ''j.  '■'».-■•  '^"-'  respectively,  while  rg,r„  coincide 

^Twith  the  ends  of  the  tube.     Now  let  r^  +  e^,  r^  + 1^,  &c., 

be  the  lengths  of  the  columns  of  uniform  section  equal 

to  the  mean  section  of  the  tube  whicli   would   have 

volumes  equal  to  the  lengths  r,,  r~  &c.  of  the  actual 


1 


tions  rroiD 
Rsaalta  of  _ 
CttUbm- 
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fcool*-  tube.     It  is  the  value  of  the  corrections  Cj,  e^,  &c.  which 

,„(,  it  is  the  object  of  the  experimental  process  to  discover. 
'  *""  Since  the   successive  portions  of  the  tube  occupied   by 

ibr»-  the  column  of  mercury  are  equal  in  volume,  we  have 

S  tor   the  corrected   length  of  the   portion  of  the  tube 

^m  corresponding  to  the  i"*  position  of  the  column 


-  r,_i  - 


I (*8) 

where  ^  is  a  constant.  Hence  putting  Sj,  8^,  &c.  for  the 
uncorrected  lengths  r,  —  r^.  r^  —  i\,  &c.,  we  get  by  aub- 
tracting  I—  e,  =  5j  from  each  of  the  equations  of  wliich 
{48)  JB  the  type,  the  aeries  of  equations 


-  «(  +  e,  =  5j  - 


-  tn+e^-i  = 


(49) 


The  terminal  corrections  e^  and  e,  are  of  course  zero. 
Adding,  we  find 

«.-^-8, (50) 


where  %  denotes  summation  for  all   values  of  i 
1  to  n. 
In  the  same  way  we  get 


from 


(51) 


and  so  on. 

If  the  values  of  (j,  e^,  &c.,  be  plotted  on  any  convenient 
scale  as  ordinates  of  a  curve,  the  abscissee  of  which  an. 
the  corresponding  distances  measured  along  the  tube 
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887 


from  one  end,  the  curve  will  give  the  correction  to 
be  used  for  any  other  distance  measured  along  the 
tube. 

This  determination  is  generally  sufficient;  but  if  Control 
necessary  it  can  be  extended  as  follows :  The  calibration  tions. 
is  performed  with  a  column  of  doable  the  former  length, 
which  is  moved  along  the  tube  after  each  observation 
through  a  distance  equal  to  half  the  length  of  the  column. 
This  gives  71  —1  measurements  of  length.  The  same 
process  is  then  repeated  with  a  column  of  three  times 
the  original  length,  which  is  moved  after  each  observation 
through  the  same  distance  as  before.  This  gives  ti  —  2 
observations.  Then  a  column  of  four  times  the  original 
length  is  used  and  so  on,  until  finally  a  column  n  —  1 
times  the  length  of  the  original  column  is  employed, 
with  which  of  course  only  two  observations  are 
made. 

From  the  original  set  of  observations  we  get,  if  d\  Process  of 
denote  the  excess  of  the  observed  length  of  the  column     ,9*^™" 

°  Diniiig 

in  the  i***  position  over  that  in  the  (t  —  l)th,  Results. 


^1  -  ^0  =  ^2  "-  ^  +  rf\ 

^2  —  ^1  =»   ^8  ""  ^2  "^  ^  2 


^n-1— «i»-2=««  — ^«-l  +d«- 


•     (52) 


In  the  same  way  putting  d'\  for  the  excess  of  the 
observed  length  of  the  double  column  in  the  if^  position 
over  that  in  the  (i  -  l)th,  we  get  from  the  second  set  of 
observations  c  c  2 


l^^^i^^^^^^^B 

1 

m 
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tnidg 

Soolu. 

«!  -  «o  =  "a  -  «.  +  <^",            ^ 
(53)^ 

c„.,  -  e.-3  =  c„  -  f,_,  +  d'\.i 

1 

and  so  on,  the  number  of  equations  diminishiog  by  one 
each  time  until  we  get  finaUy  from  the  two  last  sets  of 

1 

observations 

1 

::::;:::i;";::;rj  ■  (^*) 

and 

«,- e, -«.-«.-!+<(,»-"  .     .     .     (55) 

Adding  all  the  first  equations  of  the  sets  (52)  &c ,  then 
adding  all  the  second  equations  of  the  sets  and  sub- 
tracting from  the  sum  the  first  equation  of  the  first  set; 
next  adding  all  the  third  equations  of  the  sets  and  sub- 
tracting from  the  sum  the  second  equation  of  the  third 
set,  and  the  first  of  the  second  set,  and  so  on,  we' get 
successively  the  equations 

n  (e^  —  ej  =  Sdj  ^ 

n  (e,  -  e,)  =  £<fj  -  d\ 

n{e,-e;,  =  Xd,-d;-d\  (56) 


n{e^.,-en.-i)=Un-t-d'n. 
tdt  =  <(j  +  d"i  +  &c. 


-d\  J 


By  means  of  these  equations  e-^,  e^,  e^.-.e^-i  can  be  at 
once  calculated. 
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^B     We  give  here  as  an  example  b,  short  account  of  an   Mmsu™- 
■  - accurate   determination  of   the   specific   resistance    of   "'"^J' 
mercury  made  by  Lord  Rayleigh  and  Mrs.  Sidgwick."    S|>ecific 
Some  account  of  other  determinations  will  be  given  in        of 

t connection  with  the  subject  of  the  Realization  of  Units  Hpfp"*!^ 
pf  Resistance  in  Vol.  11. 
The  resistances  of  columns  of  mercury  contained  in 
tubes  which  had  been  carefully  calibrated  were  measured 
ty  Carey  Foster's  method  as  described  above.  The 
Comparison  coils  were  British  Association  standanls,t 
preserved  in  the  Cavendish  Laboratory,  and  every  care 
was  taken  to  obtain  an  accurate  result.  It  was  assumed 
that  the  resistance  Ji  of  the  column  is  given  to  a 
sufficiently  close  approximation  by  the  equation  | 

...     (o7) 


i  =  rj^ 


where  dx  is  an  element  of  the  length  of  the  tube,  r  the 
specific  resistance  of  mercury,  a  the  cross-sectional  area 
of  the  mercury  column  at  the  element  dx.  The  value 
of  B  was  calculated  by  evaluating  the  right-band  side 
of  this  equation  from  the  results  of  the  calibration  as 
follows.  Let  \  be  the  length  of  the  tube  occupied  by 
the  calibrating  column  when  the  middle  of  its  length 
was  at  the  element  dx,  then  we  have  for  the  area  of  the 

•  PhiL  Tmna.  R.  S.,  Part  I.  18B3. 

F  That  is  ataiidards  canstructeJ  nuconltDg  to  the  iletenniiuitiDD  of 
it  olmi  mnde  by  tlio  British  Aseoclatinn  Committee  acd  described  iu 
'r  18d4  report.  This  ohm  ia  here  reTerred  to  as  the  "  R.A.  nnit." 
■  vnltie  is  about  I'12  per  cent,  stnalltir  thaa  the  legal  ohm.  See 
•a  af  Uniit  iif  SaialanM  in  AbtolaU  Mtamre,  Vol.  11.  below, 
d  Baylaigli's  Thwry  <(f  Sound,  Vol.  It.  g  308. 
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sectioD  near  this  element  Cl\,  wliere  C  is  a  constAnt. 
Putting  therefore  &  =  CjX.  denoting  the  whole  length  q 
g^2^^  ^'^  column  by  L,  and  the  number  of  points  at  eqW 
of        distances  apart  along  the  length  L,  at  which  the  en) 
sectional  area  has  been  thus  found  by  n,  we  get  1 
summation 

'^-S'W ^ 

where  S(X)  denotes  the  sum  of  the  n  values  of  X. 
But  if  M  be  the  mass  of  mercury  contfiined  io  I 

length  of  the  tube 


>''<'h''^Xi}- 


where  p  denotes  the  density,  an<l  2{1/X)  the  sum  of  £ 
reciprocals  of  the  n  values  of  X.    Hence  eliminaU: 
between  these  two  equations  and  solving  for  r, 

_MR       n'  _ 

... 


"■'  ^w^D 


If  the  tube  had  been  truly  cylindrical  the  valne  a 
would  have  been  MRlpL\     The  factor  w»('SCX)S(^Vr 
the  correction   for   conicality  of   the   tube,  and    is    > 
numerical  quantity  a  little  less  than  unity. 

The  tubes  used  were  placed  horizontally,  and  ' 
fitted  at  each  end  with  hollowed  out  L  shaped  piec 
ebonite  which  formed  wide  terminal  cups.  Each  e 
the  tube  waa  fitted  air-tightly  into  the  ebonite  a 
with  a  short  length  of  thick  rubber  tubing  thrutit  d 
little  way,  so  as  to  leave  room  for  a  c 
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X,  which  was  run,  in  a  melted  8tate,  into  the  mouth 
the  socket.  These  cups  were  filled  with  mercury 
iod  connected  with  the  resistance  balance  by  means  of 
well  amalgamated  copper  rods.  The  tube  was  kept  at 
■0°  by  being  immersed  in  a  trough  containing  melted 
ice.  The  temperature  of  the  mercury  in  contact  with 
the  copper  rods  it  was  ascertained  was  not  higher  than 
S"  or  6°,  and  as  ice  was  piled  up  round  the  cups,  it  was 
estimated  that  the  temperatures  of  the  parts  of  the  tube 
within  the  cups,  and  therefore  not  directly  exposed  to 
the  ico-bath,  were  not  higher  than  2°. 

The  cups  were  so  lai^e  in  section  that  they  might  be 
'Sapposed  of  infinite  extent  in  comparison  with  the  tube, 
and  an  addition  of  '82  of  the  diameter  *  was  made  to 
the  observed  length  to  correct  for  the  influence  of  the 
cupa. 

The  ends  of  the  tube  were  rounded  to  a  convex  form 
that  the  length  of  the  bore  could  be  measured.  This 
done  by  adjusting  to  the  ends  reading  microscopes, 
ifitted  with  micrometer  screws  by  which  the  distance 
itween  could  be  varied  by  an  amount  known  to  the 
i^gir^  of  an  inch,  reading  off  on  a  brass  rule  substituted 
for  the  tube  the  length  to  the  nearest  number  of  whole 
divisions,  and  determining  the  fractions  of  divisions  at 
the  ends  by  means  of  the  micrometers. 

The  tubes  were  carefully  cleaned  by  passing  through 

in  succession  sulphuric  acid,  nitric  acid,  caustic 

ih,  distilled  water,  anil  finally  air  dried  by  chloride 

calcium.     The  calibration  was  performed  by  a  short 

"  Bm  above  p.  IBS,  and  Lord  Rayleigh's  Theory  iff  Sound,  Vol.  II. 


ment  of ^^^ 
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-  Ihread  of  clean  mercury,  which  was  moved  to  the  a 
cossive  required  positions  by  air  blown  through^ 
chloride  of  calcium  tube ;  and  measured  in  some  c 
by  substituting  an  ivory  scale  under  microscopea  i 
justed  to  the  ends  of  the  column,  in  others  by  placil^ 
scale  alongside  the  tube  and  reading  the  length  off  I 
means  of  a  magnifying  glass. 

The  determination  of  the  mass  of  mercury  contain 
in  the  tube,  was  found  by  weighing  a  thread  of  mercury 
nearly  as  long  as  the  tube.  The  length  of  this  column 
was  found  as  follows.  After  the  resistance  I 
measured  the  greater  part  of  the  mercury  was  reta 
in  the  tube,  and  the  ends  of  the  column  pressed  1 
with  flat-headed  vulcanite  pins  fitted  into  the  eudi'fl 
the  tube.  The  length  of  the  column  was  obtained  ^ 
the  microscopes,  and  the  temperature  by  a  thermom 
lying  alongside  the  tube.  The  mercury  was  then  bio 
out  of  the  tube  and  weighed.  By  comparing  1 
length  of  the  column  with  the  actual  length  of  the  t 
the  whole  quantity  of  mercury  contained  in  the  tdbei 
0"  was  found  with  sufficient  accuracy. 

Experiments  were  made  with  four  tubes,  and  < 
mean  value  obtained  for  the  resistance  at  0°  of  a  column 
of  mercury  1  metre  long  and  1  square  millimetre  in 
cross-section  was  ■9.i412  B.A.  unit  (see  footnote,  p.  :{89 
above).  Previous  measurements  made  by  Wen 
Siemens,  and  Malthiessen  gave  '9536  B.A.  unit  i 
'9619  B.A.  unit  respectively  for  this  resistance, 
will  be  noticed  that  the  value  just  stated  lies  betvi 
these,  but  much  nearer  to  the  former.  Messrs.  Siei 
Brothers   for  a   lung   time   used   the  resistance  < 
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Mluma  of  mercury  specified  as  above  as  tlie  unit 
f  resistance,  aud  standard  units  were  issued  by  them 
jxperiraenters.  One  of  these  examined  by  Lord 
layleigh  gave  '95365  B.A.  unit  for  its  resistance  at 
!  temperature  16'7°  at  which  it  was  stated  to  be  ' 
correct. 

For  two  of  the  tubes  used  ia  these  experiments  com- 
pariaons  were  made  of  the  resistance  at  0°  with  that  in 
water  at  the  temperature  of  the  room,  which  was  about 
13°  C  It  was  found  that  the  mean  difference  of  resist- 
ance for  1'  per  unit  of  the  resistance  at  0°  was  '000861. 
This  is  of  course  the  change  of  resistance  of  the  contents 
of  a  certain  glass  tube,  and  not  to  be  confounded  with 
^die  temperature  variation  of  the  specific  resistance  of 

Standard  ohms  have  been  made  in  mercury,  by  using 
tabes  bent  so  that  the  requisite  length  is  obtained  in  a   i 

mpact  form,  but  they  are  not  very  convenient  in  use, 
ind  are  of  course  liable  to  breakage.  A  copy  of  the 
tandard  ohm  can  however  bo  easily  made  when  the 
aeistance  of  a  colunm  of  mercury  of  definite  cross- 
Ktion  and  length  has  been  accurately  found.  Figs.  84 
and  85  show  such  copies.  Fig.  84  is  the  usual  form  of 
the  standard.  It  is  made  of  platinum-sUver  wire, 
wound  within  the  lower  cylinder.  The  space  within  up 
to  the  top  of  the  wider  cylinder  is  filled  with  paraffin- 
wax.  The  ends  of  the  coil  are  attached  to  two  thick 
electrodes  of  copper  rod,  bent  as  shown  and  kept  in 
position  by  a  \Tilcanite  clamp.  The  ends  of  these  when 
^e  coil  is  used  are  placed  in  mercury  cups  in  the 
^explained,  and  should  always,  before  the 
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18  of  coil  is  placed  in  positiou,  be  freshly  amiiilgamaled 
f^^f,\  mercury.  Tlio  lower  cylinder  op  to  the  shoulder 
^'"-  placed  in  water  when  the  coil  is  in  use,  and  the  tem- 
perature of  the  water  is  ascertained  by  means  of  a 
thermoniet«r  in  the  hollow  core  of  the  cylinder.  The 
variation  of  the  resistance  of  the  coil  with  temp^al 
is  known,  and  hence  its  resistance  at  a 
temperature  can  be  obtained.    Of  course  care  most 


er  wS 


token  not  to  expose  the  standard  to  too  strong  curren! 
and  to  keep  the  temperature  as  near  as  possible  to  t 
normal  temperature  at  which  the  standard  is  given  M 
correct. 

Fig.  So  shows  a  form  of  the  standard  construfited  ) 
Messrs.  Elliott  and  Co.  according  to  a  suggestion  n 
by  Professor  Chrystal.      A   thermoelectric   couple,  j 
which  one  junction  is  within  and  close  to  tho  coil,  fl 
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i-the  other  outside  the  case,  is  used  to  determine  the  Fonna  of 
f  temperature  of  the  coil.     In  the  form  in  which  the  standard 
I  instrument  is  now  made  the  external  junction  is  not     O'""- 
I  brought  out  through  the  bottom  of  the  case  as  shown, 
but  the  wire  is  brought  out  at  the  top  of  the  ca^e,  and 
J  then  joined  to  a  wire  of   the  other  metal  which  is 
I  entirely  outside  and  attached  to  one  of   the  binding 


The  external  junction  is  of  courae  placed  in 

water  the  temperature  of  which  is  measured,  and  the 

thermal  cuiTent  is  obBer^'ed  by  means  of  a  galvanometer 

L  connected  to  the  terminals.     This  gives  the  difference 

»of  temperatures  between  the  junctions  and  therefore 

■  the  temperature  of  the  coil. 

The  meaaurement  of  a  very  high  resistance  such  as 
Bthat  of  a  piece  of  insulating  material  cannot  be  effected 
'  means  of  Wheatstone'a  Bridge,  and 
had  in  moat  cases  to  electrostatic  methods 
B  required  resistance  is  deduced  from  the  ral 
xmdenaer,  the  plates  of  which 
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Ij^  the  substance  in  question.     Ii|  however,  i 
of  the  material  be  not  too  great,  antl  a  h 
v«Q  iDBubted  battery  of  from  100  to  200  cells,  nod  I 
wj  sensitive  high  resistance  galvanometer  t 
able,   the   following   method   is   the   most  conveniei 
First  join  the  galvanometer,  also  well  iasulated,  and  t 
ivsisUnce  to  be  measured  (prepared  as  described  beloi 
p.  401,  to  prevent  leakage)  in  series  with  aa  many  o 
as  gives  a  readable  deflection,  which  call  D.    Now  j(H 
the  battery  in  series  with  the  galvanometer  alone,  i 
niluce  the  sensibility  of  the  instrument  to  s  suitali] 
degree  by  joining  its  terminals  by  a  wire  of  knoffi 
resistance,  and,  to  keep  the  total  resistance  i 
gKut  in  comparison  with  the  resistance  of  the  batte 
insert  resistance  in  the  circuit.     Let  £  and  B  dencrf 
re8[)ectively  the  electromotive  force  and  resistance  of  tl 
whole  battery,  G  the  resistance  of  the  galvanometer,  i 
the  resistance  joining  its  terminals  in  the  second  c 
S  the  resistance  introduced  into  the  circuit  of   ' 
galvanometer  in  that  case,  and  X  the  resistance  ta  1 
found ;  we  have  for  the  difference  of  potentials  betwec 
the  terminals  of  the  galvanometer  in  the  first  c 
value, 

where  m  is  the  factor  by  which  the  indications  of  t 
galvanometer  must  be  multiplied  to  reduce  them  1 
volts.  In  the  second  case  the  resistance  between  t 
galvanometer  terminals  is  SGf{S+  G').and  therefore  tl 
difference  of  potentials  between  them  is, 


ftence   combining   equationa   (60)  and  (61)  so   as   to 
minate  E  and  m,  and  solving  for  X,  we  get, 
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{B  -i- H)  {S  +  G)  +  HG 


:  mD.  (61) 


X  =  5(Z!  +  i!+G  +  (^/l«)-(i;  + 


G)  (62) 


f  X  be  great  in  comparison  with  the  remainder  of 
1  circuit  the  term  {£  +  (?)  may  be 
iglected. 
[  This  method  was  used  by  Mr.  T.  Gray  and  the  author 

■  the  determination  of  the  Hpecific  resistances  of 
Bifferent  kinds  of  glass.  The  specimens  of  glass  were 
1  the  form  of  thin,  nearly  spherical  flasks  about  7  cms. 
D  diameter,  with  long  narrow  and  thick  walled  necks, 
■  Tbe  thin  walls  of  the  flask  were  brought  into  circuit  by 
ing  it  up  to  the  neck  with  mercury,  and  sinking  it  to 
■the  same  level  in  a  hath  of  mercury,  then  joining  one 
terminal  of  the  battery  to  the  external  mei-cury  by  a 
wire  passed  down  the  long  neck,  and  the  other  to  the 
mercury  in  the  bath  without.  This  mercury  bath  was 
an  iron  vessel  contained  in  a  sand  bath  which  could  be 
heated  to  any  required  temperature.  A  well  insulated 
galvanometer  (constructed  hy  aid  of  a. grant  from  the 
Government  Research  Fund  to  a  special  design  de- 
scribed in  Vol.  II.)  of  high  resistance  and  great  sensi- 
tjywWM  was  included  in  the  current,    A  battery  of  over 
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100  Daoiell's  cells  was  used,  aod  after  a  reading  of  the 
gklTiukometer  in  one  direction  had  been  taken  and 
recoided,  with  the  corresponding  temperature  of  Uie 
glase,  the  coatings  of  the  flask  were  connected  tc^ther 
until  the  next  reading  was  about  to  be  taken.  For  this 
lh»  current  was  reversed,  and  the  deflection  taken  as 
before,  and  ao  on.  The  "electric  absorption"  (see  p.  435 
below)  was  tlius  reversed  between  every  pair  of  readings, 
and  it  lasted  in  most  cases  about  three  minutes.  The 
resistances  were  therefore  those  existing  after  three 
minutes'  electrification.  The  result  for  the  glass  of 
highest  insulation  tested,  which  was  lead  glass  of 
density  3'14,  was  a  specific  resistance  at  100°  C.  of 
about  8400  X  10"*  ohms.  The  resistance  was  halved 
for  each  85°  or  9'  rise  of  temperature. 

A  modification  of  this  method  for  which  one  of 
Sir  W.  Thomson's  Graded  Potential  QalvanometerB  or 
Voltmeters  (see  Vol.  II.)  is  very  suitable,  may  be  used 
for  the  determination  of  the  insulation  resistance  of  the 
conductors  in  an  electric  light  installation. 

The  conductors  are  disconnected  from  the  generator 
and  both  ends  from  one  another.  They  are  then  joined 
at  one  end  by  the  potential  galvanometer  in  series  with 
a  battery  of  as  many  cells  as  gives  a  readable  deSectioB 
with  the  magnetometer  in  the  position  of  the  greatest 
sonabiJity.  The  number  of  divisions  corresponding  to 
this  deflection  is  read  otif,  and  the  number  of  divisions 
which  the  battery  gives  when  applied  to  the  galvano- 
meter alone  is  then  observed.  Call  the  latter  number  V 
and  the  former  V;  and  let  E  divisions  be  the  total 
lotive  force  of  the  battery.    Let  the  ree 
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:he  battery  which  may  be  determined  by  the  method  Dtstennin- 
cribed  below  (p.  4H)  be  B  ohms,  the  resistance  of  . 
B  galvanometer  Q  ohms,  and  the  insulation  resistance   V" 
"^  e  found  R  ohms  ;  we  have  plainly, 

IS+B'  E  +  G  +  S 


-B  =  («+e)(r-i)- 


wB  be  small  in  comparison  with  G  we  may  put 


\.  shunt-wound  generating  machine  giving  sufficient 
promotive  force  may  be  used  instead  of  the  battery, 

1  this  case  R  ia  found  by  equation  (63). 
The  insulation  resistance  for  unit  of  length  is  found 
from  this  result  by  mtiitiplying  by  the  length  of  either 
of  the  conductors. 

This  method  is  applicable  to  the  measurement  of  the 
insulation  resistance  of  cables  or  telegraph  lines,  hut  for 
details  the  reader  is  referred  to  the  manuals  of  testing 
in  connection  with  these  special  subjects. 

In  the  case  of  insulating  substances  the  method  just 

ileBcribcd  requires  the  use  of  so  powerful  a  battery  that 

fe  is  quite  inapplicable  except  when  the  specimen,  the 

Hstance  of  which  is  to  be  measured,  can  be  made  to 

dicular  to  the  direc 
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ntn-  ciUTCut  thmugli  it,  and  of  vety  small  dimensions  in  tfai 
dl  diractiou.  Such  a  case  is  that  of  the  insuktiDg  coverin 
B":,  of  a  suliniarine  cable  in  which  the  current  by  vhud 
*■  the  iusulation-reaistance  is  measured  flows  across  tbfl 
covoriiig  between  the  copper  conductor  and  tJia  ai 
wator  ill  which  the  cable  b  immersed. 

In  general,  therefore,  in  the  determination  of  th 
insulating:  qualities  of  substances  which  are  giTea  i 
comjiaratively  small  specimens  it  is  necessary  to  h&v 
rocoursu  to  the  electrometer  method  mentioned  aboi 
(p.  335),  of  which  we  shall  give  here  a  short  account. 
r»^  The  most  convenient  instrument  for  this  purpose  1 
'  Sir  William  Thomson's  Quadrant  Electrometer.  For 
K*  full  description  of  this  instniment,  and  a  detajle 
account  of  the  mode  of  using  it,  see  Chap.  V.  abovft 
^  The  electrometer,  having  been  carefully  set  up  according 
to  the  most  sensitive  arrangement,  and  found  to  be 
otherwise  In  good  working  order,  is  tested  for  insulation^ 
One  pair  of  quadrants  is  connected  to  the  case  accordioj 
to  the  instructions  for  the  use  of  the  instrument  aod  I 
charge  producing  a  potential  difference  exceeding  t 
greatest  to  be  used  in  the  experiments  is  given  to  t 
insulated  pair  by  means  of  a  battery,  one  electrode  < 
which  is  connected  for  an  instant  to  the  electrumetei 
case,  the  other  at  the  same  time  to  the  electrode  of  thi 
insulated  quadrants,  and  the  percentage  fall  of  potentiil 
produced  in  thirty  minutes  or  an  hour  by  leakage  in  thi 
instrument  is  observed.  If  this  is  inappreciable,  tbi 
inatrument  is  in  perfect  order.  For  practical  purpoM 
the  insulation  is  sufficiently  good  when  the  same  batba^ 
being  applied  to  charge  the  electrometer  alone  M  i 


^  LEAKAGE  METHOD  FOR  HIGH  RESISTANCES. 

applied  to  charge  the  cable,  or  condenser  formed  as 
described  below,  there  is  not  a  more  rapid  fall  of 
potentials  without  the  cable  or  specimen  than  with  it ;  . 
for  there  can  then  be  no  error  duo  to  leakage. 

An  air  condonser,  well  insulated  by  glass  stems  var- 
nished and  kept  dry  by  pumice  moistened  with  strong 
sulphuric  acid,  is  adjusted  to  have  a  considerable 
capacity,  and  it«  insulated  plate  is  connected  to  the 
insulated  quadrants  of  the  electrometer  and  the  other 
to  the  electrometer-case  to  which  the  other  pair  of 
quadrants  is  also  connected.  A  charge  producing  as 
great  a  potential  as  in  the  former  case  is  given  to  the 
condenser  and  electrometer  thus  arranged,  and  the  fall  of 
potentials  observed  by  means  of  the  electrometer.  If 
the  loss  in  a  considerable  time  be  also  inappreciable, 
the  condenser  insulates  properly,  and  its  resistance  may 
be  taken  as  infinite.* 
K  The  specimen  of  material  to  be  tested  is  now  placed  so 
nil  to  connect  the  plates  of  the  condenser.  The  manner 
in  which  this  is  to  be  done  of  course  depends  on  the  form 
of  the  specimen.  If  it  is  a  flat  sheet,  it  may  be  covered 
on  each  side,  with  the  exception  of  a  wide  margin  all 
round,  with  tinfoil,  and  thus  made  to  form  itself  a  small 
condenser  which  is  to  be  joined  by  thin  wires  in  multiple 
arc  with  the  large  condenser.     The  edges  and  margins 

A  condniBer  of  luiy  otlior  kicd,  such  u  thow  used  in  cable  tvsCiDg, 
iaaulating  matBrial  l)etweeii  tlie  piat«B  of  vbich  is  generally  paper 
ponffiB,  mitj  be  lueil  iagtcad  of  an  air  condpiuer,  bnt  as  tliu 
resUUticp  of  Che  latter  nisy,  if  the  glsss  stvms  be  well  vainiaheii  and 
kepi  dry,  lie  taken  is  infinite,  and  there  is  liosides  no  dialutbance  frata 
the  phenomenon  called  eltctrie  abmiytioii  (we  p.  125  below),  it  is 
pnfcnble  to  lue  in  air  condenser  if  pouiblo. 
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of  the  sides  of  tbe  apecitnen  shonid  be  car^ully  e 
and  dried,  sad  covered  with  a  thin  coating  of  jsn 
to  preyeot  cotidactioD  skl'^og  tbe  surface  between  the  tvs 
tinfoil  coatings,  when  tht  coodenser  is  charged.  It  is 
advisable,  when  possibl«,  to  coat  tbe  whole  snr&oe  in- 
cluding tbe  tinfoil  witii  paraffin,  and  to  make  the  eon- 
tacts  with  tbe  tinfoil  plates  by  means  of  thin  wires  aln 
coated  with  panfBn  for  some  distance  along  their  lei^tli 
from  the  tinfoil.  The  plate  coDdenser  thns  formed 
should  be  supported  in  a  bmizontal  por<atioa  on  a  bloci 
At  the  middle  of  the  lower  surface.  The  npper  coati^ 
18  made  the  insalated  piate. 

If  the  specimen  be  cup-shaped,  aa,  for  example,  if  it  be 
in  the  usual  form  of  an  insulator  for  telegraph  or  other 
wires,  the  hollow  may  be  partially  filled  with  mercnty, 
and  the  cnp  immersed  in  an  outer  vessel  containing 
mercury,  so  that  the  mercury  stands  at  nearly  the  same 
level  outside  and  insida  The  lip  of  the  cup  down  to  the 
mercury  on  both  sides  is  to  be  cleaned  and  coated  with 
paraffin,  aa  before,  to  prevent  leakage  across  the  surfece. 
A  thin  wire  connected  with  the  insulated  plate  of  the 
condenser  is  made  to  dip  into  the  mercury  in  the  otp, 
and  a  similar  wire  connected  with  the  other  plate  of  the 
condenser  dips  into  the  mercury  in  the  outer  vesseL 
Strong  sulphuric  acid  may,  on  account  of  its  drying 
properties,  be  used  with  advantage  instead  of  mercury 
as  here  described,  when  the  substance  is  not  porous  and 
is  not  attacked  by  the  acid. 

In  every  case  in  which,  as  in  thest,  the  insulating 
substance  and  the  conductors  making  contact  with  it 
form  a  condenser  of  unknown  capacity,  the  condeoaOT 
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used  in  the  esperimeot  must  be  arranged  to  have  a   Arnuigo- 
capacity  so  great  that  the  unknown  capacity  thus  added  spedniBa 
it,  together  with  the  t  ' 


pacity  of  the  electrometer,  „    . 
lay  be  neglected  in  the  calculations. 
The  condenaer,  if  it  has  been  disconnected,  is  again 
connected  as  before  to  the  electrometer.     One  electrode 
of  a  battery  of  from  six  to  ten  small  Daniell's  cells  in 
good  order,  is  also   connected  with   the   electrometer 
case,  and  the  other  electrode  is  brought  for  a  short  time, 
thirty  seconds  say,  or  one  minute,  int^  contact  with  the 
insulat-ed   plate   of   the    condenaer   at    any  convenient 
point,  such  for  example  as  the  electrode  of  the  electro- 
meter connected  with  the  insulated  pair  of  quadrants. 
The  battery  electrode  is  then  removed,  and  the  condenser 
electrometer  left  to  themselves. 
The  condenser  has  thus  been  charged  to  the  potential 
the  battery,  which  will  be  indicated  by  the  reading  on 
electrometer  scale  at  the  instant  when  the  battery  is 
lOved,     The  deflection  of  the  electrometer  needle 
ill  now  fall,  more  or  less  slowly  according  to  the  insu- 
ion  resistance  of  the  condenser  with  its  plates  con- 
ited  by  the  material  being  tested.     Readings  of  the 
position  of  the  spot  of  light  on  the  electrometer  scale 
are  taken  at  equal  intervals  of  time,  and  recorded,  and 
this  is  continued  until  the  condenser  has  lost  a  consider- 
able portion,  say  half,  of  its  potential 

The  resistance  of  the  insulating  material  is  eaaily 
calculated  from  the  results  in  the  following  manner. 
Let  V  be  the  difference  of  potentials  between  the 
ptatea  of  the  condenser  at  any  instant,  Q  the  charge  of 
instant,  which  may  be  taken  as 
D  D  2 
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'j^™^  "'  proportional  to  ths  deflection  on  the  electrometer  scal^l 
Method  and  C  its  capacity  (p.  46).  We  have  Q  =  GV,  hst& 
therefore  dQjdt  =  Cd  V/dt .  But  -  dQjdt  is  the  rate  <rf 
loss  of  charge,  that  is,  the  current  flowing  from  ooe  plate 
to  the  other,  and  this  is  plainly  equal  by  Ohm'a  law  to 
V/S.    Hence  -  dQjdt  =  VjE,  and  therefore 


Integrating  we  g 


"^  CE 


(65) 


where  .4  is  a  constant.  If  V  be  the  potential  differ- 
ence (  seconds  after  it  was  V^,  we  get  by  putting  (  =  0 
in  (65)  A  =  log  Vb.     Hence  (65)  becomes 


n 


If  f^  =  i  K.  we  have  M  =  </log  I   ifC  ^'^ 
If  the  condenser  have  a  resistance  so  low  as  to  add 
materially  to  the  rate  of  discharge,  an  additional  experi- 

*  It   is   to  be  remembered   that  tlie  logaritliuis  to   be    here   aied 

iLTe  Nnjierian  logarithms.     The  Naperian   lognrithm  of  any  noinbff  i 

Lj   equal    to  the    ordliiary    or    Btigg's    logarithm    multiplied   bf  I 
a-302S8E. 
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ment  must  be  mado  in  the  same  way  to  determine  the  Theory  of 
resiBtance  of  the  condenser  alone,  with  its  plates  con-  sjethol** 
nected  only  by  its  own  dielectric.  Let  S^  denote  the 
resistance  of  the  condenser,  determined  by  equation 
(66)  from  the  results  of  the  latter  experiment,  and 
St  the  resistance  of  the  specimen;  by  equation  (10) 
(p.  15)  1/fl  =  im,  +  IIR,.  and  therefore 


MS, 
'  S,~-E, 


(67) 


If  C  has  been  obtained  in  C.G.S.  electroatatic  units 
of  capacity.  It  may  be  reduced  to  electromagnetic  units 
by  dividing  by  the  number  of  electrostatic  units  of 
capacity  equivalent  to  the  electromagnetic  unit,  that  is 
(see  Vol.  II.)  by  9  X  10"  nearly. 

When  an  air  condenser  is  used,  its  capacity  can  gene- 
rally be  obtained  approximately  by  calculation  from  the 
dimensions  and  area  of  the  plates.  For  example,  if 
two  parallel  plates  of  metal,  placed  at  a  distance  d 
apart,  veiy  small  in  comparison  with  any  dimension  of 
either  surface,  have  a  difference  of  potentials  V,  and 
tlicre  be  no  other  conductor  or  electrified  body  near, 
we  have  seen  above  (p.  57)  that  the  capacity  on  a 
[tortion  of  area  A  near  the  centre  of  either  plate  is 
Ali-rrd.  Hence  in  the  example  below,  we  have  for  the 
capacity  of  the  disk  of  Eirea  A  the  value  Ajiird,  if  we 
neglect  the  non-uniformity  of  the  electrical  distribution 
near  the  edge. 

If  C  has  been  taken  in  absolute  C.G.S.  electro- 
^etic  uoits  of  capacity  (see  Vol.  II.),  we  obtain  S 
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Thforjot  from 
lethoJ. 


in  cms.  per  second,'  which  may  be 
to  ohms  by  ilividing  by  10*. 

When  a  condenser  such  as  one  of  tbose  used  in  suli-' 
marine  telegraph  work  is  used,  the  capacity  of  which 
known  in  niicrofarads.t  then  since  a  microfuvd  ia  Ij 
C.G.S.  electroma^etic  units  of  capacity,  we  have 
in  ohms  the  formula 


J2  =  10V, 


1 


^  The  following  are  results  actually  obtained  in  tests  of 
a  specimen  of  insulating  material  made  in  the  form  of 
an  ordinary  telegraph  insulator.  An  aix  condenser  con- 
sisting of  two  boriBontal  brass  disks,  the  distance  i< 
which  apart  could  be  regulated  by  means  of  n  micr ' 
meter  screw,  was  joined  with  the  insulator  made  im 
a  small  condenser  with  mercury  inside  aod  outsll' 
as  described  above.  The  lower  disk  was  of  consideml : 
greater  diameter  than  the  upper,  which  had  a  diamei< 
of  12'oi  cms.,  and  the  distance  between  them  was  .<  i 
justed  to  be  1  cm.  The  upper  disk  was  counectod  ^ 
the  insulated  pair  of  quadrants,  and  the  lower  to  il; 
electrometer  case.  Calling  A  the  area  of  the  np]" 
plate,  and  d  the  distance  between  tli«m,  we  hai' 
neglecting  the  effect  of  the  edges  of  the  upper  dis 
the  capacity  of  this  condenser  the  value  Afif. 
COS.  electrostatic  units.  Hence  in  the  act* 
C=  9-828,      The   interior  surface    of   the    ii 


*  In   tbe  ctec-tramagnotic  rrstetn  of   tmits 
dimensioin  of  velocity.    Se«  Vol.  II. 
t  Sm  Vol.  II.,  also  tUe  ^oU  in  tlia  Appendix  !o  Uii 
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covered  by  the  mercury  was  so  small,  and  the  thickness   Practical 
of  the  material  so  great,  that,  even  allowing  the  material       of 
to  have  a  high  specific  inductive  capacity,  the  capacity    ^^*§® 
of  the  condenser  which  it  formed  was  small  in  com- 
parison with  that  of  the  air  condenser.    The  experiment 
gave,  when  the  condenser  and  insulator  were  joined  as 
described,    Fo  =  251,    V^  =  100,  i  =  6640  seconds. 
Hence, 

^ — m='^- 

9-828  X  2-303  x  log,  jgj 

in  seconds  per  centimetre  (C.G.S.  electrostatic  units  of 
resistance).  As  the  condenser  was  not  insulating  per- 
fectly, a  separate  test  was  made  for  it  alone,  with  the 
results  Vo  -  239,  V^  =  182,  t  =  6120.     Hence 

Be  = oQQ  =  2286, 

9-828  X  2-303  x  log^  g| 

and  therefore  by  (67) 

623^xJ286  _    ^ 
*""  2286-623  ""^^^' 

in  seconds  per  centimetre. 

Multiplying  this  result  by  9  x  10^^  (the  approximate  Measure- 
value  of  v\  see  Vol.  II.),  to  reduce  to  electromagnetic  ^^  b^J^^v 
units,  we  get  for  the  resistance  of  the  insulator  7712  x     Resist- 
10^  cms.  per  second,  or  771  x  10^^  ohms.  *°^' 

The  determination  of  the  resistance  of  an  electrolytic  Resistance 
liquid  is  attended  with  serious  diflSculty  in  consequence    Eiedro- 
of  the  jpolarization  in  general  produced  at  the  surfaces     ^y^^ 


COMPARISON  OF  EESISTANCES. 
felectrodes  in  contact  with  them.     This  polarization 
inToIves  in  certain  cases  what  lias  beou  called  a  t 
tioQ  resistance  at  the  separating  surfaces  produced  | 
the  presence  of  the  ions  or  of  air,  or  of  hotb,  at   tlu 
surfaces,  and  an  alteration  of  the  resistance  of  part  I 
the  liquid  column  due  to  change  in  the  condition  of  S 
liquid   near   the   electrodes.      Further  it   involves  i 
electromotive   force   opposed    to    that    producing 
current,  which  must  be  tafeen  account  of  in  most  of 
the  ordinary  methods  of  comparing   resistances,   and 
this  cannot  in  general  be  done  with  accuracy.    Stg| 
example,  if  V  be  the  difference  of  potentials  bet» 
pair  of  electrodes  in  contact  with  an  electrolyte,  y  ^ 
current  through  the  electrolyte,  and  E  the  electromol 
force  of  polarization,  we  have 


y=yR  +  £. 


Thus  we  cannot  find  S  {which  after  all  might  iwt  ]| 
the   true  resistance  of  the  electrolyte)  by   finding  | 
and  7  alone ;  we  must  find  also  JE.    But  the  value  o 
tlepenrls  to  a  certain  extent  on  the  value  of  y,  and  c 
variety  of  other  circumstances,  such   as   the  t 
nature  of  the  electrodes,  which  render  the  detem 
of  E  by  any  process  of  this  kind  exceedingly  difficult 

The  electromotive  force  of  polarization  consists  i 
,  finite  difference  of  potentials  at  each  electrode, 
causes  the  electrode  to  act  as  the  plate  of  a  conded 
of  which  the  capacity  may  bo  called  the  pola 
capacity  of  the  electrode,  This  is  considerable  evet 
an  electrode  of  very  small  surface,  on  account  of  1 
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Ithinness  of  the  stratum  at  the  surface  within  which  the 
ifi'erence  of  potentials  exists. 

The  distiirbaiice  from  polarization  is  however  small  : 

Ivheo  the  liquid  is  a  solution  of  a  metallic  salt,  and  the  j 

electrodes  are  compoaeil  of  the  metal  in  question.     The 

resistance  can  then  be  determined  with  fair  accuracy 

■I^  the  Wheatatone's  Bridge,  or  other  ordinary  method 

which  may  be  applicable,  if  precautions  are  taken  to 

iliminate  any  transition  resistance  which  there  may  be 

kt  the  plates.     It  has  been  found  that  electrodes  of 

rdinary  zinc  amalgamated  with  mercury  produce  uo  elec- 

romotive  force  of  polarization  when  placed  in  contact 

irith  sulphate  of  copper  and  zinc  solution.     This  fact 

*  been  made  use  of  by  Beetz,*  Paalzow.f  aud  others 

r  the  determination  of  the  resistance  of  zinc  sulphate 

nlutions  of  various  strengths.     In  the  experiments  of 

■     Beetz  which  were  made  with  great  care,  the  liquid  was 

boiled  with  the  electrodes  in  position  to  expel  air  from 

the  plates  and  so  prevent  transitional  resistance. 

^^L   Paalzow  also  determined  the  resistances  of  solutions  of  ] 

^^Bther  salts  by  placing  the  liquid  to  be  experimented  on 

^^Ki  tubes  communicating  at  their  extremities  with  porous 

^^^Bay  cylinders  filled  with  the  same  liquid  and  standing 

^^Bn  wide   glass    vessels   containing   amalgamated    zinc 

^^^^ectrodes  of  large  surface  immersed  in  zinc  sulphate 

solution.     The  polarization  at  the  junctions  of  the  two 

liquids  was  slight,  and,  with  the  resistance  of  the  porous 

E^linders,  was  eliminated  by  observations  with  columns 

F  different  lengths, 

*  Pngg,  Jnn.  csrii.  (1868),  p.  1. 
t  n-id.  cHxvii.  {1860),  p.  489. 
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!liir=forJ': 
Wipdf- 


Determinaltons  of  the  resistance  of  zinc  t 
nnd  copper  sulphate  solutions  of  diQ'erent  strengtfH 
have  beeu  made  by  Professors  Ewing  and  Macgregor  * 
by  the  Whealstone  Bridge  method.  Two  arms  of  the 
bridge  were  made  of  large  resistance,  the  liquid  colum 
(contained  in  a  narrow  tube  with  wide  ends,  in  wk 
were  placed  phitinum  electrodes},  and  the  variable  i 
sistance  were  placed  in  the  other  two,  and  a  dead-l 
galvanometer  with  a.  very  hght  mirror  and  needle  v 
to  teat  for  balance.  Thus  only  feeble  currents  of  shfli 
duration  were  aent  through  the  liquid  column. 

All  the  reliable  experiments  on  sulphate  of  zinc  i^ 
in  showing  that  for  this  substance  there  is  a  stxengl 
for  which  the  specific  resistance  is  a  minimum, 
temperature  10°  C.  this  strength  is  by  Ewtng  and 
Macgregor'a  experiments  approximately  that  whicb 
corresponds  to  density  1298. 

Another  method  for  the  elimination  of  polarisatq 
was  first  used  by  Wheatstone  f  and  more  lately  | 
Horsford  and  by  Wiedeinanu.t  A  measureutent  i 
made  of  the  apparent  resistance  for  one  lei^jtb  J 
the  liqoid  column,  then  tbe  column  was  sbortenodi 
moving  the  electrodes  closer  together,  and  the  can 
through  the  column  restored  to  its  former  value  j 
adding  wire  resistance.  The  amount  of  reaisttuioe  i 
added  gave  the  resistance  of  the  portion  of  the  eolo] 
removed  from  the  circuit.  The  state  of  the  t 
cannot  however  here  be  taken  as  absolutely  tbe  si 

•  Ttana.  B.a,E.  vol.  i»viL  (1S73),  p.  Bl. 

t  Phil.  Tr&ns.  U.S.,  1848  :  Sciunttfie  Papon,  p.  1^ 

t  Fogg,  JitTi.  Mix.  (ISSO^ 
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ments  ^H 


^^m  any  two  experiments.     In  WiedemaoD's   experimeDts 
^^M  the  electrodes  were  silver  for  silver  solutions,  copper  for 
^^m  copper  solutions,  and  platinum  in  other  ca^es. 
^^R       A  method  preferable  to  any  of  these  coDsists  in  an  Methmi  nf 

p,        application  of  the  potential  method  described  above  ^n  of 
for  the  measurement  of  wire  resistance.     Contact  is  PotentialB, 
made  by  means  of  platinum  electrodes  at  two  cross- 

^H    sections  of  the   liqnid  column  at  a  definite   distance  ^H 

^^P  apart,  while  a  steady  current  is  kept  flowing  along  the  ^H 

^^M  column.     The  difference  of   potentials  between  these  ^H 

^^P  electrodes  is  measured  by  means  of  a  suitable  electro-  ^^M 

^^H  meter,  and  compared  with  that  between  two  points  in  a  ^^M 

^^f  wire    of    known    reBistanco  through    which    the    same  ^^M 

current  is  flowing.     The  effect   of  any  electromotive  ^^M 

force  independent  of  the  current  may  be  eliminated  ^^M 

^^^  by  taking  the  observations  for  both  directions  of  the  ^^M 

^^L  current,  ^^| 

^^H      It  is  here  necessary  that  the  capacity  of  the  part  ^^M 

^^B  of  the  electrometer  charged  by  the  contact  be  small  in  ^^M 

^^m  comparison  with  the  polarization  capacity  (p.  408  above)  ^^M 

^^M  of  the  electrodes,  otherwise  the  charging  current  would  ^H 

^^Bgive  a  sensible  polarization   effect  at   the  electrodes.  ^H 

^^■Tbe  capacity  of  the  quadrants  of  a  quadrant-electro-  ^H 

^^■meter  is  sufficiently  small  to  avoid  any  serious  error  ^^M 

^^f4iom  this  cause  with  electrodes  of  ordinary  platinum  ^^| 

^F  wire.  ^^1 

^H        Since  tlie  value  of  the  electromotive  force  of  polariza-  ^^| 

^^Ltion  in  small  when  the  value  of  the  current  is  small  it  ^^M 

^^^ns  possible  to  use  a  high  resistance  galvanometer  instead  ^^^ 

^^Bbf  an  electrometer  in   this  method.     It  is  necessary  ^^^ 

^^^bowever  to  have  the  current  exceedingly  small ;  and  ^^| 
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' "' ^f  therefore  if  a  seodtive  electrometer  is  available  it  i 
'     preferable  to  use  it. 

This  method  seems  to  have  beea  first  used  by  Branlj* 
ill  some  measurements  of  the  Electiomotive  Force  c 
PolnrizatioD,  but  it  has  occurred  to  and  been  used  ] 
several  other  experiment* rs. 

Some  other  methods  of  determining  the  re^stanoe  a 
an  electrolyte,  which  involve  electro-magnetic  considet 
ations,  wilJ  be  given  in  Vol.  II.;  and  the  subject  ■ 
Polarization  will  be  more  fiilly  considered  in  connectioi 
with  the  Determination  of  Electromotive  Forces, 
foregoing  sketch  may  be  supplemented  by  a  refereiu 
to  Wiedemanu's  Lehre  von  der  EUktTicitat,  Bd. 
5  j.  503—608.  in  which  will  be  found  a  very  full  a 
of  experiments  and  results. 

We  shall  now  consider  very  briefly  the  measurem 
'  of  the  resistance  of  a  battery.    This  term  is  not  perfect 
definite  in  meaning,  as  there  is  reason  to  believe  that  tJ 
resistance  as  well  as  the  electromotive  force  of  a  batteg 
depends  to  some  extent  on  the  current  flowing  throu^ 
the  battery,  and  further  the  resistance  and  the  ele< 
motive  force,  and  possibly  also  the  polarization  of  t 
battery  are  aflfected  by  differences  of  temperature, 
the  information  which  in  practice  we  generally  reqi 
from  the  test,  is  really  what  available  diflTerence  ' 
potentials   can   be    obtained   witli  a   certain   workinj 
resistance    in    the    external   circoit.     This    could 
obtained  at  once  by  connecting  the  terminals  of  t 
battery  by  this  resistance,  and  measuring  the  differ 

■  CdCTjJl.  Bmd.  l«iv.  (1878),  p.  6S« 
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of  poteiitiala  by  meims  uf  a,  quadrant  electrometer  or  a 
potential  galvacometer.  If  we  call  this  difference  of 
potentials  V,  and  the  electromotive  force  of  the  battery 
when  on  open  circuit  M,  then  putting  B  for  the  external 
resistance  we  naay  write 

E  V 

where  r  is  a  quantity  the  definition  of  which  is  simply 
that  it  satisfies  this  equation.  If  the  battery  had  the 
same  electromotive  force  E,  when  generating  the  current 
0,  as  when  on  open  circuit,  then  r  would  be  the  effective 
resistance  of  the  battery ;  but,  although  this  is  not  the 
case,  we  may  without  being  led  into  error  still  speak  of 
it  as  the  resistance  of  the  battery  for  the  current  y.  In 
fact,  the  value  of  r.  thus  found  for  a  particular  value  of 
R,  does  actually  enable  us  to  calculate  from  the  known 
electromotive  force  for  open  circuit,  with  a  moderate 
degree  of  approximation  in  the  case  of  a  constant 
battery,  and  also,  but  loss  surely,  in  the  case  of  a 
secondary  battery,  what  available  difference  of  potentials 
will  exist  between  the  terminals  of  the  battery  when 
connected  by  other  and  somewhat  widely  differing 
values  of  M,  and  therefore  also  to  find  what  arrange- 
ment of  a  battery  it  will  be  best  to  adopt  in  any  givea 
circumstances.  So  far  as  this  practical  result  is  con- 
cerned, the  numerous  methods  which  have  been  devised 
fur  the  determination  of  the  resistance  of  a  battery 
before  any  sensible  polarization  (which  requires  time  to 
I^p)  has  been  set  up  are,  tbough  interesting  in 
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themselves,  of  no  practical  value,  and  we  shall  not  h 
describe  any  of  them. 

From  equation  (70)  we  have 


To  determine  r  therefore  we  have  siraply  to  mes: 
with  a  potential  galvanometer  the  differeace  of  potential 
which  exists  between  the  terminals  of  the  battery  when 
on  open  circuit,  or  connected  only  by  the  galvanometer 
coil,  the  resistance  of  which  wo  suppose  to  be  very  jfre** 
in  comparison  with  r,  and  again  to  measure  in  the  same 
way  the  difference  of  potentials  when  the  terminals  are 
connected  by  a  resistance  R,  also  small  in  compftrison 
with  that  of  the  galvanometer,* 

If  the  galvanometer  scale  be  graduated  so  that  readings 
are  proportional  to  the  tangents  of  the  correspondiU 
angles,  we  have,  if  D  be  the  deflection  in  the  first  c 
and  ly  the  deflection  in  the  second  case,  the  equBtionI 


.--. 


(■" 


Instead  of  a  potential  galvanometer  a  quodn 
eleclrometor  may  be  employed  if  the  battery  ta  : 
too  lai^e,  and  the  same  formula  applies  when  S  t 
D'  are  taken  proportional  to  the  tangents  of  the  s 
through  which  the  mirror  is  turned. 

A  resistance  coil,  which  may  be  of  German  siln 

*  If  thp  luttniT  canBUt  of  a  Iar|^  Dmober  of  r^ella,  it  inaj  be  <li*i 
into  scL-tioDB  and  flo  tfsted,  oroiclicellmajbBi    " 
Mpanfcly. 
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wire,  constructed  88  described  in  p.  367,  should  be  used 
for  tlie  resistance  connecting  the  fenninals,  and  if  the 
current  passing  through  it  be  considerable  its  resistance 
should  be  determined  when  the  current  is  flowing. 
This  may  be  done  by  including  in  its  circuit  a  cnirent- 
galvanometer,  and  determining  the  current  7  through 
the  wire  in  amperes,*  when  Fis  read  off  in  volts  •  on  the 
potential  instrument.  The  resistance  of  the  wire  with 
that  of  the  current-galvanometer  is  in  ohms  Vly,  and 
this  is  to  be  used  as  the  value  of  R  in  equation  (72). 

If  a  galvanometer  of  high  resistance  be  not  available, 
an  approximate  test  can  be  made  by  means  of  a  sensitive 
.Ivanometer  of  low  resistance.  The  battery  and  gal- 
iBter  are  joined  in  series  with  a  resistance  R,  and 
■with  a  resistance  R'.  Let  D  and  IX  be  the  de- 
I,  which  must  have  a  difference  comparable  with 
either.  Then,  supposing  E  and  r  to  be  the  same  in 
both  cases,  and  putting  G  for  the  resistance  of  the 
galvanometer  we  have 

E 


-B'  +  G  +  T 


-(?  . 


(73) 


where  m  is  a  constant. 
Therefore  we  find 

_  D'E'  -  PR 

^  ~    D  -  if 

Mance  has  shown  how  to  determine  the  resistance  of 

ft  battery   by   means   of    Wheatstone's   Bridge.     The 

battery  is  placed  in  the  position  BD  of  Fig.  70  above 

and  a  key  is  connected  between  B  and  C.     The  resist- 

•  8*0  Vol.  II.,  also  the  A'ofc  in  tho  Ajipendii:  to  tht  prtsent  volnme. 
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ances  r^,  r,,  r^  are  adjusted  until  tlte  depression  of  t!. 
fifcr  UiB  tey  produces  no  alteration  iu  tlie  galvanometer  ( 
^^^^  flection.  The  galvanometer  and  tbe  key,  with  t|| 
respective  coQQecting  wires,  are  then  conjugate  < 
ductors  (p.  150  above) ;  and  it  is  easy  to  show  that  I 
resistance  of  the  battery  is  then  t^Jt^.  The  needlfl 
the  galvanometer  is  kept  nearly  at  zero  by  xa 
small  magnet  during  the  adjustment  of  the  resists 
so  that  it  is  as  sensitive  as  possible  to  any  alteratioi 
current  produced  by  depresaipg  the  key. 

This  method  is  so  troublesome  as  to  be  practlci 
useless,  chiefly   on   account  of   the   variation   of  i 
eflTective  electromotive  force  of   the  cell  produced  I 
alteration  of  the  current  through  the  cell  which  t 
place  when  the  key  is  depressed.     Prof.  0.  J.  Lodgjl 
has  discussed  the  method,  and  shown  how  it  majrl 
improved  by  inserting  a  condenser  in  series  with  1 
galvanometer  between  C  and  S.    Still  it  is  inconveni 
and  gives  no  information  which  may  not  be  obta 
more  easily  in  another  way,  and  we  shall  therefore  j 
enter  into  further  detail  regarding  it. 
a      Sir  William  Thomson  f  has  however  shown  how^ 
for'tliB     same  mode  of    operating  may  be   made  to  give 
RoaistHuce  resistance  of  a  galvanometer  when  there  Is  no  t 

galvanometer  available.  The  arrangement  of  Fig,! 
13  varied  by  placing  the  galvanometer  in  tbe  posiq 
BD  of  Fig.  70,  and  a  key  in  the  position  there 
occupied  by  the  galvanometer.  The  dettectiotk  of  i 
galvanometer  produced  by  depressing  the  battery  k 
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nearly  annulled  by  means  of  a  magnet,  and  the  resist-  ''^**™^*® 
ances  r^,  r^,  r^  are  adjusted  until  no  alteration  of  the     for  the 
galvanometer  deflection  takes  place  when  the  key  in  Resifit*^ce 
CD  is  depressed.    When  this  is  the  case  C  and  D  are  at  Galvano- 
the  same  potential,  since  the  addition  of  the  conductor     ™®^'^- 
CD  does  not  disturb  the  current  distribution  in  the 
network ;   and  we   have  for  the  resistance  r^  of  the 
galvanometer 
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COMPARISON  OF  CAPACITIES. 


The  determination  of  the  electrostatic  capacity  of  i 
conJenser  U  effected  by  a  process  in  which  ita  charge  at 
a  given  potential  is  compared  with  that  required  tn 
charge  a  standard  condenser  to  the  same  potential. 
The  standard  condenser  is  generally  one  of  which  the 
capacity  can  be  found  by  calculation  from  the  dimen- 
sions and  arrangement  of  the  instrument,  or  which  has 
been  itself  compared  with  such  a  condenser. 

There  are  three  forms  of  atanJard   condenser,  the 
aSTT  "i   '^P^'^'''y  **f  which  can  be  determined  with  accuracy  by 
calculation  from  the  geometrical  arrangement.     There 
are — 

1.  Spherical  Condensers. 

2.  Guard -ring  Condensers. 

3.  Cylindrical  Condensera. 

^^"^J'j?       The  simplest  form  of  spherical  condenser  consists  of 

Bpherical  two  spherical  conducting  surfaces  concentric  with  one 

another  and  separated  by  a  dielectric.   Such  a  condenss 


Cai«city. 


Difforent 

ForoiBof 
SUndard 


^  FABADAVa  Sl-HEItlCAL  COSDESSER.  ilP     ' 

waa  used  by  Faraday  in  his  esperimeats  on  Specific  Faradiys 
Inductive  Capacity,  and  is  sbuwn  in  Fig.  SO.  An  outer  spherioU 
!ii.iS3  shell  B  is  supported  on  a  base-piece  as  shown  in      *^'"'"    ~ 

<;  figure,  and  is  fitted  above  with  a  tubulure  r,  filled 
'  <  a  long  ping  of  shellac  h.  The  internal  brass  ball  A 
is  supported  in  a  position  concentric  with  tlie  outer 


sliell  by  a  thin  stem  passing  up  through  the  shellac 
plug  and  terminating  in  a  knob  n.  The  support  below 
is  perforated  so  as  to  form  a  tube  by  which  the  space 
between  the  Bpberes  can  be  filled  with  dry  air  or  any 
A  stopcock  T  enables  this  passage  to  be  closed. 


» 


COMPARISON  OF  CAPACITIES. 

ThU  condenser  was  not  used  by  Faraday  for  the 
DUMsuiemeQt  of  capacities  in  absolute  measure,  but  two 
of  them  were  employed  in  the  maimer  described  at 
p.  432  below  for  the  determination  of  specific  inductive 
capacities.  An  absolute  condenser  on  this  principle 
baa  however  been  constructed  by  Sir  Wiltiain  Thomson, 
and  is  shown  in  section  in  Fig.  S7.  The  radius  of  the 
iqtctnal  sphere  was  4511  centimetreE,  of  the  inner  sur- 


face of  the  external  shell  5  857  centimetres.  The  inner 
shell  was  supported  in  its  place  by  three  pieces  of 
vulcanite,  of  which  one  is  shown  in  the  figure,  and 
communication  was  made  with  the  interior  con- 
ductor by  a  wire  passing  through  the  centre  of  a 
circular  orifice  cut  in  the  outer  shell.  Calculating 
the  capacity  of  this  condenser  by  (56)  Chap.  I.  abovs 
we  get  k  =  63'264!  centimetres.    It  was  found  howevai;  i 
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that  *255  centimetre  had  to  be  added  to  this  number  to 
correct  for  the  eflFect  of  the  support  and  the  conducting 
wire.  It  is  difficult  to  make  the  surfaces  of  such  a 
condenser  truly  spherical,  and  to  fix  them  so  accurately 
in  their  places  as  to  enable  the  capacity  to  be  calculated 
with  sufficient  exactness,  and  comparisons  of  this  con 
denser  with  others  showed  that  this  value  of  the 
capacity  was  probably  too  low.  A  preferable  condenser  Thomson's 
is  therefore.  Sir  William  Thomson's  guard-ring  form  of  rincCon- 

denser. 


Fig.  88. 


the  parallel  plate  condenser.  This  is  shown  diagram- 
matically  in  section  in  Fig.  88.  (An  actual  instrument 
constructed  by  Dr.  J.  Hopkinson  is  shown  in  Figs.  101, 
102  below.)  The  guard-ring  E  forms  as  it  were  part 
of  a  cylindrical  metal  box  nearly  closed  by  the  disc  D 
which  the  ring  surrounds.  This  box  and  disc  are  sup- 
ported on  a  glass  stem  well  covered  with  clean  shellac, 
and  a  separate  glass  stem  within  the  box  insulates  the 
disc  D  firom  the  ring.    A  wire  passing  through  a  hgle 
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'<*  in  the  oyliodrical  wall  of  the  box  makes  contact  witl 
.   the   electrode   of  the   disc,     Tlie   other   plate    of  1 
condenser  is  formed  by  the  largo  disc  P  above.     Thi 
plate  is  carried  by  a  glass  stem  mounted  in  a  socket  a 
the  extremity  of  a  tioe  screw  workiog  tn  a  fixed  ni 
iibove.     By  turning  the  micrometer  head  of  this  8Ci 
tlie  distance  of  P  from  tbe  opposite  disc  can  be  alte 
by  any  required  amount.     The  condenser  and  its  8 
porting    framework    are    mounted   on    an    iron 
plate,  round  which  is  cut  a  circular  groove  to  recciv 
a  protecting  glass   cover;  and  to  enable  a  dry  ! 
sphere  to  be  maintained  about  the  insulating  stem 
fragments  of  pumice  moistened  with  strong  sulphui 
acid    are    contained   in  a   lead    tray  placed    on     ti 
sole-plate. 

Tbe  manner  of  using  the  condenser  is  aa  followi 
o^.    The  guaid-ring  and  disc  are  connected  together  i 
tingOon-  charged  to  the  potential  required,  while  the  opposil 

plate  is  kept  at  zero  potential     The  disc  is  next  d 

connected  from  the  guard-ring,  which  is  then  bron^ 
also  to  zero  potential.  The  charge  which  was  fonnei 
on  the  disc  remains  upon  it,  and  since  the  distribatii 
was  very  nearly  uniform  the  capacity  can  be  calcalate 
and  therefore  the  charge  on  the  diac,  from  the  prevtotu 
existing  potential  Tlie  efiective  area  of  the  diac  nu 
be  taken  as  tbe  arithmetic  mean  of  tlie  actual  an 
of  the  disc  and  that  of  the  opening  in  Uie  , 
ring.  If  S  be  this  mean  area  we  have  by  (61),  p.  I 
above, 

r-    ■* 
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and  therefore  for  the  charge  Q  upon  the  disc  when  the 
condenser  is  charged  to  potential  V 


Q  = 


V8 

— — — • 

47rd 


A  cylindrical  condenser  of  variable  capacity  has  also  Thomson's 
been  invented  by  Sir  William  Thomson,  and  used  by  Cylindri- 
Messrs.  Gibson  and  Barclay  in  their  determinations  of  ^  ^^' 
the  specific  inductive  capacity  of  paraffin  described 
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Fig.  91. 


below.  The  instrument  is  represented  in  longitudinal 
section  in  Fig.  89,  and  in  cross-section  through  G  and 
A  in  Figs.  90  and  91.  The  essential  parts  are  two 
circular  cylinders  of  brass  aa,  bb  of  the  same  diameter, 
supported,  with  their  axes  in  line  and  a  gap  between 
their  adj^ent  ends,  on  vulcanite  pieces  ce,  dd^  attached 
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Tt'"™™'»  to  a  sole-plate  hJi.    The  lengths  of  these  cylindera 
C^lindri-   2658  ceutimetres  aod  353  centimetres  respectively. 
B*ilCon-    jijgjj,   cflmmon   diameter   49674   centimetres.      These 
dimensions  were  determined  by  a  measurement  of  the 
volume  of  water  cont^iined  by  the  tubes  and  an  acci 
determination  of  their  lengths.   A  third  brass  cylindi 
was  supported  coaxially  within  the  other  two,  oa 
vulcanite  feet  near  one  end  resting  on  the  inner  Bur&M^ 
of  the  outer  cyliader.     The  length  of  this  cylinder  '■  ■ 
36'6  centimetres,  and  its  diameter  (found  by  wind;' 
fine  wire  round  the  cylinder,  measuring  the  length  of  i^ 
certain  number  of  turns,  and  allowing  for  the  thick) 
of  wire  and  the  spiral  arrangement)  was 
metres.    This  last  cylinder  is  loaded  so  as  to  rest  stal 
on  its  supports,  and  can  be  slided  backwards  or  forwards 
in  the  direction  of  its  length  so  as  to  alter  the  reUtiv» 
lengths  of  it  enclosed  within  the  two  tubes  au,  W,     A 
vertical  arm  y  projects  upwards  through  a  slot  cut   : 
the  tube  bh,  and  carries  an  index  which  moves  alon^    < 
graduated   scale  kk.     This  scale  was  graduated   into 
360    divisions,   each    1/40   inch    or   '0635    ceni 
nearly. 

A  cylinder  of  metal  tt  fastened  to  the  base 
instnimeut  surrounds  the  other  tube  aa,  to  prol 
from   esterual  influence,   and   the   whole  ta 
within  an  outer  case  ram. 

]n  the  use  of  the  instrument  the  tube  hb,  tlie 
cylinder  ee,  and  the  outer  cylinders  //,  mm  were  com 
to  earth,  while  aa  was  insulated  and  charged, 
theory   of  the   instrument   is  given  at  p.   61 
According  as  the  capacity  of  the  condenser  waj 
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increased  or  diminished,  ce  was  slided  towards  the  left  Thopjaon 

'  -     _  ^  .,  Sliding 

or  right,  and  the  amount  of  change  of  capacity  was  Cylindri 
given  by  using  the  displacement  I,  measured  on  the  ^^^' 
scale  kk,  in  the  formula 


(7-i 


I 


logF 


(1) 


where  r'=  2-4837,  r  =  11515.  The  capacity  when  I  =  one 
scale  division  =  '0635  centimetre,  was  therefore  '0413 
centimetre. 

This  instrument  has  been  modified  so  as  to  give  it 
greater  range  by  adopting  the  arrangement  shown  in 
Fig.  92.  Here  both  ee  and  II,  (6  and  c  of  the  figure)  are 
movable,  so  as  to  alter  the  capacity  of  aa. 


Second 
form  of 
Sliding 
Con- 
denser. 


L 


Fio.  92. 


Except  when  the  dielectric  is  a  gas,  the  phenomena 
of  charge  and  discharge  are  complicated,  and  the 
results  of  experimental  comparisons  of  the  capacities 
of  condensers  more  or  less  affected,  by  what  is  generally 
called  Electric  Absorption,  If  a  condenser  having 
a  solid  or  liquid  dielectric  be  charged  by  applying  a 
battery  for  a  time  sufficient  to  give  a  uniform  potential 
V  throughout  the  charged  plate  of  the  condenser 
and  then  be  left  to  itself,  its  potential  will  be  found 
after  the  lapse  of  a  short  time  to  have  considerably 


Electric 

"  Abeorj 

tion." 
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di  mini  shed.  This  diminution  of  potential 
partly  due  to  conduction  through  the  dielectric  I 
to  want  of  proper  insulation.  Part  of  it  is  due  t 
change  produced  in  the  dielectric  medium  wh^i  I 
condenser  is  charged,  which  requires  time  to  bn 
it  about,  and  is  called  electric  absorption  from  th« 
original  idea  that  it  was  caused  by  the  penptratioti  oi 
part  of  the  electric  chaise  into  the  aubatance  of 
dielectric  A  furthar  charge  is  necessary  to  restore  t 
former  potential,  and  if  this  be  given  by  a  second  a 
application  of  the  original  charging  battery,  a  Becoo 
fall  of  potential  not  so  great  as  the  first  will  be  produol 
from  this  cause,  and  so  on  for  a  third,  fourth,  fifth,  d 
ghort  application.  Thus  if  the  condenser  be  chad 
by  a  long-continued  application  of  the  battery,  i 
take  a  considerably  greater  charge  than  if  the  i 
potential  had  been  produced  hy  an  instantaneous  i 
short- con  tinned  application.  Similar  results  are  i 
tained  when  a  condenser  is  discharged.  If  it  ha.e  1: 
charged  by  a  long  contact  with  the  chargbg  h 
has  been  left  to  itself  for  some  time  after  charge  1 
short  contact,  and  is  then  discharged  by  a  short  ( 
tact,  it  will  be  found  immediately  after  to  be  At  i 
potential,  but  after  some  little  time  it  will  be  foq 
again  to  have  acquired  a  potential  of  the  same  t 
before,  and  can  be  again  discharged.  In  this  wtiy  tti 
or  four  or  more  discharges  can  be  obtained  I 
plates  are  permanently  reduced  to  zero  potential.  Til 
discharges  after  the  first  constitute  what  is  callvd  j 
residual  charge  of  the  condenser. 
The  phenomena  of  residual  charge  have  been  « I 
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K&I   iDvestigated   of   late   j'ears.      Kohlrausch  •   firat    'if^'^ 
inted  out  the  close  counoction  between  the  pheuo- 
mena  of  residual  cbarge  and  the  alow  working  out  of 
subponnanent  strain  shown  by  many  elastic  substances, 
^riod    called    by    German    physicists    Elastiscke   Nach- 
HpiriuiiS'.t     It   has  been   found   for  example   by   Br. 
^|Bopkinson  that  if  a  Leyden  jar  bt>  charged  positively 
^^)y  an  application  of  a  battery  continued  for  a  long 
time,  say  a  week,  then  negatively  for  a  shorter  time, 
say  a  day.  then  positively  for  a  very  much  shorter  time, 
say  a  few  minutes,  the  residual  discharge  will  be  alter- 
nately positive  and  negative.     This  behaviour  ia  closely 
analogons  to  that  of  a  wire  which  has  been  held  twisted 
for  different  intervals  in  snccessively  opposite  directions. 
Dr.  Hopkinson  has  also  found  that  mechanical  agitation 
of  the  dielectric  such  as  that  produced  by  tapping  the 
'.  has  a  marked  effect  in  accelerating  the  residual 
■charge. 
I  Attempts  have  been  made  with  fair  suecesa,  notably 
f  Clerk-Maxwell,  to  account  for  electric  absorption  by 
lagining  the  dielectric  to  be  heterogeneous,  in  the 
^se  of  being  made  up  of  different  imperfectly  iosu- 
Ing  substances,  such  that  the  ratio  of  the  specific 
iductive  capacity'to  the  specific  conductivity  is  not  the 
me  for  the  different  media. 

*  KohlrOiDKh  hiu  slionn  tlmt  the  inataDtAneous  clisrhitrgeinuidepeii' 
tt  of  ths  fpaidiul  ctmrge,  and  that  for  u  giveu  jur  left  lo  itiwlr  for  %. 

n  time  kTter  charging,  i the  reaidual  absrge  ia  proportionaJ  to  the 

>1  poteutial. 
\  Pogg.  Ann.  91,  1854.    See  also  on  tliis  subject  Ewy.  Bril.  Art. 
"belridty,'   by   Prof.   Chrjata!:    Ayrton   »nd   Vkttj,    ViseotUy   qf 
'      '   ,  Proc.  R.S 
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■*        It  migbt  appear  from  the  preceding  that  owing  to  tl 
existence  of  electric  absorption  tlie  capacity  of  a  co 
denser  is  an  indefinite  quantity,  depending  on  the  tin 
of  charge  or  discharge.     This  is  not  the  case  liowevd 
as  it  has  been  found  by  several  experiraentera  that  i 
ordinary  condonaers,  provided  the  time  of  charge  ( 
discharge  do  not  exceed  an  interval  of  a  quarter  i 
half   a    second,   the    charge    required    to    produce 
potential   V,  or  which   is  withdrawn   in   annulling  j 
potential   V,  are   sensibly  the  game  and  independei 
of  the   duration   of  the   contact.     This  is  called  i 
instantaneous  charge  of  the  condenser,  and  the  c 
of  a  condenser  is  defined  as  the  amount  of  the  im 
taneous  charge  required  to  produce  unit  potential  i 
insulated   coating,  while   the   other  is  at  zero, 
methods  of  comparing  capacities  described  below  ^ 
not  therefore    (except   in   the   ca^ie   of   cables 
require  a  sensible  time  to  acquire  throughout  the  e 
potential)  involve  any  ambiguity. 

In  the  investigation  of  the  specific  inductive  c 
of  paraffin  referred  to  above,  the  capacities  of  two  c 
densers  were  compared  by  an  instrument  invented  1 
'«  Sir  Wilham  Thomson,  and  called  by  him  a  plat 
This  instrument  is  represented  in  Fig.  03.  A  1 
cylinder  cc,  22'94  centimetres  long,  and  51  centimetr 
in  diameter,  is  supported  by  vulcanite  pieces  dd,  t 
coaxial  with  it  are  placed  in  symmetrical  positions,  a 
insulated  by  the  vulcanite  supports  ee,  two  equal  shoi 
cylinders  of  thin  brass,  each  7'6S  centimetres  in  lenj 
and  S'C  centimetres  in  diameter,  p,  p'  thus  form  c 
spending  plates  of  two  nearly  equal  cylindrical  i 
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densers,  of  which  the  opposite  plates  are  furnished  by 
the  cylinder  cc.  The  whole  is  enclosed  within  a  metal 
case  mm,  through  which  pass  insulated  by  plugs  of 
paraffin  the  electrodes  qq  of  p,  p\  and  the  electrode  n 
of  cc. 

The  platymeter  was  used  with  the  sliding  condenser  Compari- 
in  the  following  manner  for  the  determination  of  the  ^®°°.?f 

°  Capacities. 

capacities  of  other  condensers.     The  cylinder  aa  of  the  i.  Method 
sliding  condenser  was  connected  to  p\  the  insulated     meter.^' 
plate  of  the  condenser  to  be  measured  to  p,  and  the 
other  plate  and  cylinders  55,  ee  to  the  case  of  a  quadrant 
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electrometer  arranged  for  heterostatic  use.  The  inner 
cylinder  cc  of  the  platymeter  was  connected  to  the 
electrode  of  the  insulated  pair  of  quadrants.  We  shall 
denote  the  condenser  to  be  measured  and  the  sliding 
condenser  by  A  and  B,  their  respective  capacities  by 
C,  C,  and  the  nearly  equal  capacities  of  p,p'  respectively 
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'Sow  suppose  a  positive  charge  giv«i  to  A,  and 
K  rodcs  of  the  electrometer  coDnected  for  sa 
It  to  reduce  the  potential  of  the  cylioder  ce  to  am, 
Ku  iod  j>'  then  connected  so  as  to  share  the  chaige 
on  d  anil  p  with  B  and  »'.  AssiinuDg  the  action  be- 
tween p  and  cc  to  tx  nual  to  that  between  p'  and  <t, 
that  is,  the  two  he  platymeter  to  be  precisely 

equal,  it  is  plain  tb  the  resulting  potential  of  ee  tntHt 
be  positive,  zero,  or  negative  according  as  the  capacity 
C  +  e  i&  greater  than,  equal  to.  or  leas  than  C  +  c\  It 
is  plain  also  that,  under  the  same  conditions,  the 
potential  of  cc  must  be  negative,  zero,  or  positive  when 
B  is  the  positively  charged  conductor,  or  positive,  zero, 
or  negative,  if  £  be  negatively  charged.  In  Gibson 
and  Barclay's  experiments  one  conductor  was  positively, 
the  other  negatively  charged,  as  this  gave  more  marked 
effects  without  increased  risk  of  breaking  down  of 
insulation. 

The  capacity  of  the  sliding  condenser  was  adjusted 

go  that  when  A  was  connected  to  p'  no  alteration  in  the 

potential  of  cc  was  produced  by  putting  pp'  in  contact 

after  charging.     On  the  assumption  that  c  =  c',  this 

gave  C=C. 

Compori-       It   was  found   however  that   when  A  and  B  were 

CuMcitiea'  in'^'^^f^iigfid  without  alteration  of  their  capacities  the 

by       connection  of  p  with  p'  disturbed  the  potential  of  a. 

"^ty^    The  two  aides  of  the  platymeter  were  therefore  not 

nieUr,     exactly  equal.     But  in  order  that  the  potential  of  a 

should  be  unaJtered  after  the  two  condensers  are  pat 

into  contact,  it  ia  only  necessary  that  their  capacitiea 

should  be  adjusted  so  as  to  be  in  the  ratio  of  the 
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capacities  of  the  sides  of  the  platymeter  with  which   ^^"^PS^" 
they  are  respectively  in  contact    The  capacity  of  the  Capacities 
sliding  condenser  in  the  interchanged  arrangement  was  ^^  ^  rfeot 
ther^re  altered  until  the  effect  of  making  contact  was     Piaty- 
rendered  zero.     Calling  the  new  capacity  (T'j,  we  have     ™®  ^' 
the  two  equations 

and  therefore 

C^^(rC\ (2) 

As  an  example  we  may  take  the  measurement  of  the  Example  : 
capacity  of  the  sliding  condenser  when  the  index  was  ^g^'^Jf** 
at  a  given  position  of  the  scale.     This  was  done  hy    Sliding 
comparing  it  with  the  spherical  condenser  already  de-  spherical 
scribed.     The  sliding  condenser  was  adjusted  so  that    ^^^' 
when  connected  to  the  side  p  of  the  platymeter,  and 
the  spherical  condenser  to  p\  the  potential  of  cc  remained 
unchanged  when  after  the  system  was  charged  as  de- 
scribed, j?  and  y  were  put  into  contact.    The  reading  on 
the  scale  of  the  sliding  condenser  was  then  211.    The 
condensers  were  then  interchanged  and  the  same  opera- 
tions repeated,  and  the  reading  183  was  obtained  on  the 
sliding  condenser.     A  second  pair  of  experiments  gave 
211  and  186  as  the  readings. 

Now  thd  capacity  of  the  sliding  condenser  per  scale 
division  was  found,  p.  425,  to  be  '0413  centimetre. 
Hence  taking  the  value  63*519  centimetres  for  the 
capacity  of  the  spherical  condenser,  its  capacity  in 
terms  of  that  corresponding  to  a  scale  division  of  the 
sliding  condenser  taken  as  unit  was  1538.    Calling  the 
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capacity  of  the  sliding  condenser  when  the  slide  was  at 
zero.  A,  we  have  for  the  total  capacities  of  the  sliding 
condenser  in  the  first  pair  of  experiments  -i  +  211  and 
A  +  183,  and  in  the  second  pair  A  +  211  and  A  +  186. 
Hence  taking  the  arithmetic  mean  instead  of  the 
geometric,  we  have  approximately 

A  =  1538  -  198  =  1340. 
and  for  the  capacity  C  in  C.Q.S.  units 

C=  1340  X  -04.13  =  1404. 

The  following  method  given  by  Maxwell  for  the 
comparison  of  the  capacities  of  two  guard-ring  con- 
densers, is  a  modi  fication  of  a  method  used  by  Cavendish 
for  the  approximate  comparison  of  two  parallel  plate 
condensers  of  the  simpler  form.  The  reader  cail  easily 
make  a  diagram  for  himself  by  drawing  diagram- 
matically  two  guard-ring  condensers  aide  by  side.  Let 
A,  B,  C  denote  respectively  the  small  disc,  guard-ring 
with  metal  backing,  and  large  disc  of  one  condenser, 
A',  B,  C  the  corresponding  parts  of  the  other  con- 
denser. The  following  operations  are  performed  while 
B  is  kept  connected  to  (f ,  and  B'  to  C,  all  connections 
being  made  with  wires  of  negligible  capacity, 

\.  Arsi  connected  to  B  and  (7,  and  with  the  electrode 
J  of  a  Leyden  jar  or  a  large  battery,  and  A'  is  connected 
to  P"  and  C,  and  with  the  earth. 

2.  Ay  B,  C  are  insulated  from  J. 

3.  A  is  insulated  from  B  and  C,  and  A'  from  B 
knd  C. 

4.  B  and  C  are  connected  with  B  and  0  and  with 
the  earth. 
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^F    5.  A  is  connected  with  A'.  c 

6.  A  and  A'  are  connectetl  with  the  electrode  of  the 
insulated  quadrants  of  an  electrometer  or  with  a  sensi-  ^ 
tive  electroscope. 

By  this  process  A  and  A'  are  chained  to  equal  and 
opposite  potentials,  and  if  their  capacities  are  equal  the 
resulting  potential  after  operation  5  is  performed  will 
be  zero,  and  the  electroscope  will  show  no  deflection. 
By  adjusting  therefore  one  of  the  condensers  until  this 
result  is  obtained  the  capacity  of  the  other  condenser 
can  be  found  in  terras  of  that  of  the  first.  Thus  the 
effect  of  putting  a  slab  of  some  insulating  substance 
between  the  plates  of  one  of  the  condensers  can  be 
determined  by  performing  this  process  before  and  after 
the  introduction  of  the  slab.  All  the  operations  here 
described  can  be  performed  in  rapid  succession  by  a 
properly  arranged  and  well  insulated  key. 

If  the  condensers  be  not  guard-ring  condensers  this 
method  can  yet  be  applied  with  accuracy  in  any  case  in 
which  A  and  A'  may  be  regarded  as  surrounded  by  the 
other  plates  C  and  C.  For  example  A  may  be  the 
insulated  cylinder  aa  of  a  sliding  condenser,  and  A' 
the  internal  surface  of  a  spherical  condenser,  or  with 
Bu65cient  accuracy  the  interior  coating  of  a  Leyden  jar. 
It  is  only  necessary  in  the  above  operations  to  regaid  Ji 
as  coincident  with  C,  and  £"  with  C. 

The  following  method  is  practically  that  used  by 
Faraday  in  his  determination  of  specific  ioductipe 
capacity.  Two  condensers  have  their  plates,  which  are 
usually  uninsulated,  connected  to  earth,  and  one  of  the 
other  plates  is  charged  to  a  potential  which  is  observed 
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)  by  moaDB  of  an  electrometer.  The  insulated  plaU  ' 
the  other  condenser  is  then  brought  into  cootact  witi. 
the  charged  plate  by  means  of  a  fine  wire,  and  1 
diminished  potential  is  observed  by  the  electromet 
IF  one  of  the  condensers  is  an  air  condenser,  that  sh<H 
be  the  condenser  first  charged,  and  the  contact  with  i 
insulated  plate  of  the  other  should  be  made  only  for  a 
instant  and  then  broken.  This  avoids  the  pheoomeooD 
referred  to  above  as  electric  "  absorption  "  which  takes 
place  in  solid  dielectrics.  Calling  C,,  C,  the  capacities 
of  the  condensers,  c  that  of  the  part  of  the  electro- 
meter charged  by  being  put  in  contact  with  tbe  con- 
denser, V  the  potential  before  and  V  that  niter  il  ■ 
sharing  of  the  charge,  then  since  the  charge  remain 
constant  we  have 


If  c  is  negligible  as  it  generally  is  this  gives 


V 


1  . 


rs' 


f4 


Faraday  compared  the  potentials  V,  V  by  bringing  . 
carrier  ball  into  contact  with  the  knob  of  tbe  condense- 
before  and  after  the  discharge,  and  comparing  by  tin- 
torsion  balance  the  charges  carried  off  in  the  twu 
cases  (see  below  p.  452). 
Elimina-  If  the  capacity  c  of  the  electrometer  is  not  im' 
ci™:ity  ligible,  then  if  it  be  supposed  independent  of  Iti- 
Eloctro-  (leflectjon,  another  equation  may  be  found  witb  yrhl. 
to  eliminate  it,  by  first  charging  the  electrometer  '. 
some  potential   V,  and  then  sharing  the  charge  «iiL 
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the  condenser  of  capacity  (7i  so  as  to  give  a  potential 
F'.    This  gives 

vc  =  v'{C^  +  c). 

Hence  substituting  in  (3)  above  we  get 

n        F-  V       V  .-. 

c^  — w~  •  t^^^  .  .  .  .  c^; 

We  shall  now  describe  some  methods  of  comparing  4.  Thom- 
capacities  which  are  useful  in  cable  testing,  and  in  the  ^^-^J^i^^ 
determination  of  the  capacities  of  condensers  in '  cable    Method, 
work  generally. 

The  first  of  these  methods,  which  is  due  to  Sir 
William  Thomson,  requires  three  condensers  of  known, 
one  of  them  of  variable,  capacity,  besides  the  condenser 
the  capacity  of  which  is  to  be  measured.  Let  the  four 
condensers  be  called  A,  J?,  C,  2),  their  capacities  be 
denoted  by  C^,  C\,  C^,  C^,  and  let  C  be  the  variable 
condenser  and  D  that  of  which  the  capacity  C\  is  to  be 
found.  (A  figure  may  be  made  by  the  reader.)  The 
insulated  plates  of  A,  O  are  first  connected  together 
and  brought  to  some  convenient  potential  by  giving 
them  a  charge  from  a  Leyden  jar,  or  by  applying  one 
terminal  of  a  battery  the  other  terminal  of  which  is 
connected  to  the  earth.  They  are  then  disconnected, 
the  charged  plate  of  A  put  in  contact  with  the  insulated 
plate  of  By  and  that  of  C  with  the  insulated  plate  of  D. 
An  electrometer  of  which  both  pairs  of  quadrants  are 
insulated,  has  one  electrode  connected  to  A  and  B,  and 
the  other  to  C  and  JD,  and  C  is  varied  in  capacity,  if 
need  be,  until  both  pairs  of  condensers  are  brought  to 
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be  the  ^H 
\iaa  been  r^ 


5  the  same  potential,  which  will  of  course  be  < 
when  the  deBection  ul'  the  electrometer  has  I 
duced  to  zero.  We  have  if  T  bu  the  potential  of  A  and 
C  before  contact  with  B  and  D,  and  V  the  common 
potential  after  the  adjustment  has  been  made 


(^, 


as  uccii  uiuuu  ^^^H 

re.  ^H 
1 

ive  galvanometer  ^^^| 
instead  of  an  cJeeWB 


A  well  insulated  and  sensitive  galvanometer  ' 
insulated  key  may  be  arranged  instead  of  an  eJec 
meter  between  the  pairs  of  charged  plates,  and 
criterion  of  equality  of  potentials  will  then  be  7 
deflection  of  the  galvanometer  needle  when  the  ki 
previously  kept  raised,  is  tapped  down  after  the  oi~_  l 
tion  described  above.  The  use  of  a  galvanometer  1 1 
however  the  disadvantage  that  the  whole  series 
operations  must  be  gone  through  at  each  liischarge. 
This  is  not  necessary  when  an  electrometer  13  used,  u 
then  only  potentials  are  compared  without  discbarge. 

If  D  be  a  condenser  of  great  capacity,  such  as  a  !-  ' 
cable  with  the  further  end  insulated  in  air,  time  i^  1 
he  given  for  the  condenser  t«  become  charged  throii<'i 
out  to  the  same  potential,  and  a  correspondiog  i 
the  equalization  of  the  potential  of  D  with  thai  c 
when  these  condensers  are  put  in  contact.  Tbe  V 
f  generally  allowed  for  a  long  cable  is  twenty  to  t 
(aeconds  and  about  the  same  for  equalization. 

In  order  to  ensure  accuracy  the  coudenaeis  j 
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C",,  Cg  should  be  all,  if  possible,  nearly  equal  In  any 
case  Ci  should  not  be  small  in  comparison  with  Cj,  nor 
Cj  in  comparison  with  C^ 

The  next  method  is  also  due  to  Sir  William  Thomson  B.  Thom- 
and  is  much  nsed  in  cable  testing.  The  arrangement  g^nd 
of  apparatus  is  shown  in  Fig.  94.  u^hUd 

A  battery  of,  say,  twenty  Darnell's  cells,  insulated  by 
having  for  the  outer  containing  vessel  dry  vulcanite  or 
euthenware  pots  supported  on  a  dry  table  or  board,  has 


its  terminals  connected  through  the  reversing  key  K,  to 
the  extremities  of  the  series  of  resistances  a,  b.  These 
resistances  are  connected  at  equal  intervals  as  shown 
diagrammatically  with  pieces  of  metal,  which  form  a 
set  of  contact  pieces,  along  which  a  slider  carrying  a 
binding- screw  can  be  moved  as  in  the  instrument 
described  above  (p.  322),  and  so  the  resistance  between 
the  slider  and  the  extremities  of  a,  b,  varied.  A 
wire  attached  to  the  slider  ia  connected  to  earth,  to 
which  are  also  connected  tlie  uninsulated  coatings  of 


Null 
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honiBon'a  the  condensers  C  and  i  to  be  compared.  C  is  here 
supposed  to  bo  tbo  standard  or  known  condenser,  L  a 
cable  with  its  remote  end  free  in  air.  The  terminal  a 
of  the  resistance  slide  is  connected  with  the  insulated 
coating  of  the  condenser  L,  the  terminal  b  with  the 
insulated  coating  of  C  through  the  insulated  key  A' 
This  key  besides  being  capable  of  giving  these  ccn- 
nections,  can  also  be  made  to  disconnect  ihe  re^tam 
slide  from  the  condcnsera,  and  to  put  the  insuhkU  > 
coating  of  the  condensers  into  contact.  By  beiri_ 
brought  into  contact  with  a  and  h  the  respective  cou 
deusera  are  charged  to  the  potentials  of  those  pojni^ 
Now  since  the  sUde  is  at  zero  potential,  if  V^  be  t)<> 
potential  of  A,  R^  the  resistance  between  A  ami  t)>' 
slider,  and  B^  tlie  resistance  between  the  ellder  and  ' . 
the  potential  at  b  "pill  be  —  F'g  where 


-A 


Hence  the  potential  of  the  condenser  £  is  —  f^  aii : 
that  of  C  is  K,,  and  these  potentials  are  proportional  i 
the  respective  resistances  Ey  S^  By  means  of  the  ki ' 
K  the  condensers  are  brought  to  one  potential,  ai 
this  is  zero  if  FjC,  =  -  V^C^  To  test  whether  i!i 
potential  is  zero,  the  key  A",  is  depressed  and  oonntA! 
the  insulated  coatings  of  the  condensers  to  cart  . 
through  a  sensitive  galvanometer  G.  Any  diffen-nc 
of  potentials  between  the  coatings  and  the  earth  : 
thus  annulled  and  gives  rise  to  u  curn?nt  thiough  tli 
galvanometer.     The  slider  is  adjusted  until  no  current 


THOMSON'S  SECOND  NULL  METHOD.  489 

is  thus  produced  through  the  galvanometer.     We  have 
then 

or 

^«  =  |^i (8) 

For  accuracy  R^  and  B^  should  be  somewhat  high 
resistances  so  as  to  ensure  an  exact  knowledge  of  theii* 
ratio,  and  C^  should  be  as  nearly  as  possible  equal 
to  C^. 

When  a  cable  is  tested  sufficient  time  must  be  given  Applica- 
in  charging  to  enable  it  to  acquire  the  same  potential  Cable, 
throughout,  and  for  the  discharge  of  one  condenser 
into  the  other;  and  the  t^sts  are  repeated  with  the 
battery  reversed  on  the  slide  to  eliminate  the  eflfect  of 
any  existing  charge  in  the  cable.  It  is  usual  also  to 
make  a  number  of  tests  and  take  the  mean  result 

Instead  of  a  more  or  less  elaborate  key  K  arranged 
to  perform  all  the  operations  quickly  and  conveniently, 
a  system  of  two  pairs  of  cups  1,  2,  3,  4  arranged  in  the 
square  order 

1         2 


may  be  cut  in  a  slab  of  paraffin  and  filled  with  mercury. 
The  terminals  of  a.  h  are  connected  to  1,  2,  the  insulated 
plate  of  the  condenser  to  4,  and  that  of  C  to  3.  By  a 
connecting  bridge  of  wire  held  by  an  insulating  handle, 


Cttble. 


I 

B.  D« 

911111/11 
Method. 


COMPARISON  OF  CAPACITIES. 

1  aad  S  are  connected,  and  in  the  same  way  2  and  i 
as  to  charge  the  condeoscra.  These  coimectioiis  j 
then  removed,  and  3  and  4  connected  so  as  to  discfaq 
one  condenser  into  the  other.  Then  by  c 
key  JC^,  or  by  another  mercuiy  cup,  connected  1 
wire  bridge  with  3  or  4,  the  condenser  coatings  l 
connected  with  earth  through  the  galvanometer. 

Plainly  in  this  case  also  an  electrometer  may  be  t 
instead  of  the  galvanometer.  One  pair  of  quadrants  i 
connected  to  earth,  the  other  pair  through  tlie  key  K^ 
to  the  condensers. 

The  following  method  of  comparing  capacities,  which 
is  due  to  Mr,  de  Sauty  of  the  Eastern  Telegraph 
Company,  is  convenient  for  the  comparison  of  the 
capacities  of  condensers  in  which  electric  absorption 
does  not  come  into  play.  The  arrangement  of  the 
apparatus  is  shown  in  the  diagram.  Fig.  95.  .ff"  is  a 
key  which  when  depressed  puts  into  contact  with  tli 
point  of  junction  of  two  variable  resistances  Itj,  Ji^,  ct. 
terminal  a  of  a  battery,  the  other  terminal  6  of  whid 
connected  to  the  earth.  The  other  extremitiea  C, , 
these  resistances  are  connected  to  the  insulated  c 
of  the  condensers  (7,,  C,,  which  are  to  be  compi 
The  other  coatings  of  these  condensers  are  coam 
earth.  C  and  D  are  connected  likewise 
sensitive  galvanometer  0.  When  the  key  K  i 
depressed  it  joins  A  directly  throiigli  a  wire  to  | 
earth.  iZj,  R^  are  adjusted  so  that  neither  in  c1iat| 
the  condensers  by  applying  the  battery  to  A., 
iischarging  by  allowing  the  key  to  connect  A  i" 
to  earth,  does  any  current  pass  through  the  gtklvi 
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meter.  (If  any  influence  of  electric  absorption  is  De  Sauty's 
sensible,  the  ratio  of  resistances  which  gives  zero  ® 
galvanometer  current  when  charging  will  not  generaUy 
be  the  same  for  charge  as  for  discharge.)  When  no 
deflection  of  the  galvanometer  needle  takes  place,  the 
potential  at  C  and  D  must  throughout  the  discharge 
have  been  the  same  at  each  instant,  for  the  condensers 


C2. 
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could  not  discharge  in  such  a  way  as  to  give  a  current, 
first  in  one  direction,  then  in  the  other,  through  the 
galvanometer,  and  so  keep  the  needle  at  rest.  But  if 
7i  be  the  current  through  R^  and  7^  the  current  through 
JSg,  V  the  common  potential  of  C  and  J9,  C^,  Cg  the 
capacities  of  the  condensers  connected  with  22^,  B^^ 
respectively,  we  have 


dt 


V       d(rc,) 
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■J^  »ti<J  therefore 


I 


UiRt  is  tlie  products  of  JZ,,  j5,  into  tho  time  rates  of 
variation  of  the  charges  of  the  coirespoodiug  condeosers 
MQ  equal  at  each  instaat.  This  can  only  be  the 
oaaeif 

«r 

"'-%"' (») 

Thia  reault  may  be  seen  more  easily  as  follows.  Let 
n  equal  condeneers  have  their  iiisulated  coatings  joined 
to  ^  by  wires  of  equal  resistance  in  the  manner  shown 
for  two  condensers  in  Fig.  93.  Then  plainly  the 
charging  or  discharging  current  in  each  wire  will  be  the 
same  at  each  instant,  and  the  insulated  plates  will 
always  be  at  one  potential.  No  change  will  be  caused 
by  joining  the  insulated  coatings  in  two  groups  by 
wires  of  zero  capacity,  so  as  to  make  the  groups  virtually 
two  condensers,  of  capacities  equal  in  each  case  to  the 
sum  of  the  capacities  of  the  separate  condensers  of  the 
group,  and  connected  to  j4  by  wires  of  resistances  in- 
versely as  the  capacities.  By  making  n  sufficiently 
large,  and  the  capacity  of  each  condenser  sufiGciently 
small,  the  capacities  of  the  groups  may  be  made  of 
any  required  value  and  nearly  enough  in  any  ratio 
commeusurahle  or  incommensurable.  i 

^''^^       Another  method,  which  we  shall  again  refer  to  lat«r 
"   *     aa  a  method  of  obtaining  the  capacity  of  a  condennt 
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in  absolute   units,  is  frequently   employed   to   obtain     Direct 

-  „  :  „    ,,        -^         ■:■  f    .  DeflecUon 

rapidly  a  comparisoD   of  the   capacities   oi   two   con-   jjetluid. 

densera.  It  is  called  the  Direct  Deflection  Method. 
One  of  the  condensers  is  charged  to  a  measured  poten- 
tial and  then  discharged  by  connecting  it  to  earth 
through  a  "  ballistic  "  galvanometer,  that  is  a  galvano- 
meter (ace  Vol,  II.)  the  needle  system  of  which  has  a 
considerable  moment  of   inertia.     Fig.   96   shows  the 


rarrangement  of  apparatus  with  a  form  of  charge  i 

discharge  key,  the  contact  pieces  of  which  are  mounted 
I  on  ebonite  pillars  to  ensure  high  insulation.  The  spring 
I  lever  Z  is  provided  with  two  platinum  contacts  opposite 
I  to  the  platinum  pieces  Si,  S^.  When  depressed  it  makes 
kpontact  for  charge,  when  released  it  connects  the  plates 
the  condenser  through  the  galvanometer.  If  the 
ration  of  discharge  is,  as  it  generally  is,  short,  and 
^^^^en,  for  example,  by  depressing  the  key 
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Dirret     immediately  after  the  dischai^  contact,  to  discom 

i«tlio(L    ^'^^  galvanometer  immediately  after  the  first  diach&i    

BO  as  to  avoid  any  effect  of  residual  discharge  due  to 
electric  absorption,  the  discharge  may  be  regarded  as 
having  wholly  taken  place  before  the  gaJvanomBter 
needle  baa  moved  from  zero.  The  total  deflection  dH 
the  needle  from  zero  is  observed.  By  placing  tl^f 
galvanometer  between  the  battery  and  S,,  the  deflevtiofl 
produced  by  charging  can  be  observed.  If  there  IH 
leakage  this  latter  deflection  will  obviously  be  great^H 
than  the  former ;  and  if  the  leakage  be  not  too  grvi^| 
the  mean  of  the  two  deflections  with  the  same  batt«|^| 
may  bo  taken  as  giving  the  capacity  of  the  condensQ^H 
The  other  condenser  is  now  charged  to  a  potential  l^| 
and  discharged  in  the  same  manner  through  the  g^H 
vanometer  and  the  deflection  again  observed.  V  ftQ^| 
V  should  if  possible  be  chosen  so  as  to  make  the  til^| 
deflections  nearly  equal,  in  order  to  eliminate  tl^| 
damping  effect  which  the  needle  experiences  to  d^| 
ferent  degrees  in  deflections  of  different  amounts.  ^M 
an  instrument  for  comparing  the  ]>otentiaU  V,  V  is  n^l 
available,  they  may  be  produced  by  applying  to  U^| 
condensers  one  terminal  of  a  well-insulated  battery,  tl^| 
other  terminal  of  which  is  connected  to  the  earth,  a|^| 
varying  the  number  of  cells  until  equality  of  deflectio^l 
is  nearly  obtained.  If  the  battery  he  composed  ^H 
similar  cells  in  good  order,  the  potentials  may  bo  tak^H 
as  proportional  to  the  number  of  ceils  applied  ^| 
produce  tbem.  For  a  rough  determination  it  is  CC^H 
venient  of  courae  to  charge  both  condensers  by  U^| 
same  battery,  and  thus  to  the  same  potential,  and  ^M 
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take  the  capacities  as  proportional  to  the  galvanometer 
deflections  produced. 

The  capacity  of  a  large  condenser,  such  as  a  long  8.  SirW. 
submarine  cable  with  its  conductor  insulated,  may  be    ^^hSd 
compared  with  that  of  a  relatively  small  condenser  by    o^  9^°^- 
the  following  method,  which  is  due  to  the  late  Sir  W.  Large  with 
Siemens.    Let  the  large  condenser  be  charged  to  any  ^*  ^™*^ 

o  o  J  Condenser 

convenient  potential  V  by  means  of  a  battery.  If  the 
capacity  be  G  the  charge  is  VC,  Now  let  the  large 
condenser  be  connected  to  the  insulated  coating  of  the 
small  condenser,  the  capacity  of  which  we  shall  suppose 
to  be  c.  The  common  potential  of  the  two  condensers 
will  now  be  VC/(C  +  c).  Now  disconnect  the  small 
condenser  and  discharge  it,  and  again  connect  it  to  the 
large  condenser,  disconnect  and  discharge  as  before. 
The  potential  will  now  be  VC^I{C  4  c)\  Thus  after 
n  applications  in  this  manner  of  the  small  condenser  to 
the  large,  the  potential  of  the  large  condenser  will  be 
VC^I(C  4-  c)\  The  deflection  on  a  ballistic  galvano- 
meter produced  by  the  nth  discharge  of  the  small 
condenser  is  now  noted.  The  small  condenser  is  then 
charged,  by  the  same  battery  as  that  used  to  charge  the 
large  condenser,  and  therefore  to  the  same  potential  V, 
discharged,  and  the  deflection  noted.  If  D^,  D  be  these 
deflections  we  have 


and  therefore 


^  =  vi?^ (10) 
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and  end  of  an  interval  of  t  seconds,  C  the  capacity  of  Sir  W. 
the  condenser,  and  B  the  resistance  connecting  the  Method 
coatings,  we  have  J^7  ^^^ 

o  '  Discharp 

^         t        \  through 

^  =  5  i^. (11)  ^: 

Values  of  Vq,  V,  for  diflferent  values  of  t  are  given  by 
the  observations,  and  enable  a  mean  value  of  C  to  be 
obtained  free  to  some  extent  from  errors  of  obser- 
vation. 

The  resistance  B  must  of  course  be  very  great  in 
order  that  the  whole  charge  may  not  be  so  quickly  lost 
as  to  prevent  the  potentials  from  being  observed  before 
and  after  a  sufficiently  long  interval  of  time.  If  the 
condenser  be  not  a  perfectly  insulated  air  condenser, 
the  actual  resistance  of  the  dielectric  layer  between  its 
coatmgs  may  be  taken  advantage  of,  and  will  in  general 
be  convenient  for  the  purpose.  To  determine  it  we  use 
an  auxiliary  condenser  of  known  capacity  C\  and  re- 
sistance jB',  which  has  been  determined  by  some  method, 
for  example,  the  method  of  p.  405  above.  The  insulated 
coating  of  this  condenser  is  joined  to  that  of  the  con- 
denser to  be  measured,  so  that  the  capacity  of  the  joint 
condenser  becomes  the  sum  of  their  separate  capacities, 
and  the  resistance  between  their  coatings  BB'I(R  +  BT). 
The  condenser  thus  formed  is  charged  and  the  potential 
at  different  instants  of  time  observed  as  before.  Thus 
if  Vq,  V  be  the  potentials  before  and  after  an  interval 
of  t'  seconds,  we  have 

^^^ — BW~iogrjr   •  •  ^^^> 
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This    equation    with    (11)    suffices    to    determine   C 

and  R 

io.lfeihod      We  give  lastly  here  a  method  of  measuring  capacities, 

J^^g'    which  was  used  by  Dr.  Werner  Siemens,  and    is  of 

Clmro;)!     importance  in  the  determination  of  Specific  Inductive 

Diacliarge.  Capacities.     Fig.  97  shows   the   arrangement    of  the 

apparatus.    .S  is  a  battery  of  a  number  of  well  insulated 

constant  cells,  of  which  one  terminal  is  connected  to 


i 


earth,  and  the  other  terminal  to  the  contact  piece  a. 
A  sensitive  galvanometer  G  has  one  terminal  connected 
to  the  contact  piece  b,  and  the  other  connected  to  earth. 
The  pieces  a  and  b  are  so  arranged  that  a  commutator, 
represented  diagram matically  by  I^,  connected  perma- 
nently with  the  insulated  coating  of  the  condenser  A, 
malcen  cnntAct  alternately  with  a  and  b.  Thn  tvm- 
denser  is  charged  when  a  is  in  contact,  discharged 
when  I  is  in  contact.  This  is  easily  managed  by  means 
of  a  rotating  cylinder  carrying  contact  pieces  which  are 
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pressed  on  by  springs  represented  by  a,  b,  or  by  some       lo. 
other  suitable  mechanical  arrangement.    The  commu-  Successive 
tator  is  made  to  give  a  constant  and  large  number  n  of    ^^^^ 
discharges,  say  from  40  or  50  per  second  upwards.  Thus    charge, 
if  the  battery  remains  constant,  a  constant  mean  current 
is  produced  through  the  galvanometer.     Let  £  be  the 
electromotive  force  of  the  battery,  and  C  the  capacity 
of  the  condenser,  then  on  the  supposition  that  we  may 
suppose  the  condenser  completely  charged  or  discharged 
at  each  contact,  we  have  for  the  mean  current  nEC. 
If  n  be  sufficiently  great  this  will  give  the  same  deflec- 
tion as  a  continuous  current  of  the  same  amount. 
After  this  deflection  has  been  observed,  the  circuit  of 
the  battery  is  completed  through  the  galvanometer,  and 
a  resistance  B,  just  of  sufficient  amount  to  give  a  second 
good  measurable  deflection  of  the  galvanometer  needle. 
If  a,  13  be  these  deflections  corrected  so  as  to  be  propor- 
tional to  the  mean  current  (generally  the    actually 
observed  deflections  may  be  taken  if  they  are  small), 
we  have 


n£C 

=  Toa 

E 
R 

=:ml3 

lere  m  is  a 

,  constant 

• 

Hence  we 

have 

C  = 

a    1 

p  nB 

(13) 


The  commutator  may  be  easily  arranged  so  as  to 
charge  the  condenser  alternately  positively  and  nega- 

troi.  I.  G  G 
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tethod  b;  tively.  If  C^  be  tfae  mean  of  the  two  capacities  which 
""™""^  the  condffliBer  has,  according  as  one  or  the  other  coating 
is  made  the  uninsulated  coating,  we  have,  putting  ti  for 
the  number  of  nvenais  per  second,  InE'C  for  the  whole 
quantity  of  electricity  which  flows  tlirongli  the  galvano- 
meter in  a  second,  that  is,  the  mean  current.  Hence 
if  a  and  0  have  the  same  meanings  as  before,  we 
have 


(1+) 


These  values  of  the  current,  it  ie  to  be  remarked,  are 
obtiuned  on  the  aBauroption  that  the  times  of  charge 
are  sufficiently  long  to  allow  the  condenser  to  be  fully 
charged  to  potential  £,  and  the  time  of  disc^iarge  alao 
long  enough  to  allow  the  condeneer  to  be  completely 
discharged.  The  results  of  experiments  made  with 
different  time-intervals  have  justified  this  assamption 
for  small  condensers  even  for  time  intervals  so  anull 
as  Timro  of  a  second. 

The  methods  of  comparing  capacities  which  depend 
more  or  less  on  electromagnetic  principles  will  be 
described  in  Vol,  II. 
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SSOTION  II. 

MEASUREMENTS  OF  SPECIFIC  INDUCTIVE 

CAPACITY. 

All  measnremeDts  of  Specific  Inductive  Capacity 
involve  in  practice  a  comparison  of  the  capacity  of  a 
condenser  with  air  as  the  dielectric  with  that  of  the 
same  condenser  with  the  whole  or  part  of  the  space 
between  the  plates  occupied  by  the  substance  of  which 
the  specific  inductive  capacity  is  to  be  found.  For 
practical  purposes  the  specific  inductive  capacity  of  air 
(which  is  nearly  the  same  at  all  ordinarily  attainable 
temperatures  and  pressures)  at  0"^  and  under  standard 
atmospheric  pressure  (760  mm.  of  mercury)  is  usually 
taken  as  unity,  and  it  will  be  convenient  at  present  to 
follow  this  custom. 

According  to  the  Electro  Magnetic  Theory  of  Light  Relation  of 
(see  Vol.  II.),    the  specific  inductive   capacity  of   a    (Sp.'to 
dielectric  should  be  equal  to  the  square  of  the  index  „^"^®^.®^ 

*  .  ^,  Refraction. 

of  refraction  fi^  of  the  medium  for  light  waves  of  in- 
finite length.*  This  index  is  usually  calculated  from  the 
measured  values  of  the  index  for  known  wave  lengths 
by  the  formula  /i*^  =  -4  +  jB/X*,  where  \  is  the  wave 

length.    It  is  however  to  be  noted  that  this  is  a  formula 

k 

*  Strictly  m'os  =  X  ^  magnetic  penneability,  or  magnetic  indnctive 
capacity,  of  the  medinm.  But  there  is  no  transparent  dielectric  for 
which  the  magnetic  permeability  differs  much  from  that  for  air,  which 
is  here  taken  as  nni^  (see  YoL  II.). 

G  G  2 
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■i.  v-v:  .  .,.-,—  -,.  i^.-  — :L  A  -..r  j-.-.-,  a  of  the 
';»piwM«i  </  the  cofuknaera  made  br  rK*.  a^m^  pcoc«ffi 
M  t>*>re  gare  l-fj8  1  m  tiie  ratio  in  wlucii  the  capad^ 
lA  tb*  cr«d«i«T  had  been  incrtaaed.  The  trae  ratio 
wan  riv^e  nearly  1-3, 1.  But  the  result  showed  that  a 
real  altfeiation  of  capacity  of  the  (XMidenaer  could  be 
uomiitakaWy  recognized  in  spite  of  the  unavoidable 
erron  of  experiment. 

Having  thna  satisfied  himself  of  the  sensibility  of  hii 
apparatns,  Faraday  introduced  a  thick  hemispherical 
cap  of  sheUac  into  the  lower  hemisphere  of  one  of  the 
equal  coodensera.  and  compared  the  capacities  in  tk 
manner  described  above,  by  fim  charging  one  and  tbs  ' 
sharing  the  charge  with  the  other  and  observinc  tb 
reduced  potential  immediately  after.  Each  of  tbc 
apparatus  was  made  m  turn  the  condeoser  to  be  fis 
charged.  The  follawmg  are  the  results  of  -uch 
[Experiment : 


FARADAY'S  EXPERIMENTS. 


ttik:,\  nation  of 

0  Cup.  ot 


Calliug  C  the  capacity  of  the  shellac  condenser,  C 
that  of  the  air  condenser,  V  the  potential  before  and 
V  the  potential  after  the  sharing  of  the  charge,  we 
have  by  (4)  above 


y  113-5 

and  from  experiment  II, 
118 


Hence  from  experiment  I.  we  get 
„      290- 113-5  „      ,  ,. 


C  =  1-37  0  nearly. 


204  -  US 

The  much  smaller  result  in  the  second  case  is  due  to 
dissipation  and  absorption  in  the  shellac  condensers 
between  the  instanf  at  which  the  reading  204  was 
obtained  and  that  of  the  division  of  the  charges. 
Faraday    estimated    the    corrected    result    as    nearly 

1-47  a 
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gives  ^^1 


of  extrapolation,  and  that  the  valtie  whicii  it  gives 
very  frequently  be  seriously  in  error.     The  valm 
ft^  thus  calculated  are  given  below  in  some 
comparison ;  in  othera  the  value  of  ft  for  the 
is  given. 

Csvun-         The  first  measurements  of  this  kind  were  made  hjr 
wrimsntR!  Cavendiah,*  by  a  method  the  same  in  principle;  as  that 
described  above,  p.  432.     He  found  for  glass  a  inejui 
value  of  about  8-22,  for  shellac  4'47,  and  for  wax  4  ('• 
These  values  later  experiments  have  shown  to  be 
great,  no  doubt  in  great  measure  from  the  effect^, 
electric  absorption. 
,      Faraday's  experiments  were  made  by  the  method 
apparatus  sketched  at  pp.  433  and  419  above. 
condensers  of  the  form  shown  at  p.  410,  and  aa  neail 
equal  as  possible,  were  constructed.     The  inner  surf.a 
of  each  had  a  diameter  of  2'33  inches,  and   the  ouur 
shell  of  each  an  internal  diameter  of  3"57  imdies.     To 
teat  the  equality  of  the  condensers  the  following  process 
was  employed.     The  condensers  were  set  at  some  litt! 
distance  apart,  so  that  the  inductive  influence  of  one    < 
the  other  might  be  neglected,  and  in  positious  such  ili 
they  were  as  nearly  as  possible  similarly  placed   wn' 
respect  to  all  external  conductors,  including  the  ob8er^ ' : 
The  external  coatings  wei-e  then  connected  once  for  a'. 
to  the  earth.     The  interior  coating  A  of  one  condei»;' 
was  then  charged,  while  that  of  the  other,  B,  remain* 
uncharged.     The  potential  of  A  was  then  tested  bv 
bringing  a  small  carrier  ball  into  contac 
and  observing  the  force  produced  at  a  gi 
*  Sltet.  Kts,  p.  1*4,  el  mj. 


FARADAY'S  EXPERIMENTS. 


453 


the  suspended  ball  of  a  torsion  balance.     To  observe    Verifica- 
the  rate  of  loss  of  charge  the  observations  were  repeated    Eq^^ty 
after  a  short  interval,  and  the  result  showed  only  a    of  Two 
slight  dissipation.    The  charge  of  A  was  then  shared    densers. 
with  B  by  bringing  A  and  £  symmetrically  into  contact 
by  their  knobs.    The  potentials  of  B  and  A  thus  pro- 
duced were  then  tested  by  the  carrier  ball  as  before,  the 
charge  from  B  being  taken  by  the  ball  at  the  instant  of 
contact  with  A,    The  following  are  two  sets  of  results. 
The  numbers  are  degrees  of  torsion  of  the  glass  thread 
of  the  balance  and  may  be  taken  as  proportional  to 
the  charges. 


I. 


11. 


Geutres  of  Balls  in  Balance 

Centres  of  Balls  in  Balance 

160°  apart. 

160°  apart. 

A                       B 

A                       B 

0 

152 

264 

148 

250 

Charge  divided. 

Charge  divided. 

1^2 

70 

124 

78 

Both  discharged. 

Both  discharged. 

1 

6 

2 

0 

Thus,  taking  the  experiment  I.,  the  charge  divisible 
between  A  and  B  may  be  taken  as  249.  As  B  was 
found  immediately  after  discharge  with  122  it  jnay  be 
taken  as  having  received  that  amount  at  least.    The 
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long  and  61  centimetres  in  external  diameter, 
space  bctweeu  aa  and  cc  was  filled  up  with  jm 
and  trom  the  imbedded  tube  bb  an  electrode  dd  c 
wire  was  led  to  the  outside. 

The  condenser  thus  formed  was  placed  in  an 
vessel  containing  water  of  which  the  temperature  i 
given  by  a  thermometer,  A  second  thermometer  fixed 
in  a  paraffin  plug  //,  resting  on  cc.  gave  the  temperature 
of  the  interior.  The  paraffin  plug  gy  inserted  at  the 
level  of  the  top  of  66,  together  with  y/,  prevented  the 
passage  of  heat  between  the  interior  of  bb  and  the  air 
above  the  condenser. 

The  outer  vessel  aa,  and  the  tube  cc  were  cotui«( 
with  the  earth,  and  the  inner  tube  66  to  one  side  of  % 
platymeter,  and  balance  obtained  against  the  slid] 
condenser  as  described  above,  p.  429.  Taking 
capacity  of  the  sliding  condenser  as  1384  times  I 
for  each  scale  division,  whiclt  it  now  was  in  conse()uei 
of  a  small  addition  which  had  been  made  to  its  val 
at  zero,  the  mean  of  a  large  number  of  experimed 
gave  for  the  value  of  that  of  the  paraffin  condei 
1684  times  the  same  unit,  or  an  absolute  capacity  J 
69352  C.G.S.  electrostatic  units.  These  esperin 
which  were  made  at  different  temperatures,  showed  ■ 
alteration  of  specific  inductive  capacity  with  choDg^ 
InJ.  temperature.  Tho  capacity  of  the  same  condenser  v 
the  paraffin  between  the  cylindrical  plates  removed  i 
found  in  the  same  way  to  be  35'394  C.Q.S.  uoitSt  % 
this  was  subject  to  a  correction  for  the  cake  of  [ 
which  was  left  at  the  bottom  to  support  l>h  and  «. 
final  result  was  that  for  para&i  £  <=  1-977. 
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I  Some  very  important  deterrainationB  of  specific 
inductive  capacities  have  been  maile  by  Boltzmaim,* 
111  Ilia  first  series  of  experiments  he  determined  the 
value  of  K  for  ebonite,  paraffin,  sulphur,  and  rosin.  ' 
The  method  was  a  modification  of  that  of  Cavendisli 
referred  to  above.  A  parallel-plate  air  condenser,  the 
plates  of  which  were  supported  on  insulated  stems 
carried  by  eliduig  pieces  movable  along  a  graduated 
horizontal  bar,  and  so  could  be  placed  at  different 
measurable  distances  apart,  had  one  plate  connected 
to  earth  while  the  other  plate  was  charged  by  means  of 
a  battery.  Different  battery-powers  of  from  6  to  18 
Daniell's  cells  were  used  in  the  experiments.  After  the 
condenser  had  been  thus  charged,  the  charge  was 
Bhared  with  the  insulated  quadrants  (formerly  at  po- 
tential zero)  of  a  Thomson's  electrometer,  the  capacity 
of  which  had  been  increased  by  means  of  a  small 
air  condenser. 

The  potential  after  the  charge  was  thus  shared,  and 
while  the  condenser  was  still  connected,  was  observed. 
A  direct  application  of  the  battery  to  the  electrometer 
gave  in  the  same  way  the  previous  potential  of  the 
condenser. 

The  addition  of  the  small  condenser  to  the  electro- 
meter rendered  the  united  capacities  of  the  electrometer 
and  small  condenser  nearly  the  same  for  all  defiections, 
leaving  only  an  increase  of  capacity  of  about  1/5  per 
cent,  for  each  100  divisions  of  deflection  from  zero. 
This  was  to  some  extent  eUminated  by  a  double  set  of 
observations,  first  as  just  described,  then  by  connecting 

^^^^^^^^^•.  Wioi.  Ber.  OS,  67  (1872,  3.) 
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place  everywhere  across  the  disc.    The  same  process     Boltz- 
was  followed,  and  gave  potentials  Fg,  V^  for  a  distance    §^^! 
do,  and  a  thickness  of  disc  e.    Hence  if  (?«  be  the  n^e^^  o^ 
capacity  of  the  condenser  i.  Method 

bvCon- 


C,-c^^^^^        ^     ^.    .    .    (17) 

Putting  Cj  ■=  l/\j,  (7j  «  l/Xj,  Cj  =  l/Xj,  we  get  from 
equations  (15)  and  (16)  m  =  (d^  -  d2)/{\  —  Xg)  and  hence 
from  (17)  Xg  =  (Xi  -  Xa)  (dg  -  «  +  elK)l{d^  -  d^)-  Hence 
remembering  that  Xj(rfj  —  d^jQ^  —  x^)  =  mX^  =  dj,  we 
have  finally 

ir=— — '- .  .  (18) 

'^—^{fl^^d^^d.^d^   +e 

which  involves  besides  e  only  diflFerences  of  distances, 
and  the  ratio  (Xg  —  Xi)/(Xi  —  Xg),  which  can  be  cal- 
culated without  any  knowledge  of  C  from  the  observa- 
tions of  potential,  and  for  these  of  course  the  properly 
corrected  deflections  may  be  taken. 

Boltzmann  found  that  no  sensible  difference  in  the 
values  of  K  for  ebonite,  paraffin,  sulphur,  and  rosin,  was 
produced  in  the  values  of  K  by  varying  the  time  of 
charging  or  the  amount  of  the  charging  battery.  He 
also  in  one  set  of  experiments  tried  the  effect  of  exclud- 
ing air  from  between  the  discs  and  the  coatings  of  the 
condenser,  by  laying  the  discs  on  a  mercury  surface,  and 
pouring  a  thin  coating  of  mercury  on  a  portion  of  the 
upper  suifiMe  snncmiided  by  an  edging  of  paper. 


lenscr. 
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The  results  are  given  in  the  following  table,  in  whidt 
the  main  columns  I.,  II.,  Ill,  give  the  results  of  exp^ 
menta  made  with  different  distances  between  the  plat«l. 
The  first  of  the  two  snb-columna  in  each  case  gives  tin 
resiilt  for  air  between  the  disc  and  armatures,  the  second 
the  result  for  mercury  armatures. 


SttbttMUK. 

Vilow  of  K. 

I. 

n. 

,„. 

«-. 

Bbonita  .   . 
ParafSn  .    . 

Buiphur  .    . 
Rosin  .  .    . 

3-17 
2-28 
3-S5 
267 

3-07 
2-30 

3-n 

234 

3H3 
2-63 

3-10 
2-33 

3-20 
2-31 

3-24 

3-16 

3-34 
2S5 

%  Method  Boltzmann  also  determined  the  specific  inductive 
s  ewnded  <'*P^'^''^8  of  the  same  substances  by  comparing  the 
Bail,  force  on  a  small  ball  of  the  dielectric  placed  in  a  field 
of  electric  force  of  known  intensity  with  the  force  on  a 
conducting  ball  of  equal  size  placed  in  the  same  field. 
This  he  did  by  hanging  the  ball  as  shown  at  s  in 
Fig.  99,  by  a  double  thread  from  one  end  of  a  light 
rod,  itself  hung  by  a  bifilar  and  forming  therefore 
an  arrangement  akin  to  a  torsion  balance.  The  other 
end  of  the  rod  carried  a  mirror  M  by  which  the  de- 
flection of  the  balance  could  be  obtained  by  means  of 
a  telescope  and  scale.  The  field  was  produced  by  a 
larger  ball  which  was  kept  charged  by  means  of  a 
Leyden  jar  connected  to  its  supporting  rod. 
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Experiments  were  made  for  electrifications  of  the  large  2.  Method 
ball  of  diflFerent  durations, — (a)  for  a  constant  electrifica-  Suspended 
tion  of  considerable  duration,  (6)  for  a  comparatively      ^^^• 
short  electrification,  (c)  for  a  rapidly  alternating  positive 
and  negative  electrification.    The  electrification  (6)  was 
obtained  by  making   the   charging   and    discharging 
contacts  by  the  pendulum  of  a  metronome,  the  electri- 
fication (c)  by  means  of  a  vibrating  tuning  fork,  one 


Fio.  99, 

prong  of  which  connected  £  alternately  to  each  of  two 
Leyden  jars  oppositely  charged.  By  the  result  of  p. 
129  above,  if  we  put  K^  =  1,  and  write  K  for  K2,  and 
r  denote  the  ratio  of  the  force  on  the  dielectric  sphere 
to  that  on  the  conducting  sphere,  we  have 

JT-l  _ 
iT+l  ■"^' 
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K-- 


2r  +  l 
1  -  r  ■ 


(19) 


For  a  sulphur  ball,  as  will  be  seen  from  the  table 
below,  the  force  was  practically  the  same  for  an  alter- 
nating electrification  of  about  tt^  sec,  duration  as  for 
a   long-continued  electrification.     Hence  in  this  short 
interval  the  polarization   of  the   dielectric   was   fully 
set  up. 
&9.  lod.        The  following  are  some  of  the  results  obtained,  with 
Sbonite,    ^^  duratiou  of  electrification  noted.     For  reference  the 
Ac-       meem  value  obtained  with  the  oondeoBO'  is  added. 


K. 

V»laeofK 

...«to^»=. 

.^. 

^^. 

Ebonite  .    .   . 
Paraffin   .    .    . 
Sulphur  .    .    . 
RoBm  .... 

3-48 
2-32 
3-80 
2-48 

3-74 
812 
3-70 
5-29 

i'k 

3-15 
2-32 
3M 

2-55 

The  effect  of  increasii^  the  duration  of  charge  is 
therefore  apparently  to  increase  the  specific  inductive 
capacity,  but  in  the  cases  of  sulphur  and  ebonite  to  a 
much  smaller  extent  than  for  the  other  two  substances. 
Suspending  a  ball  of  crystallized  sulphur  with  dif- 
ferent diameters  successively  in  the  direction  of  the 
'  force  of  the  field,  Boltzmann  found  that  the  specific 
inductive   capacity   had   different   values   in   different 


^ 
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directions.     For  the  greatest  mean  and  least  axes  he    S|).  Ind. 
found  the  following  values : —  different 

directioDfl 


Greatest  Axis. 

K        4-773 


Mean  Axis. 

3-970 


Least  Axis. 

3-811 


Experiments  have  been  made  by  this  method  under 
Boltzmann's  direction  by  Messrs.  Romich  and  Nowak.* 
Results  were  obtained  for  (a)  permanent  electrification, 
and  08)  for  electrification  reversed  64  times  per  minute. 
The  values  of  K  are  given  in  the  following  table : — 


in 
Crystals. 


Glass  

Fluorspar 

Quartz 

Gale  Spar,  perp.  to  axis      .    . 

„           parallel  to  axis  .     . 

Seleiiiuniy  freshly  melted    .     . 

Sulphur,  raized  with.  Graphite 

K 

fi 

« 

7-5 
6-7 
4-6 

7-7 
7-5 
10-2 
4 

159 
7-1 
>1000 
9-9 
8-5 
151 
4-4 

The  diflference  between  the  results  for  permanent  and 
for  short  continued  electrification  seem  surprisingly 
great  in  some  cases. 

Elemencie  has  quite  recently  experimented  on  the  Klemen' 
specific  inductive  capacity  of  mica,  and  found  it  in-  -^^^ 
dependent  of  the  potential  to  which  the  condenser  in   ^^  ^^ca. 


•   Wim,  Ber,   70  (1874). 
SleeUridUit,  Bd.  ii  p.  84. 
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See  also   Wiedemann,  Lehrt  von  dr 
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wliich  the  substance  fonned  the  dielectric,  and  prac- 
tically independent  of  the  duration  of  charge.     K  for 
the  specimens  used  was  6"64.*     So  long  as  the  con- 
denser was  kept  thoroughly  dry,  the  mica  was  Ibund  to 
insulate  well  and  give  constant  result s.f 
AyrtoQ         By  freezing  distilled  water  in  a  shallow  copper  vessel 
p^'^,^     in  which  was   supported   on   three   insulating   feet   a 
Kiperi-    horizontal  plate  of  copper  in  contact  with  the  water 
[oB.       surface,  Professors  Ayrtou  and  PerryJ  made  a  coodenser 
with  ice  as  the  dielectric.     They  then  determined  the 
capacity  of  this  condenser  and  found  from  its  dimensions 
the  specific  inductive  capacity  of  ice.     At  —  13'5°  C 
the  value  of  K  thus  obtained  was  22*168.     It    is   of 
course  to  be  remembered  that  the  insulating  power  of 
ice   is   comparatively   slight.     Professors  Ayrton   and 
Perry  found  2240  x  10*  ohms  for  its  specific  resistance 
at- 12-4.°  C. 
Gordon's        An  extended  series  of  experiments  on  solids  has  been 
manMby  niade  by  Mr.  J,  E.  H.  Gordon, §  using  a  form  of  induc- 
^jj's-fl"'*  tion  balance  the  idea  of  which  is  due  to  Sir  William 
Thomson  and  Prof  Clerk-Maxwell,     It  is  represented 
diagrammatically  in  Fig.  100.     A,  5,  C,  D,  E  are   five 
parallel  coaxial  discs  separated  by  intervals  about  an 
inch  wide,  of  which  the  three  A,  C,  E  are  six  inches 
in  diameter  and  the  two  if,  D  four  inches  in  diameter. 
A  and  E  are  connected  by  a  wire,  the  middle   plate 

'■  The  T&Iue  of  K  for  mica  U  given  u  fi  in  Jenkin'a  Blatriaty  <uti 

Magmtiim,  but  it  u  not  Bt&ted  on  what  authority, 
t  BeibWier,  vol.  xii.     No.  1.    1888. 
t  Pka.  Mag.  1878,  p.  43. 
e  Phil.  Tram.  1879,  p.  417. 


^ 


B  £  is  connei 


GORDON'S  EXPEBJMEKTS. 


i  connected  to  the  needle  of  a  quadrant  electro-  Oordon', 
meter,  the  plates  B,  B  to  the  electrodes  of  the  paire  ^'^"u- 
of  quadrants.  It  is  evident  that,  if  a.  difference  of  Fi_ve-pute 
potentials  between  C  and  A,  E  be  eatabliahed,  it  is 


1 


FlO.    100. 

possible  so  to  place  A,  B  that  the  needle  will  not  be 
affected,  and  it  is  also  evident  that  when  this  position 
has  been  attained,  the  equilibrium  will  subsist  what- 
ever be  the  difference  of  potentials.  The  position  of 
the  plate  A  was  adjustable  by  a  micrometer  screw,  and 
H  H  2 
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equilibrium  was  attuiuud  by  this  means.  It  is  to  be 
.  noted  tliat  t!ie  effc-cta  of  the  edgoa  of  the  plates  are 
'  neglected. 

The  method  of  proceeding  was  therefore  simply  as 
follows.  Having  obtained  equilibrium  with  air  only 
between  the  platea,  the  experimenter  introduced  a  plate 
P  of  the  dielectric  to  be  experimented  on,  and  measured 
by  means  of  S  the  distance  through  which  A  had  to  be 
displaced  in  order  to  restore  equilibrium.  This  distance 
gave  the  thickness  of  a  plate  of  air,  equivalent  to  the 
piate  P  of  the  dielectric.  The  ratio  of  this  thickness 
to  the  thickness  of  P  is  the  specific  inductive  capadl^M 
of  the  material.  ^ 

In  the  experiments  the  plates  A,  B,  and  C  were 
connected  to  the  terminals  of  an  induction  coil,  the 
primary  circuit  of  which  was  broken  a^  many  as  12,000 
times  a  second  by  an  interruptor  aiTanged  for  the 
purpose.  Thus  the  potential  was  rendered  alternately 
positive  and  negative  12,000  times  a  second  and  all 
effects  of  absorption  were  obviated.  It  is  to  be  noticed 
that  here,  as  in  some  other  experiments  detailed  above, 
the  metallic  plates  were  not  in  contact  with  the 
dielectric  plate,  and  thus  any  passing  over  of  electricity 
to  the  dielectric  itself  was  avoided.  The  following  are 
some  of  the  results  obtained  : — 


Ebonite    .   .  2284  Glass,  Double-extra  Dense  Flint  3-lM 

Gutta  Percba  2-162  „     Eitra  Dense  Flint  ,    .    ,  305J 

Bulphur    .    .  2-58  „     Light  Flin: 3<n3 

Shellac  .    .    .  2-74  „     Hard  Crown 3108 

Paraffin.   .   .  1-99  „     Common g^ 
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Mr.  Gordon  found  also  by  this  method  an  apparent  Gordon's 
slow  change  in  the  specific  inductive  capacity  of  glass  ments^y 
with  lapse  of  time,  a  result  which  is  to  a  certain  ex-  Five-Plate 

Bftiftnce. 

tent  corroborated  by  some  preliminary  experiments  by 
Mr.  T.  Gray  on  the  specific  inductive  capacity  of  glass 
soon  after  it  had  been  heated  to  a  high  temperature ;  * 
but  in  view  of  the  inaccuracy  caused  by  the  assumption 
that  the  plates  of  the  balance  may  be  taken  as  infinitely 
great,  this  slow  change  cannot  be  held  to.be  proved.  It 
seems  probable  that  any  slow  change  of  specific  inductive 
capacity,  such  as  might  correspond  to  the  slow  mole- 
cular change  which  goes  on  in  glass  which  has  been 
maintained  for  a  long  time  at  a  nearly  constant  low 
temperature,  and  produces  alteration  of  the  zero  point 
of  a  thermometer,  would  be  of  so  small  amount  as  to  be 
imperceptible  by  any  method  of  measurement  yet 
devised. 

The  values  of  K  for  glass  obtained  by  Mr.  Gordon    Hopkin- 

.  son  8 

are  not  in  agreemeilt  with  some  previously  obtained  by     Earlier 
Dr.  John  Hopkinson,t  who  experimented  according  to    Experi- 
the  method  of  comparison  of  capacities  described  above, 
p.  432.     The  capacity  of  a  guard-ring  condenser  was 
compared  with  that  of  a  sliding  condenser  (the  identical 
instrument  used  in  Gibson  and  Barclay's  experiments 
described  above)  (1)  when  air  only  was  the  dielectric, 
(2)  when  a  plate  of  glass  was  introduced  between  the 
plates.    The  guard-ring  condenser  is  shown  in  Fig.  101,  * 
half  in  section  half  in  elevation,    k  is  the  protected  disc 
15  centimetres  in  diameter  with  a  gap  1  millimetre  in 
breadth  between  it  and  the  guard-ring,  t  e  the  opposite 

♦  Pha.  Mag.  Oct.  1880.         t  Trans,  R.S.  1878,  p.  17. 


ring  Con- 
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plate,  h  the  guaxil-ring  bearing  a  brass  cyliadrical  bos 
(not  shown  in  the  drawing)  which  fonua  a  shield 
for  the  back  of  the  protected  disc.  The  guard-ring 
is  insulated  on  n  atift'  frame  of  iron  formed  by  two 
triangular  pieces  of  iron  a  b,  c  d  connect-ed  by  three  i 
wrought-iron  stays.  The  insulators  are  three  ebonite 
legs  ff  9i  which  are  screwed  to  the  tops  of  the  staya  I 
The  attracting  disc  is  carried  on  a  screwed  stem  of 
1/25  inch  stop,  and  can  be  raised  or  lowered  without 


Fig.  101. 
Note. — The  protecting  cylindrical  box  on  the  guard-ring  is  her«  omitted. 


rotation  by  a  nut  /  divided  as  a  micrometer.  Fig.  102 
is  a  plan  of  the  instrument  with  the  brasa  backing 
removed.  It  shows  the  protected  disc  and  its  supports, 
which  are  two  bars  II,  II  of  vulcanite  attached  to  the 
back  of  the  disc  and  resting  on  the  upper  surface  of 
the  guard-ring. 

This  instrument  served  also  to  measure  thfi  tbicknev 
of  the  glass  plates  used  in  the  experiments.  The  screw 
/  was  turned  until  the  brass  plates  were  in  contact,  and 
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the  micrometer  reading  taken ;  then  the  glass  plate  was  Guard- 
placed  above  e  e,  which  was  screwed  up  until  the  plate  "denser. 
came  into  contact  with  A,  k,  h.  Slips  of  tissue  paper 
were  interposed  between  the  ebonite  legs  g  g  and  the 
plate  h  h,  and  the  contact  was  judged  by  these  slips 
becoming  loose.  A  reading  of  the  screw  micrometer 
was  taken  for  each  slip,  and  the  mean  of  the  three 


Fio.  102. 


taken  as  the  reading  of  contact.  A  correction  was 
determined  for  the  eflFect  of  bending  of  the  plates  and 
compression  of  the  slips  before  their  release. 

A  special  switch  supported  above  the  guard-ring 
condenser  enabled  the  connections  to  be  made  in  the 
required  order.  A  battery,  in  some  cases  of  48  in 
others  of  72  small  Darnell's  cells,  had  its  middle  point 
oonnected  to  earthy  one  of  its  poles  to  hk  h,  and  the 
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Other  to  tlie  iimer  coating  of  the  sliding  condenser,  while 
the  outer  coatinjr  ,and  the  plate  e  e  were  connected  to 
the  electrometer  case.     Thus  the  inner  plates  of  the 
two  condensers  were  charged  to   equal   and   oppo6it« 
potentials.    Then  one  pair  of  quadrants  of  a  Thomsc>n'a 
electrometer,  both  pairs  of  quadrants  of  which   were 
connected  to  earth,  were  insuhited,  the  guard-ring  was 
connected  to  earth,  and  the  protected  plate  and  the 
insulated   plate   of    the   sliding   condenser    connected 
together  and  to  the  insulated  quadrants  of  the  electi(»-  1 
meter.     The  direction  of  the  electrometer  deflection,  if  | 
any,  at  the  instant  of  the  combination  of  the  charges^  J 
was  ob.*ierved.     If  no  deflection  took  place  the  guard-  1 
ling  coniienser  and   the  sliding  condonser   had    equal 
capacities,  and  the  latter  was  adjusted  until  this  was 
the  case. 

The   following  are   mean   results   of   two   or    more 
experiments  for  each  substance : — 


GlnsB,  light  flint  .  . 
„  duuble  extra  dem 
„  dense  flint  .  . 
„      very  light  flint 


The  plates  of  glass  were  in  most  cases  in  contact 
with  both  plates  of  the  condenser. 

Hopkinson  has  since  continued  his  investigations,  and 
considered  carefully  the  possible  causes  of  the  discre- 
pance between  his  results  and  those  obtained  by  Mr. 
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Gordon.*     The  result  seems  to  leave  no  doubt  that  the    Hopkin- 
five-plate-balance  method  with  the  sizes  of  plates  and  criticism 
distances  between  them,  used  in  Gordon's  experiments,    .   ^^ 
cannot  give  accurate  results.    The  following  conclusions    Balance 
among  others  were  arrived  at : —  Method. 

1.  That  the  specific  inductive  capacity  of  glass  is 
the  same  for  nfey  second,  aoioo  second,  or  J  second 
discharge. 

2.  That  it  is  independent  of  the  potential  to  which 
the  condenser  is  charged. 

3.  That  the  five-plate-balance  is  unreliable  with  the 
sizes  of  plates  and  distances  apart  used  by  Mr.  Gordon. 
(A  plate  of  brass  between  A  and  B,  with  an  air-space  of 
from  eight  to  thirty-two  millimetres,  gave  specific  in- 
ductive capacity  less  than  unity,  instead  of  infinity. 
DiflFerent  distances  of  the  plates  gave  difierent  values 
for  glass.) 

Hopkinson  at  the  same  time  extended  his  former    Hopkin- 
results,  and  applied  his  method  of  experimenting  to  ig^^"^^. 
the  investigation  of  the  specific  inductive  capacity  of  periments. 
liquids.     A  flask  of  flint  glass,  with   thin   walls   and 
a  long  thick  neck,  was  filled  up  to  the  junction  of  the 
neck  with  strong  sulphuric  acid.     A  wire  passing  down 
through  the  neck  connected  che  acid  with  a  metal  piece 
A  (Fig.  103),  supported  on  an  insulating  stand  of  ebonite. 
On  this  metal  piece  rested  the  horizontal  arm  of  a 
kind  of  bell-crank  (or  Z-shaped  piece  of  metal  pivoted 
at  the  angle).     The  flask  was  first  charged  by  means  of 
a  battery  and  the  potential  measured  by  a  quadrant 

*  Electrostatic  Capacity  of  Glass  (II.)  and  of  Liquids,  Phil.  Trans. 
vol.  172  (1881),  p.  872. 
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iluiuut  Hiiy  I'tidiilual  charge.  The  leakage  method  de- 
si:ttliuil  Hliuvti,  ]).  403,  was  used  to  measure  the  duratioD 
uf  diiiulurga.  A  paraffin  coudenser  of  known  capacity 
had  its  platttH  ituuiiected  for  the  Ume  of  discharge  to  be 
muu^urcd,  lirtil  by  a  rusistance  of  256  ohms,  then  by 
a  ruststuncu  of  51£  ohms,  and  the  remaining  potential 
ia  each  caso  wfti  observed.     These  operations  obviously 
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gave  data  for  the  calculation  of  the  time  interval  t  by    Hopkin- 
(66)  of  Chap.  VI.*     With  a  duration  of  discharge  of   j^ter  Ex- 
about  -^jy  second,  less  than  3  per  cent,  of  the  original  peiiments. 
charge  given  by  a  battery  of  20   elements  remained. 
Longer  and  shorter  times  of  discharge  gave  similar 
results.     The  practical  result  of  all   the   experiments 
was  that  determinations  of  specific  inductive  capacity 
by  observations  of  discharge  may  be  taken  as  correct 
for  glass  if  the  period  of  discharge  be  anything  between 
aoooiy  sec.  and  ^  sec. 

The  method  adopted  for  determining  the  specific 
inductive  capacity  of  glass  plates  was  practically  the 
same  as  that  already  described  at  p.  432.  The  guard 
ring  and  protected  disc  were  first  connected  to  one  pole 
of  a  well  insulated  battery  of  1,000  chloride  of  silver 
cells,  the  other  pole  of  which  was  connected  to  the  in- 
sulated plate  of  a  cylindrical  sliding  condenser.  Thus 
the  two  condensers  were  charged  to  equal  and  opposite 
potentials.  By  means  of  a  special  commutator  changes 
of  connections  similar  to  those  described  above  were 
made  so  as  to  combine  the  charges  of  the  condensers, 
with  the  addition  that  the  electrometer  quadrants  con- 
nected to  the  condensers  after  combination  were 
immediately  after  insulated  to  avoid  effects  of  residual 
charge.  The  capacity  of  the  sliding  condenser  was 
adjusted  till  no  electrometer  deflection  was  produced. 

The  glass  plate  was  then  placed  between  the  plates 
of  the  guard-ring  condenser  and  the  operations  repeated 
until  equilibrium  was  again  obtained.     The  two  results 

*  This  mode  of  meaanring  a  small  interval  of  time  is  due  to  the 
late  Mr.  R.  Sabine  (PhU.  Mag,  1876,  Ist  half  year,  p.  337). 
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the  liquid  formed  the  dielectric,  and  the  other  coating    Sn.  Ind. 
was  given  by  a  cylinder  suspended  from  an  ebonite  plate    iwjdB. 
above,  and  immersed  in  the  liquid.     The  latter  plate    Hopkin- 
was  charged  and  the  other  connected  to  earth,  and  the  periments. 
capacity  compared  with  that  of  the  oppositely  charged 
slidijig  condenser.    The  capacity  of  the  same  apparatus 
with  air  as  the  dielectric  had  previously  been  obtained 
in  the  same  way,  and  the  results  gave  at  once  the 
value  of  K  for  the  liquid.     The  following  table  gives 
some  of  the  results.    The  column  headed  /a^qq  contains 
for   the   purpose  of   comparison    the  square  of   the 
index  of  refraction  of  the  liquid  for  light  of  infinite 
wave  length.    This  was  calculated  from  the  formula 
/ioo  =  -4  +  -S/X*  from   observations   of  the   index  of 
refraction  which  were  made  on  each  of  the  substances 
for  the  Fraunhofer  rays  (7,  jD,  F,  G,  of  the  spectrum. 


Name  of  Liquid. 


Petroleum  Spirit    .'^^     . 

Petroleum  Oil,  Field's    . 

,,  „    Common 

Ozokerite 


» 


Turpentine,  Commerc 
Castor  Oil.     .     .     . 
Sperm  Oil.    .    .    . 
Olive  Oil  ...     . 
Neat*s  Foot  Oil .    . 


al 


K. 


1-922 

2-07 

210 

2-13 

2-23 

4-78 

3-02 

3-16 

3-07 


M*  oo 


1-92 

2-075 

2078 

2086 

2128 

2-163 

2136 

2131 

2126 


The  closeness  of  the  agreement  between  the  numbers 
for  K  and  for  y?^^  for  the  mineral  oils  and  for  turpentine 
is  very  remarkable.    The  divergence  in  the  other  cases 
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is  to  be  expected,  as  from  the  composition  of  the  sub- 
stances it  is  probable  that  the  results  included  eft'e^  of 
electrolytic  action, 
siiott's  Results  with  which  Ho^inaon'a  agree  very  well  )iad 
iiilnis.'  been  previously  obtained  for  turpentine,  benzene,  and 
i/'r'i  Petroleum  by  Silow."  Two  series  of  experiments  were 
made.  In  the  first  a  very  ingenious  and  simple  method 
was  employed.  \  kind  of  quadrant  electrometer  was 
constructed  by  pasting  on  the  inside  of  a  cylindrical 
glass  vessel,  II)  centimetrea  deep  and  15  centimetres  in 
diameter,  four  symmetrically  placed  vertical  strips  of 
tinfoil  each  10  centimetres  broad,  and  joining  the 
opposite  pieces  together  by  strips  across  the  bottom. 
Within  was  hung  a  platinum  needle  of  tiio  shape  of  an 
inverted  T,  in  which  the  vertical  pieces  at  the  ends  of 
the  horizontal  crosa-piece  were  semi-cylinders  of  plati- 
nura.  The  needle  was  left  uncharged,  and  one  of  the 
pairs  of  strips  was  connected  to  earth  and  the  other 
charged  to  a  convenient  potential.  The  deflections  of 
the  needle  for  the  same  difference  of  potential  (1)  with 
the  vessel  filled  with  air,  (2)  with  the  liquid  under 
experiment,  were  observed,  and  it  vas  assumed  tliat 
the  angles  of  deflection  were  proportional  to  the  specific 
inductive  capacities  in  the  two  cases.  This  would  have 
been  strictly  true  of  the  angles  through  which  a  toision 
head  at  the  top  of  the  suspension  thread  would  have 
had  to  be  turned  if  the  needle  had  been  brought  back 
iit  both  cases  to  a  position  of  equilibrium  after 
deflection. 

*  P»gg.  Anyi.  15S(1B75),  p.  389,  and  Vieiemmo,  I>U  Ithre  nndir 
Eleldricmi,  Bd.  ii  p.  45. 
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For  two  kinds  of  turpentine,  I.,  II.,  and  for  potroleum 
iie  obtained : — 


«- 

.". 

Turpentine  I.,  n 

enn  ot  tlireel 

2173 
2-221 

.     2'129 
2-148 

► 


A  second  set  of  experiments  was  made  by  Silow  by  a 
method  similar  to  that  described  above,  p.  448.  A  con- 
denser formed  of  two  gilded  circular  plates  kept  11  nim. 
apart  by  small  pieces  of  ebonite,  and  enclosed  witbin  a 
glass  vessel  covered  on  its  interior  surface  ivitb  tinfoil, 
bad  one  of  its  plates  alternately  connected  to  earth  and 
to  one  pole  of  a  water  battery  of  175  zinc-copper 
elements.  The  connections  were  made  by  a  rotating 
commutator  kept  running  at  a  consiant  speed  auiti- 
ciently  great  to  give  a  constant  deflection  of  the  needle 
of  a  galvanometer  placed  in  the  charging  or  discharging 
circuit.  Three  deflections  were  taken  (1)  with  the  vessel 
fllled  with  air,  (2)  with  the  liquid  under  exiwrimcnt  in 
the  vessel  and  Uierefore  between  the  plates,  (3)  with 
only  the  joining  wires  attached.  Denoting  by  a,  y3,  7, 
these  defections  corrected  so  as  to  be  proportional 
the  currents,  we  have  for  the  ratio  of  the  capacity  of 
le  apparatus  with  the  liquid  between  it^  plates,  to  its 
capacity  with  air  between  the  plates  (/3  —  7)/Ca  —  7)1 
that  is  for  the  liquid 

A-  =  tj' (20) 
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Silow'a         Different   battery  powers    applied   gave    the    sanie  , 
Second'^  values  for  K.     The  following  are  the  mean  values  of 
Method,    j^  fur  the  substances  mentioned,  with  the  values  of  /ir^   i 
for  comparison.  I 


I 


SiihBtanra. 

'             K. 

-'« 

Turpentine        

Benzene    

Petroleiini,  aeoond  epecimert    . 

1       2  16.1 

■2071 
1       2-037 

213* 

2-196 
S-048 

2-<m 

Forc«. 


Some  interesting  experiments  on  the  specific  in- 
ductive capacity  of  liquids  have  also  been  made  by 
Quincke,*  According  to  the  theory  of  Furadsiy  ami 
Maxwell,  referred  to  at  p.  133  above,  there  is,  at  every 
poiot  of  the  electric  medium,  a  tension  along  the  lines 
of  force,  and  an  equal  pressure  at  right  angles  to  that 
direction,  the  amount  of  which  reckoned  in  units  of 
force  per  unit  of  area  is  KF^j&ir  where  F  is  the  resultant 
electric  force  at  the  point.  Quincke's  method  amounted 
to  measuring  not  only  the  tcnsion.bu  t  the  pressure  also,  in 
different  liquid  dielectrics,  and  his  results  besides  giving 
(1)  from  the  observed  tension,  (2)  from  the  pressure, 
values  of  K  which  he  compared  with  those  obtained  by 
the  ordinary  condenser  method,  are  interesting  in  their 
bearing  on  electrical  theory. 

His  apparatus  for  the  measurement  of  the  tension 
consisted  of  two  horizontal  circular  plates  placed  a 
short  distance  apart  in  a  glass  vessel.  The  upper  plate 
*  Wied.  Ann.  IS  (1883). 
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was  suspended  from  one  end  of  the  beam  of  a  balance,  Measure- 
and  was  connected   to   earth.     The   lower  plate  was    Tension 
charged   by  means  of  a  battery  of  Leyden  jars,  the    -■^**^ 
outer  coatings  of  which  were  to  earth.     The  potential     Force, 
was  observed  iu  arbitrary  units  by  means  of  a  Thomson's 
standard  electrometer  (see  p.  281  above).  The  attraction 
of  the  upper  plate  towards  the  lower  was  then  measured 
by  weights  put  on  the  other  scale  of  the  balance.     The 
mean  pull  per  unit  of  area  was  therefore  obtained. 

Now  from  what  has  been  proved  above  (pp.  Ill,  136) 
it  follows  that  the  force  /,  per  unit  of  area  on  any  part 
of  the  upper  plate  not  near  the  edge  is  ^ira^/K,  and 
we  have  a  -  -  KF/^ir  =  -  KVI^ird  if  F  be  the  differ- 
ence of  potentials,  d  the  distance  between  the  plates. 
Hence 

The  weighing  therefore  gave,  taking  the  mean  pull 
as  nearly  enough  equal  to/,  directly  the  tension. 

By  comparison   of  results  for  two  different  media  Deduction 
using  the  same  value  of  V  for  both  cases,  the  ratio    sp.  Ind. 
of  the  values  of  K  could  be  at  once  obtained.     Thus      ^*P- 
if /p/2>  be  the  tensions,  and  the  corresponding  specific 
inductive    capacities    determined  in  this  manner   be 
denoted  by  JST/j,  Kf^  we  have 

^  =^         .  .     (22) 

The  pressure  at  right  angles  to  the  lines  of  force  was  Meaanre- 

found  in  an  ingenious  manner.     The  upper  disc  of  the  preasore 

apparatus  just  described  was  removed  and  replaced  by  j^*^. 

VOL.  I.  II  Force. 


-'*-    - 
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V-  a  plate  of  the  same  diameter  with  a  short  vertical  tube 
j^JJ^    at  its  centre,  by  means  of  which  communicatioo  could 
*.-n»i     be  obtained  with  the  space  between  the  plates.   Attached 
F<x««.     to  this  vertical  tube  was  an  india-rubber  bag  which 
could  be  cut  off  by  means  of  a  stopcock.     A  branch 
tube  communicated  with  an  ordinary  open   U  mano- 
meter containing  bisulphide  of  carbon.     Enough  of  air 
was  blown  by  the  rubber  bag  into  the  space  between 
the  plates  to  form  a  flat  bubble  of  from  2  to  5  centi- 
metres in  horizontal  diameter,  bounded  by  the  plates 
above  and  below.    The  stopcock  was  closed  and  the 
pressure  was  read  off  on  the  manometer.     The  lower 
plate  was  now  charged  to  the  same  potential  as  before 
while  the  upper  plate  was  connected  to  earth.     The 
increase  of  pressure  was  read  off  from  the  manometer, 
and  gave  the  difference  of  pressures  in  the  air  and  tlh' 
liuuid  due  to  the  electrification. 
Peiuctlon       If  h   be    the   difference    of    heights    of    the    liquid 
Sp.  InJ.    produced  by  the  electrification,  and  p  the  density  of 
Cap.       the  liquid,  we  have,  denoting  the  value  of  A"  determined 
in  this  way  by  A^,,  and  the  acceleration  due  to  gravity 

by  ^ 

K  —  \  V^ 

^''P=    "h^  d^ <-3' 

if  K  be  taken  =  1  for  air. 

Using  the  value  of  /  given  in  (21)  for    the   saiDc 
medium,  this  gives 

i^.  =  -'^^A>+l (24: 

The  following  are  some  of  the  results  obtained. 


^^H 

■1 

^^H 

^^^^^^H 

^^^^1                  ^M 

• 
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HOPKINSONS  EXPERIMENT  ON  OILS.  ETC. 


Dr.  Hopkinson  bas  more  recently  *  made  experiments  Uophiiw' 

on  the  specific  inductive  capacity  of  a  number  of  oils  Modific*- 

and  other  liquids.     The  method  adopted  was  a  modifi-  'ion  <>f 

cation  of  the  five-plate  balance  method  described  above.  Balance 

The  arrangement  of  apparatus  is  shown  in  Fig.  104.  Method. 
I  Two  air  condensers  E,  S,  of  determinate  and  nearly 
I  ^qual  capacity,  and  two  adjustable  sliding  condensers  /, 


I 


fipSHBenlal  mvcBtigatioo.  Viilimbk  rraulla  aa  ta  Iho  state  of  Btmin 
in  transparrDt,  aolid.  uid  liquid  mvdia  tiavo  however  been  furDisfaed  by 
I  Lu  experiuienLa  of  Ki:rr  and  others  on  Double  Refraction  [irodnced  by 
I'lcctriGeiitioit.  Tbe  ex|ioritneiit«  of  Qtuncke  on  Change  of  Volume 
producvd  in  dielectrics  by  the  same  usuae  are  also  oF  great  importuoce 
'        iffle  colilie<:tion.     Thuse  are  however  ui^aaurementa  we  canuat 

■  Froe.  R.  S.  Oct,  188T. 
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ilopkin-    J,   were  joined  as  shown   like  the  four  branclies  of  ■ 
M^ifik-    W>eaUtone  bridge.     The  inner  coalings  of  E,  I  were  ^ 
lion  of    joined  to  one  pair  of  quadrants  of  an  electrometer,  and 
''bS'kI?^  those  of  F.  J  to  the  other  pair  of  quadrants.     To  the 
Heiiiod.    inner  coating  of  J  could  be  attached  the  inner  plate  of 
a  liquid  condenser  containing  the  substance  to  be  ei-   i 
perimented  on.     The  outer  coatings  of  E,  F  were  con-  1 
nected  to  thii  case  of   the   electrometer   and    to   od6    | 
terminal  of  an  induction  eoil ;  the  outer  coatiogs  of  /, 
J  were  connected  to  the  needle  of  the  electrometer  and 

»to  the  other  terminal  of  the  induction  coil. 
In  order  that  there  miglit  be  no  defleclJon  of  the 
electrometer  needle  it  was  necessary  that  the  capacities 
of  E  and  1  slioiild  be  '\\\  the  same  ratio  as  those  of  F  and 
/respectively.  An  adjustment  of  one  or  both  of  the 
sliding  condensers  was  made  until  this  relation  was 
fulBlled  in  each  of  four  cases,  (1)  when  no  fluid  con- 
denser was  introduced,  (2)  when  the  condenser  without 
the  interior  plate,  but  fitted  with  a  "dummy"  to  repre- 
sent the  necessary  supports  or  connexions  outside  the 
liquid,  was  connected  to  J,  (3)  when  the  comfJete 
condenser  charged  with  air  was  added  to  J,  (4)  when 
the  complete  condenser  charged  with  liquid  was  con- 
nected to  J.  Assuming  f^r  simplicity  the  sliding  con- 
denser 1  to  remain  unaltered,  and  z,  y,  2,  Zj  to  be  the 
respective  readings  of  J  in  the  four  cases,  we  toust  have 

Capacity  of  condenser  with  liquid       „    a:  —  Z|  —  (g  -  y| 
Capacity  ofsamc  condenser  with  air  ^— *  — t^^— i) 


'  y  -  ■ 


(257)j 
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The  folIowiDg  ]g  an  abstract 

,  of  the  resu 

Its  obtained 

Hopkin- 

son's 

Results  foi 

1 

Colza  Oil,  six  samples    .    . 

K. 

^a^  for  Tine. 

Oils,  &c. 

3  07  to  314 

„        „    another  sample  * 

3-23 

Arachide . 

317 

Sesame 

317 

Linseed  Oil,  raw   .... 

337 

Castor  Oil 

4'82 

„        „   another  fiample  . 

4-84 

Ether 

4-75 

Carbon  Bisulphide     .    .    . 

2-67 

Amylene 

205 

1  -9044 

It  is  to  be  noted  with  respect  to  colza  oil  that,  as 
given  by  Quincke  (p.  483  above),  the  value  of  ICp  is 
3-296  and  of  Kf  2-385. 

Dr.  Hopkinson  also  experimented  with  the  following 
liquids  of  the  benzene  series,  for  which  also  he  deter- 
mined the  index  of  refraction  /i^  for  the  line  D  of  the 
spectrum. 


Benzene 

Toluene 

Xylene 

Cymene 

K. 

u8 

2-38 
2-42 
2-39 
2-25 

2-2614 
2-2470 
2-1238 
2-2254 

The  same  method,  but  with  a  guard-ring  condenser    Applica- 
instead  of  the  fluid  condenser  as  shown  in  Fig.  105,  was  Method  io 
applied  to  the  measurement  of  the  specific  inductive    Solids. 

*  Doubtful  as  to  purity. 
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fplir»-    capacity  of  solids.     Tlie  connections  shown  In  FigA 
were  Brst  made,  tliat  is  the  guard-ring  and  prot« 
disc  both  connected  to  the  inner  coating  of  J. 
arrangement  wos  then  adjusted  to  balaoco,  theaJ 
gnard-riug  remaining  connected  tn  J,  the  protected  i 
WHS  transferred  to  /  anil  balance  again  obtaitted. 
difference  of   the  readings  of   the   sliding   conde^ 


gave  on  an  arbitrary  scale  the  capacity  of  Uie  ( 
ring  condenser  for  the  given  distance  of   the   plJ 
apart.     These  operations  were  then  repeated   will 
plate  of  the  substance  for  which  A'  was  to  be  foi 
ulaced  between  the  plates  of  the  guard-ring  condei 
Only  three  substances  were  experimented  on,  i 
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the  following  results.    The  previously  obtained  values   Applica- 
(p.  476  above)  are  given  for  the  first  two  for  comparison.  Method  to 

Solids. 


Flint  Glas9,  double  extra  dense 
ParaffiTi  Wax 

K. 

Previonsly  found 
value  of  K. 

9-5 
2-31 

9*896 
2*29 

on 
Hydro- 
Carbons. 


Bock  salt  was  the  third  substance  with  a  result  of  18 
for  K,  but  the  sample  was  veiy  rough  and  too  small, 
and  possibly  conducted  so  greatly  as  to  aflfect  the  result. 
In  these  experiments  the  eflfect  of  the  connecting  wiie 
of  the  guard-ring  condenser  was  not  allowed  for. 

Negreano  *  has  applied  the  five-plate  balance  method  Negreano's 
to  the  determination  of  the  specific  inductive  capacity  mente"i 
of  a  number  of  hydrocarbons  of  homologous  chemical 
composition.  The  balance  was  arranged  with  its  plates 
horizontal  and  well  insulated  on  ebonite  rods;  the 
diameter  of  the  larger  plates  was  16  centimetres,  of  the 
smaller  12  centimetres,  and  the  distance  of  adjacent 
plates  apart  1  centimetre.  The  liquid  experimented  on 
was  placed  on  a  flat  shallow  dish  attached  to  the  ebonite 
supports  between  the  uppermost  plate  and  that  next  to 
•it.  Balance  was  obtained  (1)  with  the  instrument 
used  simply  as  an  air  condenser,  (2)  with  the  empty 
dish  in  position,  (3)  with  the  liquid  in  the  dish.  The 
corresponding  positions  of  the  movable  plate  were 
obtained  by  a  micrometer.  Another  micrometer  mea- 
sured the  thickness  of  the  stratum  of  liquid.     The 

*  Cmtifia  JRmdui,  tome  civ.  1887. 
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Nfgreaiio's  ioilex  of  refraction  n^  was  also  detennined  for  the  J) 

nfenta"  n  ''"«  >"  ^^^  '^^^^  °'"  ^^^^  liquid. 
Hydro-  It  was  found  that  the  value  of  JC  increases  as  the 
composition  of  t!ie  substance  becomes  more  compli- 
cated, and  that  the  value  of  (A"  -  I)/(/f  +  2)/>  where  p 
is  the  density  is  approximately  constant.  The  following 
is  a  synopsis  of  the  reBulti : — 


» 


Benzene,  C^llt-  "^^^^  lliiophf 

another  »pei'imen 

Toliienp,  (^H,    .     . 

Xylene,  0,H,j,    .    . 
Metaijlena,  CbH,,. 
PRenilucumene,  C,H„ 
Cymene,  C,nH,,      . 
Tcrebcnthene,  C],H„ 


Si) 

DHiiiity. 

I. 

■*■ 

■0803 

3-3306 

1-4974 

8S 

•8788 

S'Sft88 

1-4978 

14 

■8BS3 

s^aftsi 

1-508$ 

27 

■8608 

a'242 

■  ■491! 

U 

■8711 

2'30I3 

1-4984 

■8554 

a-S679 

1-4P97 

IS 

■8073 

3  3781 

1-4977 

14 

■857 

S43I0 

1-4837 

19 

■851 

S'4706 

1-4837 

SO 

■875 

2  3618 

1-4736 

Cohn  nnd 


It  will  be  noticed  that  the  value  of  v^ is  only  a  little 
greater  than  fi.^  in  each  case,  and  that  (K—  1)/(K+  2)p 
has  the  value  -34  approximately  in  the  first  six  cases 
and  the  last,  and  is  slightly  greater  in  the  remaining 
three. 

Experiments  on  liquids  have  also  been  made  by 
E.  Cohn  and  L.  Arons.  Two  quadrant  electrometen 
were  employed,  one  with  air  filling  the  quadrants,  the 
other  specially  designed  to  contain  the  liquid  experi- 
mented on  as  in  Silow's  method  described  above,  p.  478. 
One  pair  of  quadrants  of  each  electrometer  was  con- 
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nected  to  one  terminal  of  a  Helmholtz  induction  coil,  Cohn  aijd 
the  other  pair  of  quadrants,  the  needle  and  the  case    Experi- 
were  connected  to  earth  and  to  the  other  terminal  of  ni.^Jits  in 
the  coil.     Denoting  by  B^,  83  *te  (corrected)  deflections 
on  the  ordinary  and  special  electrometers  respectively 
when  both  are  filled  with  air,  B\,  h'2  ^^^  corresponding 
deflections  when  the  special  electrometer  contains  the 
liquid,  we  get  easily  by  (20)  above 


The  following  results  were  obtained :- 


(26) 


Results. 


K. 

Dirtilled  Water  .     .     . 

76 

Ethyl  Alcohol 

26-5 

Amyl  Alcohol 

15 

Petroleum 

•                  • 

2  04 

Xylene,  two  kinds  .     . 

•) 

2  39 
2-36 

The  numbers  here  given  it  will  be  observed  are  high 
in  the  first  three  cases.  These  substances  have  however 
considerable  conductivity,  which  would  tend  of  course 
to  give  an  apparently  high  specific  inductive  capacity. 
The  authors  believe  that  the  results  are  correct  within 
5  per  cent. 

Prof.  Quincke  *  has  re-examined  the  question  of  the 
values  of  JTfor  liquids  obtained  by  the  diflferent  methods, 
as  described  above.    All  liquids  experimented  on  except 

*  ITitai  ^iiJi.  88.  1888. 
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colza  oil  give  practically  tlic  same  result  whatever  the 
method  employed.  For  that  substance  however  tbo 
result  stated  above  holds,  that  is  tho  pressure  method 
gives  the  highest  value,  the  electrical  balance  the 
lowest,  and  the  condenser  method  a  mean  value ;  and 
this  anomaly  was  found  fo  hold  good  for  diflferent  kinds 
of  colza.  That  it  could  not  be  due  to  electrolytic  action 
was  clear  from  the  fact  that  the  products  of  decom- 
position at  the  condenser  plates  could  not  alter  the 
pressure  at  the  surface  of  the  bubble. 

Prof.  Quincke  •  also  measured  the  index  of  refraction 
of  pure  ether  for  ultra-red  rays  by  passing  them  through 
the  medium  and  receiving  them  upon  a  thermopile. 
He  found  that  for  pure  etlier  K=  4'3,  and  that  fm 
ultra  red  rays  its  index  of  refraction  is  less  than  2. 
The  substance  seems  therefore  not  to  conform  to 
Maxwell's  relation. 

Determinations  of  the  specific  inductive  capacity  of 
gases  have  been  made  by  Boltzmannt  and  by  Professors 
Ayrton  and  Perry  .J  Boltzmann's  method  was  as  follows. 
A  condenser  consisting  of  two  horizontal  circular  plates 
was  supported  within  a  closed  metallic  vessel,  through 
the  walls  of  which  passed  wires  to  make  connection 
with  the  plates,  and  which  could  be  connected  with  an 
air-pump  or  a  gas  generating  apparatus.  Two  metallic 
plates  were  placed  above  and  two  below  the  condenser 
to  preserve  it  at  a  uniform  temperature.  The  vessel 
was  exhausted,  then  one  plate  of  the  condenser  A  was 

•  JVied.  Jnu.  33.     No.  12.     1887. 

+   Wien.  Ber.  68  (1874) ;  Pogg.  Ann.  16    (1875). 

*  Tmiu.  Aaiatie  SoHily  <^  Japan  (1877). 


BOLTZMANN'S  EXPERIMENTS  ON  GASES.  493 

charged  by  being  connected  to  one  terminal  of  a  battery   So.  Ind. 
of  300  Daniell's  cells,  while  the  other  plate  B  and  the     q^J*/ 
other  terminal  of  the  battery  were  connected  to  earth.     ^^- 
B  was  then  disconnected  from  earth  and  connected  to    Experi- 
the  insulated  electrode  of  an  electrometer  which  had     ™«i^t8- 
been  previously  brought  to  zero  potential.    The  electro- 
meter showed  no  deflection,  proving  that  there  was  no 
leakage.    The  charge  on  A  therefore  remaining  con- 
stant, it  was  found  in  accordance  with  theory  that  the 
admission  of  air  altered  only  the   specific   inductive 
capacity  between  the  plates,  and  therefore  the  potential 
of  A,  but  not  the  potential  of  B  which  remained  zero. 
After  the  admission  of  air  the  potential  of  A  was 
restored  to  its  original  value,  and  the  change  of  potential 
of  B  read  off  on  the  electrometer.    The  number  of  cells 
was  then  increased  by  one,  and  the  increased  potential 
of  B  again  read  off.     The  ratio  of  the  specific  inductive 
capacities  could  now  be  calculated. 

If  Fj,  Fg  be  the  potentials  of  A  before  and  after  the 
admission  of  air,  and  K^,  K^  ^^  corresponding  specific 
inductive  capacities,  we  have  VJ  Fj  =  KJK^.  Hence 
by  the  restoration  of  the  potential  to  F^  the  potential 
of  B  was  increased  by  an  amount  proportional  to 
Fi  —  Fj,  that  is  by  an  amount  m(l  -  K^jK^  where  m  is 
a  constant.  By  the  increase  of  the  number  of  cells 
from  ?i  to  ?i  +  1  the  increase  of  the  potential  of  B  was 
therefore  m  l\(n  +  !)/•».  Hence  calling  these  changes 
as  measured  by  the  electrometer  S,  i\  we  have 
S/S'  =  n(l  -  K^IK^  {n  +  1),  or 

^«  =  n8'-(7i  +  13S^^   ....    (27) 
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It  was  fouud  by  Boltzmann  that  the  alteration  of 
capacity  was  very  nearly  in  simple  proiwrtion  to  the 
alteratiou  of  presanre  of  the  air,  aivi^tTiatthe  effect  of 
tdtoration  of  temperature  was  uyly  that  coiresponding 
to  the  coasequeut  alteratioa  of  pfSacbro/  Hence  if  we 
denote  by  K  the  specific  inductive  capacity  of  aii 
under  pressure  equal  to  that  due  to  p  tnillimctres  uf 
mercury  under  standaid  circumetances,  suppose  that 
fur  absolute  vacuniu  to  be  unity,  and  assuroe  the  pro- 
portionality to  hold  for  all  pressures,  we  may  ■write 

^'=1  +  7™ (*«i 

where  1  +  A  is  the  specific  inductive  capacity  of  air  at 
standard  atmospheric  pressure. 

By  (27)  and  (28)  putting  p^,  pj  for  the  pressures 
corresponding  to  K^,  K^,  we  get 

nf  +  (»  +  l)g 

Boltzmann  found  similar  resulls  to  hold  for  other 
gases  than  air,  and  gave  the  following  values  for  K  at 
standard  atmospheric  pressurq^    The  value  of  JK  is 


given  also  for  comparison  with  the  index  of  refraction. 


i-  =  760- 


^. 

K. 

*'K. 

- 

1000500 

1 -000911; 

10002(14 
lOOOBPO 
1-000994 
1-0111312 
1 -000944 

l-OOn-295 
1-000173 
lOOOIH-i 
1  00034.1 
l-00'54Vt7 
1-O006.'.6 
1-000472 

i-ooosw 

1-000449 
1-000138 
1-000340 

i-oooefls 

l-OOOfiT'^ 
l-00041.'i 

Carbonic  Acid 

Hydrogen 

Ciirbonic  Oiide  .         .    .    . 

Nitrous  Oiidfl          .     .     .     . 

Olefiiint  Gas 

Marsh  Gas 
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In  Ayrton  and  Perry's  method  the  capacities  of  two  Ayrton 
condensers  were  compared  with  diflferent  gases  at  perry's 
different  pressures  between  the  plates  of  one  of  them,  E^l^^ri- 
while  the  other  had  continually  air  at  ordinary  tem- 
perature and  pressure  f(»r  its  dielectric.  The  latter 
condenser  consisted  of  a  square  horizontal  uninsulated 
plate  of  tin-foil  of  1815  square  centimetres  area, 
cemented  to  the  upper  surface  of  a  plate  of  hard  wood 
which  rested  on  the  horizontal  top  of  a  block  of  stone, 
and  an  insulated  upper  plate  of  the  same  size  supported 
on  ebonite  levelling  screws,  the  lower  ends  of  which 
rested  on  the  stone.  The  other  condenser  was  contained 
within  an  air-tight  rectangular  vessel  of  sheet  brass, 
and  consisted  of  eleven  parallel  plane  plates,  each  324 
square  centimetres  in  area,  kept  at  equal  distances  of 
three  millimetres  apart  in  racks  of  ebonite.  The  first, 
third,  &c.,  and  last  plates,  reckoning  from  one  side,  were 
connected  to  the  case,  the  other  plates  were  insulated 
and  connected  to  a  platinum  wire  passing  out  through 
a  glass  tube  35^  centimetres  long  to  the  outside  of  the 
case.  This  glass  tube,  which  had  been  chemically 
cleaned  and  covered  with  paraffin,  to  prevent  leakage 
over  the  surface,  was  very  carefully  cemented  into  a 
brass  socket  attached  to  the  metallic  case,  and  was 
nowhere  in  contact  with  the  platinum  wire  except  at 
the  outer  end,  where  it  was  drawn  to  a  point  and 
hermetically  sealed.  Cement  contained  in  a  metal  cap 
surrounding  the  junction  of  the  tube  and  socket  pre- 
vented leakage  there,  and  a  second  cap  filled  with 
cement  surrounded  the  point  of  the  tube,  and  guarded 
the  point  from  being  broken  by  motion  of  the  wire. 


ments. 


49e  SPECIFIC  INDUCTIVE  CAPAClTy. 

Ayrton  By  means  of  another  tube  the  case  could  be  fiUed 
p^.g  with  the  gas  to  be  experimented  on  or  connected  to 
Experi-  a  Sprengel  or  other  pump  by  which  the  required 
degree  of  exhaustion  was  produced.  This  tube  was 
made  of  special  form  to  prevent  mercury  from  the 
Sprengel  pump  from  passing  by  any  accident  into 
the  condenser  case. 

The  method  of  making  a  determination  was  as 
follows.  The  insulated  plates  of  the  condenser  were 
charged  to  equal  and  opposite  potentials  in  the  follow- 
ing manner : — The  battery  of  87  Daniell's  cells  had  its 
poles  joined  by  a  resistance  of  10,000  ohms,  and  by 
means  of  a  reversing  key  one  terminal  a  of  this  coil 
was  connected  to  the  insulated  plate  of  one  condenser, 
while  the  other  terminal  h  was  connected  to  earth; 
then  h  w<as  connected  by  the  reversing  key  to  the  in- 
sulated plate  of  the  other  condenser  and  a  to  earth. 

The  battery  was  then  removed  and  the  charged 
plates  connected  together,  and  with  the  insulated  elec- 
trode of  a  quadrant  electrometer  of  which  the  other 
electrode  and  case  were  to  earth,  and  the  reading  taken. 
If  the  potential  of  each  condenser  was  numerically 
F,  the  capacity  of  the  constant  air  condenser  C^,  and 
the  capacity  of  the  other  Co,  the  charge  left  after  the 
two  condensers  w^ere  connected  was  V{Ci  —  Co),  sup- 
posing the  constant  condenser  to  have  been  positively 
charered.  The  corrected  deflection  a  shown  bv  the 
electrometer  was  therefore  m  V{Ci  —  C,^j[Cy^  +  Co)  where 
m  is  a  constant. 

To  eliminate  ni  and  V  the  terminals  of  the  battery 
were  kept  joined  by  the  resistance  of  10,000  ohms,  and 
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one  terminal  was  connected  to  earth,  while  a  point  on  the 
resistance  was  connected  to  the  insulated  quadrants  of 
the  electrometer  now  detached  from  the  condensers. 
The  difference  of  potentials  of  the  battery  between 
the  extremities  of  the  resistance  was  2V,  and  if  the 
resistance  intercepted  between  the  terminals  of  the 
electrometer  be  denoted  by  It,  the  difference  of 
potentials  shown  by  the  corrected  deflection  13  of  the 
electrometer  was  2F!B/10000.  We  have  therefore 
13  =  2m  FS/10000.     Hence 


1  _  ^ 
a  _  10000  C^-C^  _  10000    0^ 

^     R 


m 


B     C^  +  C^ 


1  +  ^^ 


(30) 


This  enabled  the  ratio  OJO^  of  the  capacities  to  be 
calculated.  Another  experiment  made  with  Cg  changed 
by  alteration  of  the  medium,  gave  at  once  the  ratio  of 
the  two  values  of  0^,  that  is  of  the  specific  inductive 
capacities  in  the  two  cases. 

The  following  table  gives  the  mean  results  for  many 
experiments  in  different  gases  at  standard  pressure: 
taking  the  value  of  JT  for  air  as  unity. 


Dielectric. 


Vacuum     .    .    . 

Air 

Carbonic  Acid  . 
Hydrogen .  .  . 
Goal  Gas  .  .  . 
Sulphurous  Acid 


\0L.  I. 


•9986 

1-0000 

1-0008 

•9998 

10004 

1-0037 

Ayrton 

and 
Perry's 

menta. 
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Ajrton  It  was  observed  that  when  air  was  allowed  to  mix 
Perry's  ^^^^  *^®  carbonic  acid  the  value  of  IT  more  and  more 
Experi-    nearly  approached  unity. 

Experiments  on  the  specific  inductive  capacity  of  a 
high  sprengel  vacuum  have  been  undertaken  by  a 
Committee  of  the  British  Association  consisting  of 
Professors  Ayrton  and  Perry,  Prof.  O.  J.  Lodge,  and 
Mr.  J.  ]E.  H.  Gordon.  A  preliminary  report  has  been 
presented*  containing  a  plan  of  experimenting  and 
some  results  which  seem  to  show  that  at  a  pressure  of 
about  1/10*  of  an  atmosphere  the  specific  inductive 
capacity  is  '6  or  '8  per  cent,  less  than  that  for  ordinary 
air.  The  committee  have  not  yet  concluded  their 
labours. 
Effects  of  The  results  of  some  recent  experiments  made  by 
Tempera-  ^^-  Cassie  in  the  Cavendish  Laboratory,  on  tlie  effect 
ture.  of  rise  of  temperature  in  increasing  the  s|)ecific  in- 
ductive capacity  of  solid  dielectrics,  are  quoted  bv 
Prof.  J.  J.  Thomson  in  his  work  entitled  Applicatictiis  of 
Dynamics  to  Physics  and  Chemist i^,  p.  102.  The  co- 
efficient of  increase  of  specific  inductive  capacity  per 
degree  centigrade,  that  is,  the  value  of  1/A'.  dKUWy  is. 
for  e  =  30°,  -002  for  glass,  "0004  for  mica,  and  0007  for 
ebonite.  From  this  Prof.  J.  J.  Thomson  has  shown  that 
if  the  electric  displacement  be  /,  there  must  at  ^0'  be 
•002  X  30  X  27r/2/A"  dynamical  units  of  heat  supplied 
to  unit  of  volume  of  glass  to  preserve  its  toniperature 
constant  when  it  is  electrified.  The  corresponding 
quantities  of  heat  for  mica  and  ebonite  are  respectively 

•  Brit.  Ahsoc.  Pup.  1880. 
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•0004  X  30  X  27r/2/Z,  -0007  x  30  x  ^TrpjK,    But  the  Effects  of 
electrical  work  done  in  charging  is  (p.  133  above)  in  Tem^° 
each  case  ^.irf^jK.    Hence  in  the  case  of  glass  the  heat 
thus  absorbed  during  charging  is  about  two-thirds  of 
the  work  done  in  charging. 


tnre. 


NoTB. — An  aocoimt  of  the  determinations  of  specific  inductive  capa- 
city made  by  Schiller  by  the  method  of  elcetrical  oscillations  will  be 
fonnd  in  Volume  II. 
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NOTE. 

Recommendations  of  the  Paris  Congress  and  the  British  Association 

as  to  Practical  Electrical  Units, 

At  the  meeting  of  the  Electrical  Congress  held  in  Paris  in 
1884,  it  was  decided  to  adopt  for  the  present,  as  practical  unit  of 
resistance,  a  resistance  equal  to  that  of  a  unixorm  column  of 
mercury  one  square  millimetre  in  section,  106  centimetres  in 
length,  and  throughout  at  the  temperature  0°  C.  The  mercury 
column  thus  specified  expressed  approximately  and  in  round 
numbers  the  value  of  the  ohm  according  to  the  latest  and  most 
accurate  experiments.  It  was  resolved  to  give  this  unit  the 
name  Legal  Ohm. 

The  Congress  also  arrived  at  certain  conclusions  regarding  the 
practical  units  of  current,  electromotive  force,  quantity  of 
electricity,  and  electrostatic  capacity,  as  follows  : — 

(1)  That  the  unit  of  current  should  be  called  the  Ampere,  and 
be  defined  as  ^  of  a  C.G.S.  electromagnetic  unit  of  current. 

(2)  That  the  Volt  or  practical  unit  of  electromotive  force,  or 
difference  of  potentials,  should  be  defined  as  the  electromotive 
force  required  to  maintain  a  current  of  one  ampere  through  a 
resistance  of  one  ohm. 

(3)  That  the  unit  quantity  of  electricity  should  be  called  the 
Cordomby  and  be  defined  as  equal  to  the  quantity  of  electricity 
tiansferred  by  a  current  of  one  ampere  in  one  second. 

(4)  That  the  Farad  or  practical  unit  of  capacity  should  be  the 
capacity  of  a  conductor  which  is  charged  to  a  potential  of  one 
volt  by  one  coulomb  of  electricity. 

The  British  Association  at  its  meeting  in  1886  agreed  that  the 
Committee  on  Electrical  Standards  should  recommend  to  Her 
Majesty's  Government : — 

(1)  ''  To  adopt  for  a  term  of  ten  years  the  Legal  Ohm  of  the 
Pans  Congress  as  a  legalized  standard  sufBciently 
near  to  the  absolute  Ohm  for  commercial  purposes. 
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TABLE  I.  {coidimed.) 
Cbobs-bection  of  Round  Wires,  with  RBsmANOK,  Ooksuctititt, 
AND  Weight  of  Hard-Drawn  Pure  Coffeb  Wibbs,  aocorviho 
TO  THE  New  Standard  Wire  Qauqe  Lkiaubkd  bt  Ordzb  n 
Council,  Auoubt  S3,  1883. 
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Crosb-sxction  of  fiooHD  Wires,  with  Rbbibtancb,  Conductiviit,  and 
Weight  of  Pure  Copper  Wires,  accoedinq  to  ths  Bibuimqhau 
Wire  Oauge.     (See  Note  to  Table  I.) 
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"  That  At  tlie  end  of  the  ten  jroure'  period  tlie  Lc^^a] 
Ohm  should  be  defined  to  s  closer  apptosimatioD  to 
the  absolute  Olrui. 
"That  the  resolutionB  of  the  Paris  Congress  with  respect 
to  the  Ampere,  the  Volt,  the  LToulomb,  and  the 
Farad,  be  ndupted, 
"  That  the  Resistance  Staiidarda  belonging  to  the  Com- 
mittee of  tbe  British  AHsociation  on  EteclricaJ 
Standards,  now  deposited  at  tlie  CuvendiBh  Labora- 
tory at  Cambridge,  be  accepted  as  tbe  Eogliab 
Legal  Stundrirds  confonnable  to  the  avctpteu  de- 
finition of  tho  Paris  Congress.'' 
count  of  the  electrotnagaetic  system  of  unite  and  of 
[  Ihp  derivation  of  the  vsiioiia  prnetical  unitfl  will  bo  given  in 
e  11.,  but  as  the  ampere,  volt,  &c.  have  been  referred  to 
above,  p.  41S,  tbe  following  sketch  may  be  found  here  ueafoL 
This  syatem  of  units  is  baaed  on  a  definition  of  unit  uiaKTi«tic 
pole,  or  (which  is  the  name  thing)  unit  quantity  of  tnsgnatiata. 
precisely  similar  to  that  given  on  page  3  above  fur  unit  qaantity 
of  electricity.  Unit  magnetic  pale  is  that  pole  which  plaowl  (in 
air}  at  aujt  distance  from  an  equal  pole  of  the  satne  kiod  f> 
repelled  with  unit  force.  When  the  fundamental  units  an  the 
centimetre,  the  gramme,  and  tbe  second,  tbe  unit  distance  ftod 
I  the  unit  force  of  this  definition  are  respectivety  one  contiiDMn 

^M  and  one  dyne.  Mow  by  the  discovery  of  Oersted,  us  explained 
^m  by  the  theory  of  Ampiie,  a  current  of  electricity  produces  aug- 
^H  netic  force  at  every  point  of  the  surrounding  apice.  Tbe  inlet)- 
^F  aity  of  this  field  at  uny  point  is  measured  liy  tlie  force  whiob  a 
^^  unit  magnetic  pole  would  experience  if  placed  at  that  point. 
^■-~^0mtcufreDt  is  then  that  current  which  flowing  in  a  thin  cirioiil«r 
conHuctor  produce"^*  magnetic  field  of  2frr  units  intensity,  «tlwi« 
r  ia  tlia  radius  of  the  circle  into  wbicb  tbe  conductor  is  bent,  um) 
r  is  tbe  ratio  of  t!ie  cirx:umference  of  a  circle  to  iis  diatuHer. 
Wbeu  r  is  one  centimetre  end  tlie  intensity  of  the  field  2ir  dynwi, 
I  the  current  is  one  C.G.S.  electromagnetic  unit  in  strength. 

The  definitions  of  tbe  volt,  &c.  follow  from  that  of  unit  cnmnt 

IS  stated  above  in  the  recommendations  of  tbe  Paris  Cod^imb. 

I  The  Microfarad  (referred  to  at  p.  406  above)  is  one-mil lionllt  of 

\  the  Farad,  nnd  is  a  more  convenient  unit  than  the  laltsr,  whfoU  k 

)  large  as  to  give  somewhat  small  fractional  numvrtca  for  Ui« 

I  capacities  of  ordinary  condensers. 
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TO  THE  New  Standabs  Wire  Gaooe  Lbqaubed  bt  Obdeb  IH 
CoDNCiif  Adoubt  S3,  1883. 
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For  reduction  of  Period  of  OscUlatiou  observed  for  filial 
ampHtude  to  Period  for  inlimtely  small  nmplitude  (eee  p.  Ufi 
iiboTu).  I(  T  he  tie  obsarved  period  and  I  -  1-  the  rediidi^j 
E&ctor,  80  that  kT  ia  to  be  subtracted,  tlie  values  of  ^  kr«  M 
follows  : —  i 
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Unitb  of  Woek  or  Bnbbot. 

1  org 2-374  x  10-»  £oot-pound«L 

('7  375    X   10-»  fooUponod  ii 

Icentimetre-grammeatParis  981  ergs. 

„         „         „  at  London  98117  ergn 

„        „        „        „  2  329  X  10-»  foot-poundil. 

1  metre-kilogramme  at  Paris  981  X  10*  erga. 

,,        „        „       atLoudon  98117  X  10*  ergs. 

„        „        „        „        „  7-236  footpound. 

1  foot-poundal 42i:i90  ergs. 

1  foot-pound  at  Loadon  .    .    .  I3-56  X  10°  ergn. 

IJouU ICeigs. 


IPPEHDIX. 

TABLE  IX. 

Urits  or  AcTiTiTi  OR  Bate  of  Working. 

,  J  ("I'Sl   X   10-"*  hore»-power  at 

1  hone-power 33000  foot-pounds  pur  miQute. 

„        „    at  London .    .    .  7*46  X  10*  erga  per  second. 

1  force-de-cheval  at  Pane    .    ,  7*36  X  10*  ergs  per  eecoiid. 

1  Watt 10'  ergB  per  seooiid. 
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Abaolnte  tmits,  mesxdngof,  181 
•     Oanw's  >yBt«m  of^  181 

C.  O.  8.  >y>tem  ot  4,  185  et  ttq. 
Absorption,  electric,  4S5 
Acceleration,  defined,  195 

dimensional  fonniila  of^  IM 
Activity  or  rste  of  working,  196 
in  voltaic  cirenit,  146 
units  of,  199 ;  also  Table  IX. 
dimensional  formula  of^  199 
Air  presson;  on  surlkoe  of  a  soap  babble, 

electric  diminution  of,  36 
Amplitude  of  oscillation,  messorement 

of.  SS7 
Angular  deflections,  roessnrement  of.  200 
obserration  of,  by  ordtbaaxy  index 

and  scale,  200 
observation     of,     by     projection 

method,  211 
observation  of^  by  telescope  method, 
815 
Attraction  (and  repulsionX  electric,  2 
of  sphere  on  external  particle,  13 
of  spherical  shell  on  tntemsl  par- 
ticle, 14 
i^TRTON  AMD  PxRRT,  spedflc  iudoctive 
capacity  of  ice,  4M 
of  gases,  496 


^EETZ,  measurement  of  resistsnces  of 

electrolytes,  409 
tlfllar  suspension,  general  theory  of,  24S 
symmetrical,  244 
effect  of  torsion  in,  244 

flexursl  rigidity  in,  24« 
change  of  temperature  in, 
250 
comparison  of;  with  unilUar,  249 
detumination  of  eonstsnt  of,  250 
OLTZMAKK,  specific  tuductivs  capacity 
of  solid  dielectrics,  4^9  «f  aeq. 
of  gases,  492 

VOL.  L 


British  Association  Committee  on  Blec- 
trical  Btanduds,  recommenda- 
tions of;  as  to  system  of  units,  181 ; 
ste  also  Note  in  Appendix 


Calibrstion  of  a  wire,  method  of  Hat- 
thieesen  and  Hoc1dn«  S42 
Carey  Foster's  method,  847 
T.  Gray's  methods,  847— 36S 

of  a  tube,  3S5 

C]!apadty,  tee  Klectroetatic  capacity 

CAssn.  effect  of  change  of  tempentnre 

on  specific  inductive  capacitv,  496 

CavnrDisH,  experiment  proving  charge 

on  conductor  wholly  superficial, 

17 

argument  as  to  law  of  electric  fi»rce, 

18 
mettiod  of  comparing  capacities,  432 
determinations  of  specific  inductive 
capacity,  452 
Centimetre -gramme -second  system  of 

units,  4,  185  et  eeq. 
Chsnge-n^o  of  units.  180 
Characteristic  equations  of  potential, 
18,112 
at  electrified  surlkee.  28,  112 
Circular  disc,  capacity  of;  LS 
Clbuk  -  Maxwkll,   theory   of   elMtrlc 
field  as  seat  of  electric  energy,  84 
mrthod  of  exploring  electric  field 

due  to  charged  condoctor,  45 
theory  of  stress  in  dielectrics,  138 
electric  displacement.  188 
electric  elsstSdty,  186 
vibration  needle.  239 
Coefllcieots  of  potential,  89 
capacity,  42 
induction,  48 
CoBir,  E.,  AMD  L.  Aboms,  msasnrerosBi 
of  specific  inductivs  eapaeitisSf 
490 

L  L 
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Eloctrometer,  theory  of  symmetrical, 
69 
definition  of  an,  258 
alMtolute,  252 

Sir  W.  Thomson's,  265—274 
Sir  W.  Thomson's  gnard-rinj$,  262 
replenisher  for,  271 
portable,  "274 
lorn;  nmge,  281 
divided  ring,  282 
quadrant,  2S3 

classes  of,  268 

Electromotive  fome,  defined,  142 
total,  of  a  circuit,  144 
of  voltaic  cell,  145 
practical    unit    of,     sm    Note    in 
Appendix 
Electrostatic  capacity,  46 

of  spherical   conductor, 

47 
of    an    ellipsoidal    con- 
ductor. 47 
wjvtem  of  nnita.  202 
voltmeter.  Sir  W.  Thomson's,  301 
capacities,  couipariiton  of,  418 
Electrostatics,  direct  problem  of,  71 

inverse  problems  in,  72 
Ellipsoid,   distribution    of   electricity 

upon,  48 
Ellipsoids,  Madaurin's  theorem  of  the 

attractitms  or  51 
Equation,  of  line  of  force,  7 
Laplace's,  10 
Poisson's,  16 

of  ener);y  in  electrostatics,  83 
proved  by  Green's  theorem,  67 
Bqnlpotential  surface,  defined,  16 

external  to  an  ellipsoidal  conductor, 

form  of,  51 
distribution  ever  replacing  internal 
distribution,  29 
Exploration  of  electric  field,  Maxwell's 

method,  46 
Enogy,  potential,  of  electrified  system, 
30,  31—34 
exhaustion  of,  in  forming 

sphere  trom  nebula,  84 
of  dielectric  sphere  in  uni- 
form field,  128 
kinetic  aoid  potential,  199 
conservation  of,  199 
dimensional  formnla  of,  200 
Ewufo  tad  Maoorkoob.  measurement 
of  resistances  of  eiectrolytc»,  410 
Bxphmttton  of  an  electric  field,  45 


Faradat,  electrified  cube,  21 

ice-pail  experiment,  22 

tpherical  condenser,  416 

determinations  of  specific  inductive 
capadtr,  452 
Fatigiie,  elastic,  241 


Five-plate   balsnce,    Gonlon's    cxi>eri- 
ment8  with,  466 
Hopkinson's   criticism  of  method 
of,  473 
Flexnml  rigidity,  defined,  247  Note 
Flow  of  electricity,  186 

steady  flow  in  linear  conductors, 
187—161 
in  non-linear  conductors,  161 
hrdrolcinetic  analogue  of,  139 
thermal  analogue  of,  139 
electrostatic    analogue    of,    in 

three  dimensions,  163 
between  two  elet'trodcs  m  an 
infinite  medium,  164 
vaiiable  flow  in  cables,  166—178 
Force,  Icinetic  unit  of,  3,  196 
electric,  6 
line  of,  define^!,  7 

potential,  between  a  point-charge 
and   a    charged    spherical    con- 
ductor, 82 
on  a  dielectric  sphere  in  a  uniform 

field,  12S 
on  a  conducting  sphere  in  a  uniform 

field,  128 
measure  of,  196 
dimensional  formnla  of,  197 
FosTKR,  O.    Caret,    method   of  cali- 
brating a  wire,  347 
comparing  resistances,  353 
Fundamental  unite,  183 


Galvanometer,  806 

Thouison'H  reflecting,  308 
dead-beat,  808 
process  of  setting  up  a,  809 
atyustment  of,  for  sensibility.  310 
Gauss,   theorem   of  average  potential 
over  spherical  surface  containing 
no  charge,  15 
reciprocal  relation  of  two  states  of 

same  system,  87 
unit  of  force,  197 
OiBSOK  and  Barclay,  specific  inductive 

capacity  of  paraffin,  467 
Gordon,  J.  E.   11.,  detenninations  of 

speciflc  inductive  capacity,  466 
Grat,  Thomas,  ni(»8t  sensitive  arrange- 
ment of  Wheatatone's  bridge,  331 
calibration  of  wires,  847-  858 
method    for    comparison    of   low 

resistances.  871 
apparent  variation  of  specific  in- 
ductive capacity  with  time,  469 
Gray,  T.  and  A.,  measurement  of  re- 
sistance of  glass,  897 
Oreem,  theorem  of  electric  induction,  11 
theorem  of  reciprocal  i)oteotials,  42 
general  theorem,  62 
problem  of,  71 
Guard-ring  condenser,  58 
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Physical  mcumirenients,  pcnertl,  206 
PlHtynieter.  Thoimum's  428 
FoouEXDOBfT.    telescope    method   fnr 
ohserviDg  angular  deflecti«in«,  214 
PoissoM,    characteriatic    equatiuu    of 

][KiteutiaI,  IS 
Fotexitia],  at  a  point  defined,  8 
Laitlace's  equation  of,  10 
Puisaon'a  equation  of,  13 
Marimum  or  minimuui,  in  f^e 
■iiace  proved  impoMible,  I?,  13 
cnaraeteristic  equation  of,  IH,  28. 112 
within  uniform  spherical  shell,  14 
sphere,  14 

avenge  over  spherical  surface  con- 
taining no  charge,  15 
surface  of  zero,  10 
constant  within  hollow  conductor, 

17 
at  an  external  point  prorliicM  by 
chaiged  ellipsoidal  conduct«»r,  47 
distribution  vt,  due  te  given  Murfiu'e 
distribution    of  electncity  iinivcfl 

unique,  60 
distribution  of  j'rr>ved  unique  for 
given  charges,  71 
Potential  energy,  of  an  electrified  n\  st^  rn, 
30 
exhaustion,  of  in  fonnin;;  nmti,rm 

sphere  frr>ni  ntrhiju.  s'l 
mutual,  of  two  electrical  iv^VsniS, 

37 
lost  in  electric  di»^hAr;,'«r,  <:/j<.jw 

lent  of.  137 
in  general.  d«£n«<t  IM 
Found  defined,  Ir^ 
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